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Introduction 


Physics would be dull and life most unfulfilling if all physical phenomena 
around us were linear. Fortunately, we are living in a nonlinear world. While 
linearization beautifies physics, nonlinearity provides excitement in physics. 
This book is devoted to the study of nonlinear electromagnetic phenomena in 
the optical region which normally occur with high-intensity laser beams. 
Nonlinear effects in electricity and magnetism have been known since Maxwell’s 
time. Saturation of magnetization in a ferromagnet, electrical gas discharge, 
rectification of radio waves, and electrical characteristics of p-n junctions are 
just a few of the familiar examples. In the optical region, however, nonlinear 
optics became a subject of great common interest only after the laser was 
invented. It has since contributed a great deal to the rejuvenation of the old 
science of optics. 


1.1 HISTORICAL BACKGROUND 

The second harmonic generation experiment of Franken et al. 1 marked the 
birth of the field of nonlinear optics. They propagated a ruby laser beam at 
6942 A through a quartz crystal and observed ultraviolet radiation from the 
crystal at 3471 A. Franken’s idea was simple. Harmonic generation of electro- 
magnetic waves at low frequencies had been known for a long lime. Harmonic 
generation of optical waves follows the same principle and should also be 
observable. Yet an ordinary light source is much too weak for such an 
experiment. It generally takes a field of about 1 kV/cm to induce a nonlinear 
response in a medium. This corresponds to a beam intensity of about 2.5 
kW/cm 2 . A laser beam is therefore needed in the observation of optical 
harmonic generation. 

Second harmonic generation is the first nonlinear optical effect ever ob- 
served in which a coherent input generates a coherent output. But nonlinear 
optics covers a much broader scope. It deals in general with nonlinear 
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interaction of light with matter and includes such problems as light-induced 
changes of the optical properties of a medium. Second harmonic generation is 
then not the first nonlinear optical eflfeet ever observed. Optical pumping is 
certainly a nonlinear optical phenomenon well known before the advent of 
lasers. The resonant excitation of optical pumping induces a redistribution of 
populations and changes the properties of the medium. Because of resonant 
enhancement, even a weak light is sufficient to perturb the material system 
strongly to make the effect easily detectable, Low-power CW atomic lamps 
were used in the earlier optical pumping experiments on atomic systems. 
Optical pumping is also one of the effective schemes for creating an inverted 
population in a laser system. 

In general, however, observation of nonlinear optical effects requires the 
application of lasers. Numerous nonlinear optical phenomena have been 
discovered since 1961. They have not only greatly enhanced our knowledge 
about interaction of light with matter, but also created a revolutionary change 
in optics technology. Each nonlinear optical process may consist of two parts. 
The intense light first induces a nonlinear response in a medium, and then the 
medium in reacting modifies the optical fields in a nonlinear way. The former 
is governed by the constitutive equations, and the latter by the Maxwell’s 
equations. 

At this point, one may raise a question: Are all media basically nonlinear? 
The answer is yes. Even in the case of a vacuum, photons can interact through 
vacuum polarization. The nonlinearity is, however, so small that with currently 
available light sources, photon-photon scattering and other nonlinear effects in 
vacuum are still difficult to observe. 2 So, in a practical sense, a vacuum can be 
regarded as linear. In the presence of a medium, the nonlinearity is greatly 
enhanced through interaction of light with matter. Photons can now interact 
much more effectively through polarization of the medium. 


L2 MAXWELL’S EQUATIONS IN NONUNEAR MEDIA 

All electromagnetic phenomena are governed by the Maxwell’s equations for 
the electric and magnetic fields E(r, t ) and B(r, r): 


V x E 

V X B 


IdB 
c dt 

1 <?E 4tt 

~ T " J, 

c dt c 


V • E = Anp , 


V ■ B = 0 


(id 


where J(r, /) and p(r, t ) are the current and charge densities, respectively. They 
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are related by the charge conservation law 

V • J + ^ = 0 (1.2) 

We can often expand J and p into series of multipoles: 3 

J-^ + f + e vXM + | ( V<»+-. (13) 

p = p 0 - v P- v{ V Q)+ • • •■ 

Here, P, M, Q, . . . , are respectively the electric polarization, the magnetization, 
the electric quadnipole polarization, and so on. However, as pointed out by 
Landau and Lifshitz, 4 it is not really meaningful in the optical region to 
express J and p in terms of multipoles because the usual definitions of 
multipoles are unphysical. In many cases, for example in metals and semicon- 
ductors, it is more convenient to use J and p directly as the source terms in the 
Maxwell’s equations, or to use a generalized electric polarization P defined by 


where J dc is the dc current density. In other cases, the magnetic dipole and 
higher-order multipoles can be neglected. Then, the generalized P reduces to 
the electric-dipole polarization P. The difference between P and P is that P is a 
nonlocal function of the field and P is local. In this book, we assume electric 
dipole approximation, P * P, unless specified. 

With (1.2) and (1.4), the Maxwell’s equations appear in the form 


V XB = i~(E + 4*P) + ^J dc , (1.5) 

V -(E+ 4ttP) = 0, 

V -B = 0 


where P is now the only time- varying source term. In general, P is a function 
of E that describes fully the response of the medium to the field, and it is often 
known as the constitutive equation. If we could just write the constitutive 
equation and find the solution for the resulting set of Maxwell’s equations with 
appropriate boundary conditions, then all optical phenomena would be pre- 
dictable and easily understood. Unfortunately, this seldom is possible. Physi- 
cally reasonable approximations must be resorted to in order to make the 
mathematical solution of the equations feasible. This is where physics comes 
into play. 
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The polarization P is usually a complicated nonlinear function of E. In the 
linear case, however, P takes a simple linearized form 

P(r* t) - p - r \t- t') -E(r\ t') dr'dt' (1.6) 

ot> 


where x (1) is the linear susceptibility. If E is a monochromatic plane wave with 
E(r, t) - E(k, to) = /(k, «)exp(/k«r — iwt), then Fourier transformation of 
(1.6) yields the familiar relation 


P(r, t) = P(k, to) 

- w)»E(k, to) 


(1.7) 


with 


X a) (k, to) = ( X ( 1 ) (r, f )exp( — r k * r H- iat)drdt. (1.8) 

* co 


The linear dielectric constant e(K «) is related to x (l) (^ ") by 

e(k, to) ~ 1 + 4?rx (1> (k, to). (1.9) 

In the electric dipole approximation, x (1) ( r > 0 is independent of r, and hence 
both x (l) (k> w ) and w) are independent of k. 

In die nonlinear case, when E is sufficiently weak, the polarization P as a 
function of E can be expanded into a power series of E: 

P(r, t) = f x a) ( r - r t - f')'E(r, t')dr'dt 

-oo 

+ r X a> (r -1 1,1- f,; r - r 2 , < - f 2 ):E(r 2> ( t ) 

■'-oo 

xE(r 2 . t 2 )dr ] dt, Jr 1 dl 1 ^ ^ 

+ X (J> ( r — fn < — *iJr — r 2 , t — < 2 ; 

■ 7-00 

r - r„( - ( 3 ): E(r t , (,) 
xE(r 2 , l 2 )E(rj , dt 2 d r 2 dx-\ dt^ * ■ * 

where x (n) is the nth-order nonlinear susceptibility. If E can be expressed as a 
group of monochromatic plane waves 




( 1 . 11 ) 
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then, as in the linear case, Fourier transform of (1.10) gives 

P(k, ») = P (1) (k, «) + P (2) (k, ») + P (3) (k, «) + ••• (112) 

with 

P (1J (k, «) = x (1> (k, «)*E(k, «), 

P (2) (k, to) = x <2) (k ~ k/ + k j , « = u>, + Wj): E(k f , <o,)E(k y , w y ), 

P (3) (k, u>) = x <3) (k = k, + k 7 + k,, w * « ( + Dj + w, ) 
:E(k i>< o 1 .)E(k ; ,« / )E(k„ 0 t ), 

and 

X (fl) (k = kj + k 2 + • • • + k„, « = wj + u ) 2 + - - ■ w n ) 

-/%<"'( r-r^^-r.; " ;r - (l M) 

i(l-U + +K<7-T„)-»'«-'*)\ dtl dt l - dT n dt„ 


Again, in the electric dipole approximation, x (,f) ( r > 0 is independent of r, or 
X <fl) (k, to) independent of k. 

The linear and nonlinear susceptibilities characterize the optical properties 
of a medium. If x (M) is known for a given medium, then at least in principle, 
the nth-order nonlinear optical effects in the medium can be predicted from 
the Maxwell’s equations in (1.5). Physically, x <rt) is related to the microscopic 
structure of the medium and can be properly evaluated only with a full 
quantum-mechanical calculation. Simple models are, however, often used to 
illustrate the origin of optical nonlinearity and some characteristic features of 
X ln K We consider here the anharmonic oscillator model and the free electron 
gas model 


U ANHARMONIC OSCILLATOR MODEL 

In this model, a medium is composed of a set of N classical anharmonic 
oscillators per unit volume. The oscillator describes physically an electron 
bound to a core or an infrared-active molecular vibration. Its equation of 
motion in the presence of a driving force is 


d 2 x ~dx 2 r 2 
— + r 7f + o,Zx + ax 


(1.15) 
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We consider here the response of the oscillator to an applied field with Fourier 
components at frequencies ± 4 ^ and ±« 2 : 

F- + e iu ' { ) + £ 2 (e“ ,Wl ' + e to »')]. (1-16) 

The anharmonic term ax 2 in (1.15) is assumed to be small so that it can be 
treated as a perturbation in the successive approximation of finding a solution: 

jc - # + r® + r (3) + ■■■ . (1.17) 

The induced electric polarization is simply 


P = Nqx. (1.18) 

The first-order solution is obtained from the linearized equation of (1.15): 


x (l) = x (l, (ui) + * (1) (u 2 ) + c.c. 


*«(«*) 


isMEi 

(wj — (oj - ri^r) 


e 


-iw t i 


(1-19) 


where c.c. is a complex conjugate. Then, the second-order solution is obtained 
from (1.15) by approximating ax 2 by ax {l)1 : 


x Q) = x (2) («, + « 2 ) + x <2) (w! - w 2 ) + x (2) (2w 1 ) + x (2) (2w 2 ) + x (2) (0) + c.c 


*< 2 >(* 1± * 2 ): 


— 2a(q/m) 1 E 1 E 7 


(wj ~ u\ - I40 i r)(wo - «2 T fw*r) 

1 


W 0 “(«1 ± W 2 ) 2 - f(w! ± (0 2 )rj 


wj) / 


( 1 . 20 ) 






-i2w,( 


(<0q - oif - /w.r) (wj - 4« 2 - /2wjF) 

x®(0) = f 5 + 5 


By successive iteration, higher-order solutions can also be obtained. As seen in 
the second-order solution, new frequency components of the polarization at 
Wj ± « 2 , 2« lf 2o) 2 , and 0 have appeared through quadratic interaction of the 
field with the oscillator via the anharmonic term. The oscillating polarization 
components will radiate and generate new em waves at wj ± « 2 , 2« 1( and 2w 2 * 
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Thus, sum- and difference- frequency generation and second -harmonic genera- 
tion are readily explained. The appearance of the zero-frequency polarization 
component is known as optical rectification. More generally, frequency compo- 
nents at a = ± 2 > with and n 2 being integers, are expected in the 

higher-order solutions. In this model, the anharmonicity a determines the 
strength of the nonlinear interaction. 

Treating ax 2 as a small perturbation in the foregoing calculation is equiva- 
lent to the assumption that E is small and P can be expanded into power series 
of E. We can give a rough estimate on how the nonlinear polarization should 
diminish with increasing order. Assuming the nonresonant case with t»> 0 » 
and w 2 , we find from (1.19) and (1.20), 

j> (2) qaE | 

? (1 > ~ m<4[ 

For an electron bound to a core, if x is so large that the harmonic force 
and the anharmonic force max 2 are of the same order of magnitude, then both 
wilt be of the same order of magnitudes as the total binding force on the 
electron \qE at \: 

\qE a1 \ ~ wwqX - max 2 
or 




In fact, one can show in general 


P (n) ~ X 


( 1 . 22 ) 


(1.23) 


(1.24) 


such that \E/E at \ acts as an expansion parameter in the perturbation calcula- 
tion. Typically, E af - 3 X 10 8 V/cm. The E field for a 2.5-W/cm 2 laser beam 
is only 30 V/cm with \E/E at \ ~ 10“ 7 . The nonlinear polarization is much 
weaker than the linear polarization. This suggests that the observation of 
nonlinear optical effects requires high-intensity laser beams. 

Relation (1.24), however, is true only for optical frequencies away from 
resonance. Near resonance, the resonant denominators may drastically en- 
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hance the ratio |j*" +l >/p ( " r >|. Consequently, the nonlinear effects can be 
detected with much weaker light intensity. Optical pumping is an example. 
With resonant enhancement, it may even happen that > 1. When 

this is the case, the perturbation expansion is no longer valid, and the full 
nonlinear expression of P as a function of E must be included in the 
calculation. The problem then falls into the domain of strong interaction of 
light with matter. 


1.4 FREE ELECTRON GAS 

A simple but realistic model to illustrate optical nonlinearity in a medium is 
the free electron gas model. It properly describes the optical properties of an 
electron plasma. The simplified version of the model starts with the equation of 
motion for an electron 


--(e + ^xb). (1.25) 

dt* m\ c I 

Damping is neglected here for simplicity. Clearly, the only nonlinear term in 
this equation is the Lorentz force term. Since v « c in a plasma, the Lorentz 
force is much weaker than the Coulomb force, and then ( e/mc)v X B in (1.25) 
can be treated as a perturbation in the successive approximation of the 
solution. For E = £’ i e' kl ' r_ ' Wl ' + + c.c., we obtain 


!<'>(«,) - + C.C, 


r<2) (“l + «j) = 


m 2 w 1 w 2 (to 1 + w 2 ) 

x[«£\ x(k 2 X x(k t X 4\)] 

X e '< k l + k i>'r <0, -'<«i+«i)* + C Cj 


(1.26) 


and so on. For a uniform plasma with an electronic charge density p, the 
current density is given by 


J = J (1) + J (2) + ••• 
-p|(r"» + r®+ •••) 


(1.27) 


J®{», + “ 2 ) “ P^ ,a ’( u i + " 2 ). 


with, for example, 
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and so on. This shows explicitly how an electron gas can respond nonlinearly 
to the incoming light through the Lorentz term. 

In a more rigorous treatment of an electron gas, we must also take into 
account the spatial variations of the electron density p and velocity v. Two 
equations, the equation of motion and the continuity equation, 5 are now 
necessary to describe the electron plasma: 


and 


■—+{»• v)v — — — — ( E + iv x B 

dt v f mp m\ c 


I- 


(pv) = 0 


(1.28) 


where p is the pressure and m is the electron mass. The pressure gradient term 
in the equation of motion is responsible for the dispersion of plasma reso- 
nance, but in the following calculation we assume vp = 0 for simplicity. Then, 
coupled with (1.28), is the set of Maxwell’s equations 


and 


V x E = 


13B 
c dt ’ 


_ 1 dE 4ttJ 4 Tjrpv 

V X B 57 = — - f-, 

c dt c c 

VE = 4tt(p-p (0 '), 


V *B =» 0 


(1.29) 


We assume here that there is a fixed positive charge background in the plasma 
to assure charge neutrality in the absence of external perturbation. Successive 
approximation can be used to find J as a function of E from (1.28) and (1.29). 
Let 6 

p = p (0) + p* 1 * + p (2J + • • • , 
v = V (D + y(2) + . ■ - „ 

and 

j =j«>+j®+ ••• 

with 


j(i) = p (0) v (n 

and (1.31) 

j(2) = p<0) y (2) + p (D v (i>_ 
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We shall find the expression for j (2) (2u) as an example assuming E = S x 
exp(/kT - j«0. Substitution of (1.30) into (1.28) and (1.29) yields 


dt 

<?p (1) (u) 

Ft 


-f6)V a > = - — E, 
m 

— i'top (1) = —V *(p <0) v (1) ) 




dv (2) (2w) 

dt 


— Hu>v {2) — -(v a) « v)v <l) — — ff 1 ) x B 
me 


(1.32) 


The second- order current density is then given by 


J< 2 >(2o) = 


, ipW 


2 03 


-tt(e- v)e + 4-exb 

rrry m«c 


+ - 




(V ■ E)E. 


(1.33) 


The last term in (1.33) has the following equalities: 


75 ^_ ( v .E ) E=--^[ v .( p < o. v ( , ))] E 

= ^L [v . (p( o, E) ] E (134) 

ie 2 vp (Q > • E 
m 2 w 2 1 - oij/ut 2 


where oi p = (4? rp (0> e/m) i/2 is the plasma resonance frequency. With (1.34), 
B = (c/ia)V X E, and the vector relation E X (V X E) + (E - v )E - 
i V(E • E), the current density in (1.33) can be written as 


ja)(2tt)= ^ v(E - E) + Jii v -^i E 


/p (0) e 2 

4 mW 


V(E-E)+ • 


Vp (0) * E 
1 - w 2 /u 2 


(1.35) 


Equation (1.33) shows explicitly that aside from the Loren tz term, there are 
also terms related to the spatial variation of E. They actually arise from the 
nonuniformity of the plasma. In a uniform plasma, Vp (0) = 0 and hence 
V • E = 0 from (1.34). This means that k is perpendicular to E and therefore 
(E • V )E also vanishes. The Lorentz term is then the only term in J (21 (2u). 
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The induced current density J (2) (2 <j) should now act as a source for second 
harmonic generation in the plasma. In a uniform plasma with a single pump 
beam, J< 2 >(2«) a E X B is only along the direction of beam propagation. 
Since an oscillating current cannot radiate longitudinally, no coherent second 
harmonic generation along the axis of beam propagation is expected from the 
bulk of a uniform plasma. In the bulk of a nonuniform plasma or at the 
boundary surface of a uniform plasma, however, it is possible to find second 
harmonic generation through the nonvanishing Vp (0) . 

Equation (1.35) shows that when Vp (0> * 0, the nonlinear response of the 
medium J (2> (2w) is greatly enhanced if u is near the plasma resonance. From 
the general principle, the nonlinear response of a medium is resonantly 
enhanced when the incoming field hits the resonance of the medium. One 
should, of course, also expect a resonant enhancement in the second harmonic 
generation when 2 to is at resonance. This actually does come in through the 
response of the second harmonic field to J (2) (2«). As 2o> -* to p , the current 
density will excite the longitudinal field at 2 to resonantly. 

As shown in (1.33) or (1.35), the current density J (2) (2to) depends exclu- 
sively on the spatial variation of E. In fact, using vector identities, the 
expression of J <2) (2a) in (1.33) or (1.35) can be put into the form 7 J (2) (2w) = 
cV X ( ) - 1 2wv * ( ). Comparing it with (1.3), we recognize that the two 
terms in J <2) (2«) represent the magnetic dipole and electric quadrupole 
contributions, respectively. No induced electric dipole polarization exists in a 
plasma. Also, the induced electric quadrupole polarization depends on the 
gradient of the electric field, and therefore cannot show up in the bulk of a 
uniform plasma. 

The free electron model here is applicable to a number of real problems. 
First, it can be used to describe the optical nonlinearities due to plasmas in 
metals and semiconductors. Second harmonic generation from metal surfaces 
is readily observable. 6 Then, with some modification to take into account the 
net charge distribution, the non vanishing V/>, and so on, it can also be used to 
describe the optical nonlinearities of a gas plasma. Various nonlinear optical 
effects in gas plasmas have been observed. They will be discussed in some 
detail in Chapter 28. The model has also been used to describe the observation 
of nonlinear effect in a crystal in the X-ray region. 8 The electron binding 
energy is much weaker than the X-ray photon energy, and therefore the 
electrons in the crystal will respond to the X-ray as if they were free. 
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Nonlinear Optical 
Susceptibilities 


For lower-order nonlinear optical effects, nonlinear polarizations and nonlin- 
ear susceptibilities characterize the steady-state nonlinear optical response of a 
medium and govern the nonlinear wave propagation in the medium. Chapter 1 
showed how the nonlinear optical response can be calculated for two model 
systems. Chapter 2 gives a more general discussion of nonlinear susceptibilities 
starting from the microscopic theory. 


2.1 DENSITY MATRIX FORMALISM 

Nonlinear optical susceptibilities are characteristic properties of a medium and 
depend on the detailed electronic and molecular structure of the medium. 
Quantum mechanical calculation is needed to find the microscopic expressions 
for nonlinear susceptibilities. 1 Density matrix formalism is probably most 
convenient for such calculation and is certainly more correct when relaxations 
of excitations have to be dealt with. 2 

Let ^ be the wave function of the material system under the influence of the 
electromagnetic field. Then the density matrix operator is defined as the 
ensemble average over the product of the ket and bra state vectors 

P-IWfl (2.1) 

and the ensemble average of a physical quantity P is given by 

(p> = 

= Tr(pP) 

In our calculation here, P corresponds to the electric polarization. From the 
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definition of p in (2.1) and from the SchrOdineer 
readily obtain the equation for motion for p, 


equation for we can 


dp 1 , 


(2.3) 


known as the Liouville 
parts, 


equation. The Hamiltonian Jfis composed of three 


yJl — 


0 1 




f i„\ y eigenstates \n) and eigenenergies E„ so that JTJn) = 

with matter Id^ 7,7 H HajI ? tonia “ describm S ">« interaction of light 
on the system bv “ deSCribin 8 the random perturbation 

— SiSJSSSK Jjst "" te “" 




5 er * E. 


(2.5) 

alto .* 1 ""*■ «t ». «f i SsLATfs 






( 2 . 6 ) 


with 


( 3f )reu» t'A pj. 


(2.7) 


.T™;“";i: r r *■“ - 

7' 1* of the system has a coherent 

p' VoZoulZ Ten Ph hT ° f *" “* U rand0m (o^ncoherem). then 

*» hytte^Tp^rSb^ vsrer k * is 

dtstribution in the case of atoms or molJTAWk ' * * 


Density Matrix Formalism 15 

We can use a simple physical argument to find a more explicit expression 
for (dp/dt) TC]ax . The population relaxation is a result of transitions between 
states induced by interaction with the thermal reservoir. Let W n ^ n . be the 
thermally induced transition rate from |n> to \n'). Then the relaxation rate of 
an excess population in | n) should be 

( 5? ) rela x ” ~ (2.8) 

At thermal equilibrium we have 


-# - E ( ^ - Wi-Wfl] - 0- (2.9) 

Therefore, (2.8) can also be written as 

i K«»)— - -IK-.(p»v - (ft) - - (fi)]- 

(2.10) 

The relaxation of the off-diagonal elements is more complicated. 2 In simple 
cases, however, we expect the phase coherence to decay exponentially to zero. 
Then, we have, for n * n\ 



with Y nn , = Y^ n = (T 2 )„„. being a characteristic relaxation time between the 
states |n> and |*'>. In magnetic resonance, the population relaxation is known 
as the longitudinal relaxation, and the relaxation of the off-diagonal matrix 
elements is known as the transverse relaxation. In some cases, the longitudinal 
relaxation of a state can be approximated by 

|{p„ - - p<»>). (2.12) 

Then is called the longitudinal relaxation time. Correspondingly, T 2 is called 
the transverse relaxation time. 

Thus, at least in principle, if J? Qy and (dp/dt)^ are known, the 
Liouville equations in (2.6) together with (2.2) fully describe the response of 
the medium to the incoming field. It is, however, not possible in general to 
combine (2.6) and (2.2) into a single equation of motion for <P). Only in 
special cases can this be done. In this chapter we consider only the case of 
steady-state response with <P) expandable into power series of E. The tran- 
sient response is discussed in Chapter 21. 


16 Nonlinear Optical Susceptibilities 

To find nonlinear polarizations and nonlinear susceptibilities of various 
orders, we use perturbation expansion in the calculation. Let 

9 = 9 m + p<ri + P W+ ... 
and 

<P> = <P®> + <P«> + ... ( 2J3) 

with ' 

= Tr(p<«>P) (2.M) 

where p < ) is the density matrix operator for the system at thermal equilibrium 
and we assume no permanent polarization in the medium so that <P<°>\ =» </ 
Inserting the senes expansion of p into (2.6) and collecting terms of the same 
order with ^ treated as a first-order perturbation, we should obtain 

+(¥L- (215) 

and so on We are interested here in the response to a field that can be 
^composed into Founer components, E = I,<exp(,k, - r - i^t). Then, since 

* n > a (“*"#0. the operator p<"> can also be 

expanded into a Founer senes 

P<*> = !>■>(«,). 

j 

'up! 1 S f- “'“yP < " ) (“;). (2.15) can now be solved explicitly for 
P («,)m successive orders. The first- and second-order solutions are * 

P~ («/) = (m _ p (0)\ 


P® (", + « t ) . 


h{uj + »* - w„„. + iT„„.) 


+ "* - «..■ + »r„.) ( 2 . 16 ) 

n 

-rtS-M** 

-e(s)[^,(-*)Lv}. 

We use here the notation ^ = <«K|„'>. Higher-order solutions can be 
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obtained readily, although the derivation i$ long and tedious. Whenever 
diagonal elements appear in the derivation, further approximation on 

(dPmm/dt ) relax m (2.8) ° ften necessary in order to find a closed- form 

solution. We also note that the expression for p$(w, + to fc ) in (2.16) is valid 
even for n = n' as long as r + u> k * 0 since the term (<?p£/<?O re iax can then 
be neglected in the calculation. 


2.2 MICROSCOPIC EXPRESSIONS FOR NONLINEAR 
SUSCEPTIBILITIES 

The full microscopic expressions for the nonlinear polarizations (P ( " } ) and the 
nonlinear susceptibilities (x (n) ) follow immediately from the expressions of 
f> (n) . With jTto - er-E and P = -Net in (2.14) and (2.16), the first- and 
second-order susceptibilities due to electronic contribution are readily ob- 
tained. They are given here in explicit Cartesian tensor notation: 


xflOO- 






( r , 


ng \ r j ) g„ 


( r j) ng( r i) gn 


tO + tO BDr + 


CO ” tO„ D + iT„ D 


xgl(^^"l+«2) 

P™(o) 


E jM E kM 


- K ? z. 

" g.n.n 


( r i) gn( r j) nn X r ft) 


(« “ + ,T » f )(« 2 - + iT n g ) 


(to - oj ng + /T nf )(w 1 - 0J n . g + iT ns ) 

(o) + CO^ + iTj^X^ + + lT„r f ) 

( r j ) gn' (^fc)ir'n (*i')ilf 

(to + + /r n J( Wi + to n . g + iT„ ( J 

^ r j) ng{ r i) n’n(. r k) g»‘ 

(« “ <*V + iT n 


(2.17) 


8^ 1 J. 

’) W 2 + + *r„. g to, - (0„ g + iV„ t 


( r t)wg(o) H ^( / )) g 
(« - a„ n . + iT wa .) { to 2 - to fl? + iT ng ^ co, + <o„. g + iT H . 
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There are two terms in xl? and eight terms in x$. The calculation can be 
extended to third order to find x}Ji/ (« = ^ + u 2 + « 3 ), which will have 48 
terms. The complete expression for xj % is given in the hterature 5 and is not 
reproduced here. The resonant structure of x$/> however, is discussed in 
Chapter 14. In nonresonant cases, the damping constants in the denominators 
in (2.17) can be neglected. The second-order susceptibility can then be reduced 
to a form with six terms, noting that the last two terms in the expression for 
x!y| in (2.17) become 

( r j ) gn ( r i ) n n‘ ( r k ) n'g ^ ( r k) gni^i i)/i/r'( 

( W 1 “ + ««'*) («i + “ «„,) ‘ 

With N denoting the number of atoms or molecules per unit volume, the 
expressions in (2.17) are actually more appropriate for gases or molecular 
liquids or solids, and p< 0) is given by the Boltzmann distribution. For solids 
whose electronic properties are described by band structure, the eigenstates are 
the Bloch states, and corresponds to the Fermi distribution. The expression 
for xiy and should then be properly modified. Since the band states form 
essentially a continuum, the damping constants in the resonant denominators 
can be ignored. In the electric dipole approximation with the photon wave vec- 
tor dependence neglected, for such solids has the form 3 

X$(" - "l + 

_ _ el r . y j <»>*il<ilc.q>(c.q|>/k'.q)<c',q|<- t |p.q> 
q ».7Vl [“-“™(q)][« 2 -«rt(q)l 

, <«.ql>j|c.q)<c.qk t |g , .q><c , ,q|//|P,q> 

[“ - "«(q)][«i - " c „(q)l 

{ <p-qk t k.q>(^qf''jk'.q)<c'.q|r,|o,q) 

[ “ + «v„ (q)] E “2 + « c »(q)] ( 218 ) 

: <P.q|>j.|c.q)(c.q|/lt|c'.q)(c , .q|r,|e,q> 

[« + « £lr (q)][*>, + u c „(q)] 
<P.q|'-A.q)(c.q|/;|g , .q){e',q['- t | P ,q) 
l“i _ «™(q )]["2 + " £ „(q)! 
( t ’.q|'- t |c.q)(c.q|'-,|c',q)(c',qk,|p,q) ) 

[«i + “o-.(q)I(«2 - « c „(q)] r" q 

where q denotes the electron wavevector, v , c, and c' are the band indices, and 
/»(q) is the Fermi distribution factor for the state |u,q). 

For condensed matter, there should be a local field arising from the induced 
dipole-dipole interaction. A local field correction factor L (, ° should then 
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appear as a multiplication factor in We discuss the local field correction 
in more detail in Section 2.4. For Bloch (band-state) electrons in solids with 
wavef unctions extended over many unit cells, the local field tends to get 
averaged out, and L (n) may approach 1. 


23 DIAGRAMMATIC TECHNIQUE 

Perturbation calculations can be facilitated with the help of diagrams. 
Feynman diagrams have been used in perturbation calculations on wavefunc- 
tions. Here, since the density matrices involve products of two wavef unctions, 
perturbation calculations require a kind of double-Feynman diagram. We 
introduce in this section a technique devised by Yee and Gustafson. 6 Only the 
steady-state response is considered here. 

The important aspects of any diagrammatic technique are that the diagrams 
provide a simple picture to the corresponding physical process as well as 
allowing one to write down immediately the corresponding mathematical 
expression. It is essential to find the complete set of diagrams for a perturba- 
tion process of a given order. The scheme we adopt for calculating p (n) involves 
in each diagram a pair of Feynman diagrams with two lines of propagation, 
one for the |vp> side of p and the other for the (^| side. Figure 2.1 shows one of 


|»> <n I 



Fig. 2.1 A representative double-Feynman 
diagram describing one of the many terms 
in p (rt> (w - + w 2 + ■ - • + *>„). 
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the many diagrams describing the various terms inp ( " ) (w = w l + &> 2 + - • ♦ + 
u„). The system starts initially from |g)(g| with a population p<°>. The ket state 
propagates from fg) to |«') through interaction with the radiation field at 

co x , <i 3 2 and the bra state propagates from (g| to (n| through interaction 

with the field at . . . , v Then, the final interaction with the output field at 
a puts the system in ju)(u|. Through permutation of the interaction vertices 
and rearrangement of the positions of the vertices on the lines of propagation, 
the other diagrams for p (n) can also be drawn. 

The microscopic expression for a given diagram can now be obtained using 
the following general rules describing the various multiplication factors: 


1 

2 

3 


4 


5 

6 


The system starts with |g)p£J(g|. 

The propagation of the ket state appears as multiplication factors on the 
left, and that of the bra state on the right. 


A vertex bringing |a) to [ft) through absorption at u>, on the left (ket) side 
of the diagram is described by the matrix element (l/iA)(h|^' iflt (w / )|a) 

i*> ) 

with jr iot M oc e ia,t denoted by >' in Fig. 2.1 

M i«> 1 


. If it is emission 


\ 

l*>’ 


l°>j 


instead of absorption, the vertex should be described by 


(\/ih)(b\ (wy)Ja). Because of the adjoint nature between the bra and 
ket sides, an absorption process on the ket side appears as an emission 
process on the bra side, and vice versa.* Therefore, on the right (bra) side 

/<*H 

of the diagram, the vertices for emission 


«*i 


<«i 


V 


(a| 


k and absorption 


are described by -Q./ih)(a\jr mi (w i )\b) and “(l//7j)<a| 


(w,-)^), respectively. 


Propagation from the j th vertex to the (j + l)th vertex along the 
double lines is described by the propagator FT y = ±[i(£/.i«f - u> Ik + 
IT*)]- 1 The frequency «, is taken as positive if absorption of u, at the /th 
vertex occurs on the left or emission of on the right; it is taken as 
negative if absorption of to. occurs on the right or emission on the left. 

The final state of the system is described by the product of the final ket and 
bra states, for example, |rt')(/i| after the nth vertex in Fig. 2.1 for p (B> . 

The product of all factors describes the propagation from |g)(g| to |n')(n| 
through a particular set of states in the diagram. Summation of these 


*If the field is also quantized,.#'',,,^) operating on a ket state will annihilate a photon at h> it while 
if operating on a bra state it will create a photon. 
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products over all possible sets of states yields the final result with contribu- 
tions from all states. 

By using these rules, the diagram in Fig. 2.1 leads to the expression 


X 


f \n')(n'\X’(u„)\m) ■■■ 

<J.|pr(« 2 )| a >(a|Jf(« 1 )|g> 

*"( £ “j - f £ <■>( - «*, + <t„, • • • 

l \i-\ 

/\.-l / 


••• <IJew,)l n >ol 


(«i + Oj + a, - + i r, c )(«, + Mj - u ig + <T tg )(u, - *> al 


(2.19) 



Of f - '("| + "2 + (■‘•O' 


which is just one terra in the full expression for p (,,) (to = + to 2 + - * • + to„). 

As a more concrete example. Fig. 2.2 gives the complete set of diagrams for 
p (2) (to = Wj + toj) that leads to x$ (w = + « 2 ) in (2.17). The eight 

diagrams (tr)-(A) correspond in successive order to the eight terms in (2.17). 
Note that x$t (« - + <^2) ^ derived from Tr( p < 2 ) J> )/Ej ( w j ) ( to 2 ). There 

are in fact only four basic diagrams, (a), (c), (e), and (g), in Fig. 2.2. The 
others can be obtained by permutation of the to 2 and to 2 vortices. 

As another example. Fig. 2.3 presents eight basic diagrams for p m (to = 

+ co 2 + « 3 ) that lead to xjjl/ (to - oj i + w 2 + There should be 48 dia- 
grams in the complete set corresponding to the 48 terms in The other 40 
diagrams are obtained from permutations of the three vertices (1,2, 3) in the 
eight basic diagrams in Fig. 2.3. The full expression of xlji/ can then be written 
down from the diagrams according to the rules. 

What happens if identical photons appear at a number of vertices? Dia- 
grams obtained from permutations of these vertices in a given diagram yield 
identical terms in p [n) . They should not be discarded, and should be taken into 
account by a degeneracy factor attached to the terms in p (H) . For example, 
XulOu = « + « + «) has 48 diagrams, but 40 of them yield terms identical 
to others. Thus = « + w + «) has only eight terms, each having a 

degeneracy factor of 6. It reduces further to four terms when the damping 
constants in the denominators of the expression can be neglected. 


2.4 LOCAL HELD CORRECTION TO x <-> 

The expressions for m the previous sections are strictly correct only for 
dilute media. They can be written as ~ Na {n) with N being the number of 
atoms or molecules per unit volume and a (n) the nth-order nonlinear polariza- 
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bilities. In condensed matter, however, the induced dipole-dipole interaction 
becomes important and leads to the so-called local field correction. The 
susceptibilities \ (n) are no longer simply proportional to «<">. The usual 
derivation of local field correction applies to isotropic or cubic media with 
well-localized bound electrons. The general theory applicable to media with 
any symmetry or with more freely moving electrons is not yet available. 

The local field at a local spatial point is the sum of the applied field E and 
the field due to neighboring dipoles E^, 

■= E + Ejjp. (2-2°) 

In the Lorentz model, E dip is proportional to the polarization; for isotropic or 
cubic media, it is given by 7 

(2 ' 21) 

The polarization can be expressed in terms of either microscopic polarizabili- 
ties and local fields or macroscopic susceptibilities and applied fields: 

/>(&>) = JV r {« <1) i } + k + *" ^2.22) 

= x a) *,(») + x! %E J (* l )B k M+ 

With (2.20) and (2.21), the first expression in (2.22) becomes 

(u,) 

X (a ( 1 ) E,(“) + + }• 

If the contribution of P (ff> to Ej^ with n > 1 is neglected Iwhich is usually an 
excellent approximation since | P™\ H>1 « I P { % then the local field can be 
written as 

E loc ( w .) - [l - ■(•*). (2.24) 

Then, from (2.22) and (2.23), we find 

( NW) 

X ^ 1 -(47r/3)iVa (1) («) 

w i + «i) ( 2 * 25 ) 

. 

“ [1 _ (47T/3) [1 -(4*/3)W« ,l> (“i)l[l -(4V3 )jV« (1> (" 2 )] 


Permutation Symmetry of Nonlinear Susceptibilities 


25 


and more generally 

x ( '> ) ( w = Wl + w 2 + ■ •• + w„) 

Na. w (<jt = H- -h ■ ■ ■ + w n ) 


(2.26) 


[l — (4*r/3)M* (1) («)] [l — (4fr/3) Ttfiot ( «■>! )] • - [l - (4 t 7-/3) JVia 41 *(«„)] 
Since the linear dielectric constant is related to x (1) by 


f d) = 1+ w^ 1+(8g/3)Ara<1 ' 

x 1 ~(4ir/3)Na m 


we can wnte 


£< 1) + 2 
3 ’ 




and (2.26) becomes 3 


x (")( w = Wl + « 2 + ••* + &>„) = = w l + u 2 + ■••+«„) 

(2.27) 


with 


[•»(«) + 2l[f*(u,) + 2l 

[**"(“.) + 2l 

3 \[ 3 J 

3 


(2.28) 


being the local field correction factor for the rtth-order nonlinear susceptibili- 
ties. In media with other symmetry, the expression (2.27) is still valid, but L (n) 
will be a complicated tensorial function of e (1> («), e (l) (wj), . . . , and c (1) (w rt ). 8 


2.5 PERMUTATION SYMMETRY OF NONLINEAR 
SUSCEPTIBILITIES 

There is inherent symmetry in the microscopic expressions of susceptibilities. 
As can be readily seen from (2.17), the linear susceptibility x!} 1 has the 
symmetry 


*}}>(») - (2-29) 

which is actually a special case of the Onsager relation. Similarly, the nonlinear 
susceptibility xfjki^ = + « 2 ) in (2.17) or a similar expression for xgK 2« 

= (o + w) has the following permutation symmetry when the damping con- 
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stants in the frequency denominators can be neglected (i.e., the nonresonant 
cases): 1 ' 9 

X/yfc(" = Wi + ^ 2 ) = XySi("l = ~ 03 2 + W ) 

= X %(»2 *= w “ « l )» ^ 2 * 30 ^ 

xig"(2w -« + «)“ - 2 " - «) - ixS(» " + 2u> )* 

In the permutation operation, the Cartesian indices are permutated together 
with the frequencies with their signs properly chosen. More generally, one can 
show that the nth-order nonlinear susceptibility also has the permutation 
symmetry 9 

xi/"!, ..j/( w = «i + «2 + ‘ * 1 w «) = xiJi ■'/./( w i = -«*>2 ' ’ * + "« + 

(2.31) 

= X®, . = " - "1 "»->)• 

If the dispersion of x < '” can also be neglected, then the permutation symmetry 
in (2.31) becomes independent of the frequencies. Consequently, a symmetry 
relation now exists between different elements of the same x (a) tensor, that is, 
X W t remains unchanged when the Cartesian indices are permuted. This is 
known" as Kleinman's conjecture, 10 with which the number of independent 
elements of x (r,) 0311 be greatly reduced. For example, it reduces 27 elements of 
X <2> to only 10 independent elements. We should, however, note that since all 
media are dispersive, Kleinman*s conjecture is good approximation only when 
all frequencies involved are far from resonances such that dispersion of \ {n is 
relatively unimportant. 


2.6 STRUCTURAL SYMMETRY OF NONLINEAR 
SUSCEPTIBILITIES 

As optical properties of a medium, the nonlinear susceptibility tensors should 
have certain forms of symmetry that reflect the structural symmetry of the 
medium. Accordingly, some tensor elements are zero and others are related to 
each other, greatly reducing the total number of independent elements. As an 
illustration, we consider here the second-order nonlinear susceptibility tensor 

x <2) - 

Each medium has a certain point symmetry with a group of symmetry 
operations (S), under which the medium is invariant, and therefore X * 
remains unchanged. In real manipulation, S is a second-rank three-dimen- 
sional tensor S tm . Then, invariance of * <2) under a symmetry operation is 


Table 2.1 

Independent Nonvanishing Elements of x (2) ( u ® «j + u 2 ) for 
Crystals of Certain Symmetry Classes 


Symmetry Gass 

Independent Nonvanishing Elements 

Triclinic 

1 

All elements are independent and nonzero 

Monoclinic 

2 

xyz, xzy, xxy, xyx, yxx, yyy,yzz,yzx, yxz, zyz, 
zzy, zxy, zyx (two fold axis parallel toy) 

m 

xxx, xyy, xzz, xzx, xxz,yyz , yzy, yxy,yyx, zxx, 
zyy , zzz, zzx, zxz (mirror plane perpendicular toy) 

Orthorhombic 

222 

xyz, xzy , yzx, yxz , zxy, zyx 

mm2 

xzx, xxz,yyz, yzy, zxx , zyy, zzz 

Tetragonal 

4 

xyz * -yxz, xzy = -yzx, xzx = yzy, xxz — yyz , 
zxx - zyy, zzz , zxy - -zyx 

4 

xyz - yxz, xzy — yzx, xzx - -yzy, xxz - -yyz, 
zxx - -zyy, zxy = zyx 

422 

xyz - -yxz, xzy = -yzx, zxy = -zyx 

4mm 

xzx - yzy, xxz - yyz, zxx = zyy, zzz 

42m 

xyz - yxz, xzy — yzx, zxy - zyx 

Cubic 

432 

xyz - - xzy — yzx = -yxz - zxy = - zyx 

43m 

xyz — xzy = yzx 

23 

= yxz = zxy = zyx 

Trigonal 

3 

xxx - -xyy - -yyz — -yxy, xyz = -yxz, xzy - -yzx, 
xzx = yzy, xxz — yyz, yyy = -yxx = - xxy — - xyx, 
zxx _ zyy, zzz, zxy ” - zyx 

32 

xxx - -xyy - -yyx - -yxy, xyz = -yxz, xzy - -yzx, 
zxy — -zyx 

3m 

xzx — yzy, xxz - yyz, zxx - zyy, zzz,yyy — -yxx = 
- xxy - - xyx (mirror plane perpendicular to x) 

Hexagonal 

6 

xyz - -yxz, xzy = -yzx, xzx = yxy, xxz = yyz, 
zxx - zyy, zzz, zxy = -zyx 

6 

xxx — -xyy - -yxy - -yyx, yyy -* -yxx « -xyx * 
—xxy 

622 

xyz “ -yxz, xzy * -yxz, zxy - -zyx 

6 mm 

xzx - yzy, xxz — yyz, zxx — zyy, zzz 

6m2 

yyy - -yxx - -xxy = -xyx 


27 
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explicitly described by 

(S-St)-x*:(S-J)(S-fc)-x$- ( 2 - 32 > 


For a medium with a symmetry group that consists of n symmetry operations, 
n such equations should exist. They yield many relations between various 
elements of x {2) , although often only a few are independent. These relations 
can then be used to reduce the 27 elements of x (2) to a small number of 
independent ones. 

An immediate consequence of (2.32) is that X (2) = 0 in the electric dipole 
approximation for a medium with inversion symmetry: with S being the 
inversion operation, S * * = -e, (2.32) yields xgi = ~xgl « 0. This explains 
why X (2) for a free electron gas does not have an electric dipole contribution as 
shown in Chapter 1. Among crystals without inversion symmetry, those with 
the zincblende structure such as the III-V semiconductors have the simplest 
form of X <2) - They belong to the class of T d (43m) cubic point symmetry. 


Table 2.2 

Independent Nonvanishing Elements of = w i + + “ 3 ) for 

Crystals of Certain Symmetry Classes 


Symmetry Gass 

Triclinic 
Tetragonal 
422, 4 mm, 
4/mmm,42m 

Cubic 
23, m3 


432, 43m, m3m 


Hexagonal 
622, 6 mm , 
6/mmm, 6 m2 

Isotropic 


Independent Nonvanishing Elements 

All 81 elements are independent and nonzero 
xxxx - yyyy, zzzz, 

yyzz = zzyy, zzxx - xxzz, xxyy » yyxx, yzyz - zyzy, 
zxzx * xzxz t xyxy = yxyx, yzzy - zyyz, zxxz - xzzx, 
xyyx - yxxy 

xxxx - yyyy = zzzz,yyzz - zzxx - xxyy, 
zzyy = yyxx = xxzz, zyzy - xzxz - yxyx, 
yzyz = zxzx ~ xyxy, zyyz - xzzx - yxxy, 
yzzy - zxxz * xyyx 
xxxx - yyyy - zzzz 

yyzz - zzyy - zzxx - xxzz - xxyy = yyxx 
yzyz = zyzy - zxzx •» xzxz = yxyx = xyxy 
yzzy = zyyz *■ zxxz - xzzx = xyyx = yxxy 
zzzz , xxxx = yyyy - xxyy + xyyx + xyxy 
xxyy - yyxx, xyyx - yxxy, xyxy = yxyx, 
yyzz - xxzz, zzyy - zzxx, zyyz = zxxz, 
yzzy - xzzx, yzyz =*= xzxz, zyzy = zxzx 
xxxx - yyyy = zzzz, 

yyzz - zzyy - zzxx - xxzz = xxyy - yyxx, 
yzyz - zyzy - zxzx - xzxz - xyxy - yxyx, 
yzzy - zyyz - zxxz - xzzx - xyyz = yxxy, 
xxxx - xxyy + xyxy + xyyx 
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Although many symmetry operations are associated with 7^ (43 m), only the 
180 ° rotations about the three four- fold axes and the mirror reflections about 
the diagonal planes are needed to reduce x <2) - The 180° rotations make 
Xm = ~x!?i = 0, xS }} = ~Xuj = 0, and x$ = = 0, where t , ) , and £ 

refer to the three principal axes of the crystal. The mirror reflections lead to the 
invariance of xS %(i * j * k) under permutation of the Cartesian indices. 
Consequently, xf/L(' * j * £) is the only independent element in x (2) for the 
zincblende crystals. 

For other classes of crystals, the forms of x (2) can be similarly derived 
through the corresponding symmetry operations. The symmetry consideration 
here is the same as the one used to derive the electroop tical tensor [which is 
actually a special case of x {2) (« = «i + « 2 ) with = 0] and the piezoelectric 
tensor, 11 The forms of x <2) for second-harmonic generation are in fact identical 
to the latter. 12 We reproduce a part of x (2 *(« = + <*> 2 ) for various classes of 

crystals in Table 2.1. 

The above symmetry consideration for x (2) can of course be extended to 
higher-order nonlinear susceptibilities. In particular, symmetry forms for x <3> 
are most important in view of the many interesting third-order nonlinear 
optical effects that can be observed readily in almost all media. Table 2.2 lists 
the x (3) tensors for the more commonly encountered classes of media. 12 


2.7 PRACTICAL CALCULATIONS OF NONLINEAR 
SUSCEPTIBILITIES 

Symmetry operations drastically reduce the number of independent elements 
in a nonlinear susceptibility tensor, but then for a given medium, we would 
also like to know the values of these independent elements. While they can 
often be measured (see, for example, Section 7.5), it is also important that they 
can be calculated from theory. A successful theoretical calculation can help in 
predicting x (n) for media not easily subject to measurements or for the design 
of new nonlinear crystals. In principle, the microscopic expressions, such as the 
one for x\% in (2.17), with appropriate local-field correction, can be used for 
such calculations. However, in most practical cases these expressions are 
useless because neither the transition frequencies nor the wavefunctions for the 
material are sufficiently well known. This is especially true for large molecules 
or solids. Simplifying models or approximations often are needed. If all 
frequencies involved are far from resonances, one simplifying assumption often 
used is to replace each frequency denominator in the microscopic expression of 
X <w> by an average one and bring all frequency denominators out of the 
summation (see, for example, x (2) hi (2.17)j. Then the summation over matrix 
elements can be greatly simplified through the closure property of the eigen- 
states and can be expressed in terms of moments of the ground-state charge 
distribution. The problem reduces to finding the ground- state wavef unction of 
the system. 13 
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The foregoing approximation, however, is too drastic to yield good results. 
A more successful calculation of x (w> can be done by the bond model. Such a 
model was used in the early 1930s to calculate the linear polarizability of a 
molecule or the linear dielectric constant of a crystal. 14 The bond additivity 
rule was assumed: the induced polarizations on a molecule (or a crystal) is the 
vector sum of the polarizations induced on all bonds between atoms. In other 
words, the bond -bond interaction is neglected. The same rule can be used in 
the calculations of \ (n \ We can write 

(2-33) 

K 


where is the nth-order nonlinear polarizability of the K th bond in the 
crystal (or medium), and the summation is over all the bonds in a unit volume. 
Thus, with known crystal structure, the calculation of x*” J reduces to the 
calculation of for different types of bonds. 

We discuss here only the calculations of x <2) , using the zincblende crystals 
as an example. The general procedure is as follows. The linear bond polariza- 
bility aj}* is first calculated as a function of the applied field using the recently 
well developed bond theory. 14 The second-order nonlinear bond polarizability 
is then obtained from the first derivative of with respect to the applied 
field. Finally, the summation of (2.33) over the bonds is performed to find x (2) . 
We assume here that a simple crystal can be constructed entirely out of the 
same type of bonds, and the bonds are cylindrically symmetric. The linear 
susceptibility xSJ* of the crystal can then be written as 

xS'-fE-S’) 

V K ’it 

-Gf^ + GiV? (2.34) 

= (cs 11 + i*g2 , )«S" 

where aj 1J and a ( P are the polarizabilities parallel and perpendicular to the 
bond, pi = a l x > /aj 1 \ and Gj l> and are the respective geometric factors 
arising from the vectorial summation over the bonds. Both Gj 11 and Gj* are 
proportional to the number of unit cells per unit volume. For the zincblende 
structure, Gj 11 - = 4 A/3, and (2.34) becomes 

XS>= ^(1 + 2mK". (2.35) 

The next step is to find an approximate expression for aj 1 * through xiP* The 
microscopic expression of xjj* in (2.17) away from resonance has the form 



2 

ng 




(2.36) 
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In the low-temperature limit, = 0 for all states except the ground state. 
Then, following the approximation of replacing u ng in the denominator by an 
average u ng , and the sum rule 16 

2ZX.I (2-37) 

n 

(2.36) reduces to 




(2.38) 


with Q* = 4 nNe 2 /m being the electron plasma frequency. This simplified 
expression for has actually been shown more rigorously by Penn for solids 
in the limit of zero frequency. 17 From (2.34), we now have 


W + GiM>- (Gj l > + /*?!’)<> = 4 j z p- , y (2.39) 

4 *(<4 g ~ u 2 ) 

We are, however, interested in ajj 1 * as a function of applied field. The 
polarizability should depend on the field through the field perturbation on the 
transition frequencies and matrix elements. However, in the approximate form 
of (2.39), aj 1 * can depend on the field only through To find an expression 
for 3j f is where the bond theory comes in. Physically, hu ng ss can be 
regarded as an average energy gap between the filled and unfilled states. It can 
be written as 15 


E, = [E l + C 2 ] !/2 (2.40) 

where E A and C are known as the homopolar and heteropolar gaps, respec- 
tively, and, in the bond theory, have the expressions 



In these expressions, a, b, and s are constant coefficients, Z A and Z B are the 
valences, and r A and r B are the covalent radii of the A and B atoms forming the 
bond, d — r A + r B is the bond length, and exp(— k.jd/2) is the Thomas-Fermi 
screening factor. If A and B are identical atoms, then C = 0. Equation (2.40) 
can be derived easily from molecular orbital theory. 18 The bond electrons have 
two eigenstates, a bonding state and an antibonding state. The energy dif- 
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ference between the two states is E g . For a homopolar bond (A = B\ the 
bond electrons see a symmetric potential with respect to the bond center and 
E - El. For a heteropolar bond (A ± B)> the bond electrons see an anti- 
symmetric potential, and E ] = El + C 2 with C proportional to the asymmet- 
ric part of the potential. The wavefunctions of the bonding and antibondmg 
states along the bond are shown in Fig. 2.4. It is seen that in the heteropolar 
case, there is a charge transfer from the side of the less electronegative atom to 
the side of the more electronegative atom. According to the molecular orbital 
theory, the amount of transferred charge Q is related to the heteropolar gap C 
by 



Figure 2.4 also shows that there is a bond charge cloud between the two atoms. 
The magnitude of the bond charge derived from the bond theory is 


l 

El+hW p ' 


(2.43) 



A 



pip 2.4 Sketches of electronic wavefunctions of (a) the bonding state and (b) the 
antibonding state along the bond connecting the atoms A and B. The solid curves are 
for the homopolar case and the dashed curves for the heteropolar case. 
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Levine 19 suggests that the bond charge may be considered as a point charge 
sitting at distances r A and r B , respectively, from atoms A and B. 

We can now discuss how the bond polarizability changes when the bond is 
subject to an external field. The change occurs through the field perturbation 
on the charge distribution. In our description here, «j l) depends on the applied 
field E through the dependence of E g on E 




-l- C 


dC_ 

M ) 


(2.44) 


while E a and C depend on E through field-induced changes in the charge 
transfer and bond charge. However, since the applied field is not expected to 
change the bond length, we have 3E k /3E i = 0 from (2.41), The second-order 
nonlinear bond polarizability ofy is obtained from da^)/3E k . If £ and i) 
denote the two directions parallel and perpendicular to the bond, respectively, 
then from the symmetry argument, only and are nonvanishing. We 
also neglect by assuming that a field transverse to the bond will not 
significantly perturb the charge distribution. Thus is the only nonvanishing 
element of a^. Using (2.39) and (2.44), we find 


~d% 

-2h 2 ttjC 

4tr{Gj ,) + /iGf)(C| - AV) 2 dE ‘ 

Now, either (2.41) or (2.42) can be used to calculate dC/dE ^ The two, 
however, correspond to two different physical pictures. In (2.41), the applied 
field changes r A and r B , but keeps r A + r B = d . In terms of the simple model 
where the bond charge can be treated as a point charge sitting at distances r A 
and r B away from the atoms A and B> the field then simply shifts the position 
of the bond charge along the bond. This is known as the bond -charge model. 19 
In (2.42), on the other hand, it is the field perturbation on the charge transfer 
Q that relates C to the field. This is the charge-transfer model. 20 
The bond-charge model involves, with Ar = Ar A = - Ar^, 


SC 


(2.45) 


dC _ (3C_ _ dC\ 3r 
BE j dr A dr B / 3E f 


(2.46) 


and since $Ar = aj l) (6) / )A£’ { (w') for 


0, we find from (2.41), (2.45), 
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(2.46), (2.34), and (2.38) 

{4 


h 1 ox } («')c 


5l + ^A 


" /BC 2« q {GV + tGV){El-*W) 

ticixffwYxn*) 

(Gp + nGVftfQ} 

The charge-transfer model following (2.42) gives 

dC _ _ 1 EJ dQ 
dE ( e £ l 9E £ ’ 


Z A Z, 

-T + ~ 
r; ri 


be'*-" 2 


be-W. 


(2.47) 


(2.48) 


It is assumed in this model that the field-induced charge transfer is from atom 
B to atom A, treating the atoms as points. Since A £{(»') - we 

have from (2.45) and (2.48) 


(« 


vf/C-T * 




2*{G\'> + »G<?)(V,-hWfedll 

8irC Ei[x!l ) («)] 2 x‘? 1 (“') 

(G\» + v.G?)\<l£lh 2 a 2 p ' 


(2.49) 


We should, however, keep in mind that the description of how an applied field 
modifies the charge distribution in both models is still fairly crude. In reality, 
the electronic charges are broadly distributed in the region between the two 
atoms. The peak of the distribution is near the center of the bond. As an 
example, a contour map of the valence electron distribution around a Ga-As 
bond obtained by empirical pseudopotential calculation is shown in Fig. 2. 5. 21 
In the presence of a dc external field along the bond, the charge distribution 
becomes only slightly more asymmetric with its peak essentially unshifted. This 
is shown in Fig 2.6 for the charge distributions along the Si- Si and Ga-As 
bonds. 22 The field-induced shift of the bond charge in the bond-charge model 
actually refers to the shift of the center of gravity of the valence electron 
distribution, while the field-induced charge transfer in the charge- transfer 
model refers to the redistribution of the valence charges around the bond from 
one side of the bond center to the other. 

Finally, we can obtain of a. given medium from afjfc for various bonds, 
where U), and Jc denote the three orthogonal symmetry axes in the crystal: 


x$ - £(«£>) 


ijk 


= E(<3PU«f 


(el a 


(2.50) 
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Fig. 2.5 Contour map of valence electron density distribution (in units of e per 
primitive cell) for GaAs in the (1, -1,0) plane. (From Ref. 2L) 


where (G^) ijk is a geometric factor for the A-type bonds reflecting the 
structure of the medium. We note that with (a$ f ) A expressed in terms of xf/ 5 
rather than in (2.47) and (2.49), even the total field correction has been 
somehow taken into account in the above derivation. 

We now use InSb as an example to illustrate the calculation of x$. The 
crystal has a zincblende structure; therefore, the only nonvanishing dements of 
X (2) are x$l with i * j * k . There is only one type of bond in the crystal; those 
connecting In and Sb. The geometric factor is then given by 4N/3/3 and 
the density of unit cells N is related to the bond length d by N = 3*/f /16 d l . 
We also have = 4JV/3. From (2.47), (2.49), and (2.50), the bond- 



(b) 


Fig. 2.6 Sketches of the charge distribution along a bond in (a) Si and ( b ) GaAs. 
Solid and dashed curves refer to cases with and without an external field along the 
bond, respectively. (Courtesy of S. Louie.) 
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charge model gives 


(x'5,),.c 


32^»C[X (I) (^)1 2 [X ,1> (^)1 


4 ^]L 

r} rl 


3(1 + 2 m ) 2 ? A ! 8= 
and the charge-transfer model gives 

32 jra/ 2 CE* [ x tl> ( w )] 2 [x <1, ( 4 °0] 


be'**" 2 (2.51) 


(yP) ) = ■ 

Vax^/c.T. 


3(1 + 2ii) 2 etlh 2 al 


(2.52) 


We calculate here x^yz in the low-frequency limit to - <*>' - 0. For InSb, 
d = 15 A, E g = 3.7 eV, E fr = 3.1 eV, C = 2.1 eV, X (1) = U7 esu, Aft - 13 
eV, = 3, Z* = 5, r A =r B = d/2, bexp(-k s d/2) - 0.12 e 2 , jt - f, and 
4 = 0.6 e, 23 we obtain (xS;)b.c.- I* 6 x 10" 6 esu and (x®*)c.t.°* 2 -3 X 10“ 6 
esu. The results of both models are in fair agreement with the experimental 
value of x¥y Z = (3.3 ± 0.7) x 10 " 6 esu. This should be considered satisfactory 
in view of the crude approximations in the models. 

The calculations can also be extended to higher-order nonlinear susceptibili- 
ties. However, because of the erode approximations involved, they become 
much less reliable. Also, since we use the covalent bonding picture in the 
models, the calculations are less suitable for ionic crystals. In nonlinear optics, 
we are often interested in materials with high nonlinearity. This discussion 
suggests that the materials should have high nonlinearity in bond polarizabili- 
ties. For large x (2 \ the crystal structure should also be as asymmetric as 
possible so that there is a minimum of vectorial cancellation in summing over 
aj? of all bonds. 

The calculations here are good only in the low-frequency limit. The ap- 
proximations in the models break down when the optical frequencies are close 
to the absorption bands. Because of resonant enhancement, the transitions 
with transition frequencies closer to the optical frequencies contribute much 
more to the susceptibilities. In order to calculate x <rt> and its dispersion in 
these cases, we must use the full microscopic expression of x <n) such as those 
derived in Section 2.2. Then detailed information about the transition matrix 
elements and frequencies of the material is necessary. Such calculations have 
been carried out by several authors on x <2) (2«) of zincblende semiconductors 
with various degrees of approximation. In most cases, constant matrix ele- 
ments are assumed. The more accurate calculations, however, are those with 
wavefunctions and energies of the band states derived from the empirical 
pseudopotential method, 24 which has been extremely successful in reproducing 
X (1> («) for zincblende semiconductors; it should therefore also yield accurate 
results for x (2) (2w). An example is shown in Fig. 2.7 for InSb. The peaks and 
shoulders in the spectrum generally correspond to resonances of u or 2u with 
the critical point transitions. The results also show that it is important to 
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Fig. 2.7 Dispersion of x*jk(2w) of InSb calculated using the empirical pseudopoten- 
tial method. The peaks arise from inteiband transitions in the regions indicated. (From 
Ref. 24.) 


include the dispersive effects of both the matrix elements and the density of 
states for transitions in the calculations. 

Full quantum mechanical calculations of \ (2) of (2.17) for molecular crystals 
have also been carried out using semiempirical Hartree-Fock LCAO (linear 
combination of atomic orbitals) methods by many researchers. 25 They were 
able to predict quite satisfactorily the measured values of x (2) - Highly asym- 
metric molecules with strong charge-transfer bands appear to yield large Jx (2) | 
if the crystal structure is also highly asymmetric. 


2.8 MILLER’S COEFFICIENT 
Miller defined a coefficient 26 


_ xgU M 3 -<■>! + U 2 ) 


(2*53) 


and found empirically that & ijk has only weak dispersion and is almost a 
constant for a wide range of crystals. This is known as Milter’s rule. It suggests 
that high refractory materials should have large nonlinear susceptibilities. The 
weak dispersion of \j k can be seen from either the bond-charge or the 
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charge-transfer model. Equations (2.51) and (2.52) show that for to' -» 0, 

A iJk - constant independent of frequencies. 

The constant is, however, proportional to the heteropolar gap C, and does 
change, although only mildly, from crystal to crystal. That the measured A iJk is 
indeed proportional to C for a large number of semiconductors has been 
demonstrated by Levine. 19 For a crystal with several different types of bonds, a 
weighted average C must be used. The values of A lJk for most nonlinear 
crystals are around few times 10 “ 6 esu. 


2.9 CONVENTIONS ON NONLINEAR SUSCEPTIBILITIES 

The definitions of nonlinear susceptibilities in the literature vary and have 
caused some confusion. This section clarifies the conventions used in this book. 
The definition of nonlinear susceptibilities is governed by the following rela- 
tion between the nonlinear polarization P (w) and the electric fields E.: 

-X (l0 (» = «1 + Bj + ••• + “.):E 1 (w,)E 2 (» 2 )- - E„(«„) 

(2.54) 

with E i and P (rt) expressed as complex quantities: 

E. = ^exp(f'k: * r - 

, ' ' , , (2.55) 

p( n) ( w ) =* ^<^exp(ik • r - i0/). 


assuming to. and to are both nonzero. Many authors have written the ampli- 
tudes of E; and P (o) in somewhat different forms with 

E, = i<f'exp(ik, • r - io,l) 
p(”)( w ) - }3"(">exp(ik • r - iut) 

and defined a nonlinear coefficient d <fl) to connect the amplitudes 


£).'<«) = d («) : (2.57) 

or 

P ( ">- (2)"" l d {,l) :E 1 E 2 E„. (2.58) 


Comparison of (2.54) and (2.58) gives 
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and in particular djjl = ^xS;i- Equation (2.59), however, needs modification 
when there are dc fields present. For w, = 0, the corresponding dc field E, 
should be related to ^ and by E, - 2^ = //. Then, if s of the n fields, 
namely, are dc, we have, following (2.54) and (2.57) as definitions 

for x (ff) and d (,,) . 


P<*>_X ( *> :El ... E,(i)"'V; +1 ••• ^exp[,(k, +1 + + k„)-r 

+ •” + “.) 

- H<*> : E, • • • E, // +1 •• ■ + • • • + k.) • r 

and hence 

(2)“” +1+ V”>- (2-61) 

More explicitly, (2.54) takes the form 

P / n) (< 0 = OJj + <o 2 + * • ■ + w fl ) 

- E xi/"],. .;„(“ “ “l + “2 + • • • + ".)£/,(«l)£/ ! («2) ' • • £(.(«„)• 

... 1 . 

(2.62) 

Our convention is that the term = <<>i + w 2 + ■•■+ 6>„) 

E /i (& 1 )E lj (a 2 ) • • * E t jiia m ) can be written with the fields arranged in any order 
as long as the subindices of x <,f) are arranged in the same order, but no 
additional contribution to P}"> should arise from permutation of the fields in 
(2.62). The conventional notation demands that the field arrangement should 
always follow the ordering of the frequencies in the argument of x l>,) ■ This 
leads to the question of what happens if two or more fields involved have the 
same frequency. In our convention, permutation of the fields with the same 
frequency should yield no additional contribution to Pf m \ For example, we 
have for second-harmonic generation. 


(2.60) 


P} 2) (2u) = xSi(2« " « + a)E,(u)E,(a) 

* + x2,£,(«)£,(«)- 


(2.63) 


In the convention using the d coefficients, however, all terms derived from 
permutation of the fields with the same frequency must be included in the 
expression of the nonlinear polarization. For example, 


\P™(2u) = d™ t (2a)E y (a)E l (a) + rf^,(2»)£,(»)£,(«) 
= M« (2«)E,(«)£,(u). 


(2.64) 
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111 comparison with 

\P} 2) (w 3 - »l + « 2 ) = ^2r(“3 = «1 + «j)£,(«i)£,(m2) (2.65) 

we notice that since the nonlinear response of the medium is not expected to 
have a sudden change as approaches w 2 , the coefficient d^(oi 3 = + u 2 ) 

should change smoothly to 2 = 2i*>j). The result that [djjK^ - u x + 
°2 = with j # /: has caused a great deal of confusion. A 

similar situation occurs when one or more fields have their frequencies ap- 
proach zero, as we discussed earlier. Our convention here avoids such diffi- 
culty: x!;K w 3 ” + “2) changes continuously to x!>*( w 3 = 2*0 as ap- 

proaches w 2 , or to xSyKwi = 0 + w L ) as w 2 approaches zero. The continuous 
variation of x$ with frequencies can be explicitly seen in the microscopic 
expression of x!yi hi ( 2 . 17 ). 

Another convention proposed by Maker and Terhune 27 and often used for 
third-order nonlinearity is to indicate explicitly the number of terms one can 
obtain by permutation of different field components in the expression of the 
nonlinear polarization. For example, we write 

( W = 03 ^ + « 2 + w 3 ) 

= £ D )k ,c;%(w = «, + + «,)£>,)£„(«,)£,(«,) u ,J "' 

j.k.l 

where D jkl is the degeneracy factor for the particular terms. If £)(« t ) =£ E k (w 2 ) 
* Ef(ic 3 ), then D jkl = 6 , indicating that six terms can be obtained by permut- 
ing the three fields. For EjiaJ - £*(<02) * £/(<*> 3). we have and for 

£^(u t ) - ” £/(<«>3)* we have Vr i- This convention also has the 

difficulty that the nonlinear coefficients C$,((P = «! + u 2 + o> 3 ) vary discon- 
tinuously as the frequencies become degenerate. 

Further discussions of nonlinear optical susceptibilities appear in later 
chapters in connection with the specific nonlinear optical problems discussed. 
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General Description of 
Wave Propagation in 
Nonlinear Media 


Waves can interact through nonlinear polarization in a medium. Propagation 
of waves in the presence of wave interaction leads to various nonlinear optical 
phenomena. The quantitative description of a lower-order nonlinear optical 
effect usually starts with a set of coupled wave equations with the nonlinear 
susceptibilities acting as the coupling coefficients. This coupled-wave approach 
can also be generalized to include waves other than electromagnetic. This 
chapter is devoted to a general discussion of coupled electromagnetic waves in 
a medium and the solution of the coupled wave equations under certain 
approximations. Applications of the analysis to specific nonlinear optical 
phenomena appear in later chapters. 


3.1 COUPLED WAVES IN A NONLINEAR MEDIUM 
The wave equation that governs optical wave propagation in a medium is 


V x(v x) ! 

c c" 




(3.1) 


which follows directly from the Maxwell equations (1.5). Wave interaction 
gives rise to the nonlinear terms in P. We assume that both E(r, 0 and P(r, 0 
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Coupled Waves in a Nonlinear Medium 

can be decomposed into a set of infinite plane waves: 
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and 


E(r, t) = £E/0w, «,) 
; 


= E V k, '"“'' > - 

i 

P(r,l)-P">(r ,I) + P NL (0'). 

P <1 >(r,x)-E»V ,> (k,.«,) 


“ Ex |1| («i)' E i( k /'“i)' 


P NL (r, ;) - E P(”>(r,r) 

nZ.2 

= EP NL (k m ,^) 

m 


(3.2) 


where is taken as essentially independent of time. With = 1 + 
47rx <1> («/)» (3-1) becomes 


V x(v x) -e 

c i 


4-n'w 2 


E(k,(o) = ^fP NL (k 


■ *)• (3.3) 


Suppose P NL (k w1 to) - P ( ” ) (k mJ w) is a nonlinear polarization from the prod- 
uct of E^, Wj) * • * E^k,,, «„)• Then, for the n fields E^k,, w f ), there should 
be n corresponding wave equations similar to (3.3). Together with (3.3), they 
form a set of (n + 1) coupled wave equations. Note that while u> m should be 
equal to w in P NL (k ffl , tx)J because of photon energy conservation in the 
steady-state case, k m need not be exactly equal to k since wave momentum 
conservation is not strictly required in a finite medium. Equation (3.3) clearly 
indicates that the various waves E,^, « f ) are nonlinearly coupled through the 
nonlinear polarization P 1 ^, and their propagations in the medium will conse- 
quently be very different from the linear case where P NL = 0. Through 
nonlinear coupling, energy can now be transferred back and forth between 
waves, and the larger P NL is, the more pronounced the effect should be. The 
coupled wave approach was first used in the description of microwave para- 
metric amplification 1 and later adopted by Armstrong et al. 2 for describing 
wave interaction in nonlinear optics. 

The simplest case of optical wave interaction deals with second-order 
nonlinear optical effects. We use it here as an example to illustrate the coupled 
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wave formalism. Consider three waves E(k lf «j), E(k 2 , a> 2 ), and E(k, w = « 2 + 
« 2 ) interacting in a medium by second-order nonlinear polarization. Then, the 
coupled wave equations from (3.3) are 


and 


V x(v 

47 nc\ 


. . 47TW? ... . 


■ — = ~“2 + «) : E'fki, « 2 )E (k, u), 
c L 


v x(v 

c 

4ttu 2 


, . 47TW? ,, w . 

®2(^2> w 2) = ' ( w 2) 


- — r-X (2) («2 “«-«!): E(k* «)Ef (kj, «!>, 


(3.4) 


V x(v X) r-e. 


= -^v-X (2) (w = «i + ^ 2 ) : E(k lt «i)E(k 2 , « 2 ). 
/»* 


E(k.«) = ^Y-P®(«) 

r + 


As seen here, the nonlinear susceptibilities appear explicitly as the coupling 
coefficients. They determine the rate of energy transfer among the three waves. 
In the case of a dissipationless medium, the permutation relation xSyl*( w “ ^1 
+ « 2 ) = x$("i = -<o 2 + w) - xfUji ** 2 ■=«-«!> exists (see Section 2.5). 
This is actually a necessary condition for the coupled wave equations to satisfy 
the requirement that the total energy in the three waves is a constant, as we 
shall see in Section 3.2. The photon energy and momentum conservations in 
the present case are <0 = + u 2 and k = k L + k 2 , respectively. For most 

effective energy transfer among the waves, one naturally expects that both 
photon energy and momentum conservations should be satisfied in the wave 
interaction. Therefore, even though k — k L + k 2 is not required, as mentioned 
earlier, satisfaction of the relation is preferred for the maximization of the 
wave coupling. This photon momentum matching condition is known in 
nonlinear optics as the phase matching condition, and it is one of the most 
important considerations in many nonlinear optical processes. Detailed solu- 
tions of (3.4) appear in later chapters. 


3.2 FIELD ENERGY IN A NONLINEAR MEDIUM 


The Maxwell equations (1.5) lead to the following familiar energy relation for 
the fields: 


4tt 




(3.5) 
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With E X B being the Poynting vector, it shows that the rate of electromag- 
netic energy flowing out of a unit volume is equal to the reduction rate of the 
stored electromagnetic energy density. If the dispersion of the medium can be 
neglected, then the polarization P can be written as 

P(r, 0 = x (1 >«E(r, /) + x (2) : EE + ■ • • (3.6) 

and (3.5) reduces to the form 

^.(EXB)--|ff(r,,) (3.7) 

with 

t) - |^(£ 2 + ® 2 ) + ^E' x<1) ' E + ■|e*x (0 :EE + (3.8) 

being the instantaneous electromagnetic energy density. This is dearly not 
valid in a medium with dispersion, since the susceptibilities are defined only in 
terms of the Fourier components of fields and polarizations. In reality, it is 
more meaningful to consider the time-averaged energy relation. Let us il- 
lustrate the problem by first assuming a linear medium. 

We begin by assuming a quasi-monochromatic field 

E(r, /) = (3.9) 

where £{t) is a slowly varying amplitude. Expressing &(t) as a Fourier 
integral, we have 

E(r, t) = j + c.c. (3.10) 

Then the linear polarization takes the form 

P m (r, t) = y^TJX (1, (< » + + c.c. (3.11) 

This leads to 


JpP a) ( r > 0 = fdy{—i){ u + ’l) + ••• •<?(« + i|) 


Xe i»- + , 


=* ’-i« x <»(«,)./(,) U-«> + c.c 
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With Xfy(tt) = xS?(~ w )*» the time average of (3.5) yields 3 


where 


and 


<v m > - + PWl 2 ]. 

e = e' + /e" - 1 + 4irx tl) - 


(3.13) 


(3.14) 


As may be inferred front the preceding equations, is the average field 

energy density stored in the linear medium and Q is the average power density 
dissipated into heat through absorption because e" * 0. Equation (3.13) is 
therefore an energy conservation relation one should expect physically. 

The above calculation can be extended to the nonlinear case. 4 Additional 
terms in the energy relation are expected from wave coupling. Consider, for 
example, three waves with « 3 = <o L + Wj and k 3 — k L + k 2 interacting in a 
nonlinear medium via x* 2) - One finds, with the help of the permutation 
symmetry relation of x <2 \ that the average field energy density has an 
additional term 


(U a) ) = 2£*(t) • x (2) («i “ “"2 + w j) ■ *2 (O^iO) 


+*f(0 

( 0 * 3(0 + cc. 


— d ^~ + " 2 9 ^ + " 3 


: ( 315 ) 


obtained from 



Note that only when \o m d% m /dw m \ « |x (2) l can we wri te 

(t/ (2) ) - 2 <f* • x <2) ( w i “ -w 2 + « 3 ) : ^ 2^3 + c.c. (3.16) 

The last equation, however, is frequently used in the literature 5 to describe the 
interaction free energy density for the wave coupling. One would write the free 
energy density as F m = - <l/ (2) > using (3.16) and derive the nonlinear polari- 
zation from P (2) (io w ) = - \dF {1) /d&*. From c^P^wJ/W* <?<? } = 
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* 2 P°>(«i)/**f d&i = dP a) *(io 3 )/d£f the permutation symmetry rela- 
tion of X (2> immediately results. Although this is a practice one can indeed 
follow, we must realize that it is actually the permutation symmetry of x <2) that 
leads to the expression of (U^) in (3.15). Conversely, it is the existence of 
that physically justifies the permutation symmetry of x (2) - Near reso- 
nances, when dissipation in the medium becomes important, the permutation 
symmetry relation of x (2) breaks down, and accordingly, (3.15) is no longer 
valid. 

More generally, in a nonabsorbing medium, the time-averaged field energy 
density should be 4 

(V) - I <y ( ">) (3.17) 

n— L 

where (f/ <w) ) arises from nonlinear coupling of (n + 1) waves via the nth-order 
nonlinearity in the medium, and is given by 

- »/* + i*X (, °K+i =«i + «2 + + «■): *1*2 

+ Ci • E«.^sr| : •■•<. + <=•<=• 

. 1-1 . 

The time-averaged energy conservation relation takes the form 

(£ V - exb )- ~i< u >- < 3 - 19 > 

3 J SLOWLY VARYING AMPLITUDE APPROXIMATION 

In actually solving the coupled wave equations, several simplifying approxima- 
tions are often made. 2 - 6 Among them are the slowly varying amplitude 
approximation, the infinite plane- wave approximation, and constant pump 
intensity approximation. We discuss here only the slowly varying amplitude 
approximation and leave the others to later chapters. 

As mentioned earlier, wave coupling in a nonlinear medium results in 
energy transfer among waves. Therefore, the wave amplitudes are expected to 
change in propagation. We assume for illustration a plane wave propagating 
along 2 : 

E(w 

Since the energy transfer among waves is usually significant only after the 
waves travel over a distance much longer than their wavelengths, we expect 

*'*(*) _Li£l 

dz 2 I i 


(3.18) 


( 3 . 20 ) 
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The field E can generally be decomposed into a longitudinal component E,, 
parallel to k and a transverse component E ± perpendicular to k. The wave 
equation for E, following (3.3), can similarly be split into two equations: 

V 3 E 1 +^j(t-E) 

and 

V -[(e # E)n + 4 itP^ l 

We now have 

V7 2 F — d f — pi(kz-vt) 

V Ex « 

and 

-* 2 Ex+4(e-E)x = 0. (3.23) 

c l 

Then the approximation of (3.20) reduces the second-order differential equa- 
tion (3.21a) to a simple first-order differential equation 

(3.24) 

OZ Ice 2 

This is known as the slowly varying amplitude approximation. 

The preceding description of the slowly varying amplitude approximation is 
what is usually found in the literature. However, the real physical implication 
of the approximation is in neglecting the oppositely propagating field compo- 
nent generated by P NL Consider, for example, the wave propagation in an 
isotropic medium, 

(5 + 7 e ) E( “’ z) -- i ? pNL( " iz) (325) 

with plane boundaries at z — 0 and /. The equation can be solved by the Green 
function method. Let G(z.z') be the Green function, which obeys the equation 

(a7 + ^ e ) G(z,z, )“ -s(z,2,) - (3 ' 26) 

Then we find 

G(z, z') = for z > z' 

- — 1 torz<z' 

ilk 


~Pf(«, 2 ) (3.21a) 


: = 0 . 


(3.21b) 


— + ilk -jj- - k 2 
dz 1 fa 


S ± (z) (3.22) 


(3.27) 
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with k = ujl / c . The solution of (3.25) is given by 

K-. z) = r')dz' + fc® - E-^l' = 0 

J o c 2 [ dz' dz'\ : ‘ 


+ \G™-E™ 


If we write 


dz ' dz'Jz'-o 


E(oj, z) = € F (z)e i{kz w,) + £ B (z)e i( ~ ki ~ w,) 


(3-28) 


(3.29) 


and impose the boundary conditions d& F /dz f = 0 and d£ B /dz ' = 0 at z = 0“ 
and / + , indicating that no amplitude change should occur outside the medium, 
then we have 


~ E ^r = + * t (l)e-«"\e- 

z’~ 0 


dz ' dz 
Comparison of (3.28) and (3.29) yields 


(3.30) 


and 


- Mo) + i~ i P NL (z')z-’“ i '-"'><fe' 

kc 2 J o 

<r B (z) = <?*(/) + y , P NL (z')e i(<:z ' + “' ) <fe'. 


Ac 2 -z 

The corresponding differential equations for and are 


(3.31) 


^ = ,^pN L(WiZ)e - M 


and 


5/. 


.2irw 2 




*c 2 


(3.32) 


Comparing (3.24) with (3.32), we recognize that (3.24) can be obtained by 
neglecting € B in ^(or neglecting $ F \l S ^ is propagating with wavevector -k). 
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3.4 BOUNDARY CONDITIONS 

The usual boundary conditions for electromagnetic waves should be valid here; 
for example, the tangential components of E and B at a boundary surface must 
be continuous for each Fourier component. In general, the solution of the wave 
equation (3.3) for E(k„ to,) driven by P NL (k„„ = <*>/) a exp(ik m • r - iu,0 
has the form 

E(k / ,k„,« ) ) - (/„»'*'•' + ( 3 - 33 ) 

where the i H and S P terms correspond to the homogeneous and particular 
solutions, respectively. At the boundary, an incoming wave E / (k w ,k m/ , «,) 
splits into a reflected wave E x (k /J{ ,k mJt , w,) and a transmitted wave 
E r (k /r , k mT> w ,). Let z = 0 be the boundary plane, and x-z be the plane of 
incidence. Then it is easily seen that the continuity of the tangential compo- 
nents of E and B leads to the following relations: 1 

*HI.x + *PI,X + ^HR.x + d’pR,* - HT,x + ^PT.x 

and 

(k„ x &hj) x +(k TO/ X & Pf ) x +(k iR x £ flR ) x +(k m « X £ n ) x 

= (k/,r x £ ht ) x + (k mr x € PT ) X 

with two similar equations for the y components, and 

ku, x ~ k mItX — k{ R x 3= k m R,x = *rr,x = k mT x * 

The last equation relating the various tangential wavevectors is most inter- 
esting. It prescribes the directions of propagation for all waves (homogeneous 
and particular) in the media when one of them is given. This is therefore 
equivalent to Snell’s law in linear optics. 


(3.34) 

(3.35) 


3.5 TIME-DEPENDENT WAVE PROPAGATION 


Propagating waves with time-varying amplitudes should of course obey the 
time-dependent wave equation in (3.1). Here again, the slowly varying ampli- 
tude approximation is usually valid. We expect that both the second-order time 
derivative and the second-order spatial derivative of the field amplitude can be 
neglected in the wave equation. This is illustrated in the following by assuming 
a quasi-monochromatic plane wave propagating along a symmetry axis, 1, of 
the medium. The wave equation takes the form 




dz 


(3.36) 
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with D(z t t) = E^z, t) + t), and E(z, /) = r)exp(rfcz — iut). 

Then, as shown in Section 3.3, the slowly varying amplitude approximation 
gives 

-pE (*,») 3 (3.37) 

If E (z, r) is expressed in terms of the Fourier integral 


E(z, f) - j «f(« + T})e <k *~ i *'* + ^ r dy. 


then we have 


D(z, r) = jt(u + T])S(v + 


D (z. 0 “/ ^ ^ t(w + i))<f{w + 

- j[« 2 £(«) + 2«>ie(w) + o 2 i)-^^£(o + 1 )) ( 3 ' 38 ) 


(“ + n) 




, j(*2 -«/) 


where ^ is the group velocity. Insertion of (3.37) and (3.38) in 

(3.36) with the approximation of ^ 2 P NL /^r 2 s -<j 2 P NL yields 8 


[fz + V g li) Az - , ' >= -^rV N HZ'')e* k! - M K (3.39) 

In fact, as we have shown in the time-independent case in Section 3.3, the field 
amplitude <? in (3.39) actually corresponds to £ P for the forward propagating 
wave. For the backward propagating wave, the corresponding equation is 


1 d 


2 mo 2 w 




(3.40) 


Equations (3.39) and (3.40) should be used for short pulse propagation in a 
nonlinear medium. The time-derivative term in the equations is negligible only 
if the amplitude variation is insignificant during the time T - ijl /c it takes 
for light to traverse the medium. We use (3.39) and (3.40) later in the 
discussion of nonlinear optical effects with ultrashort pulses. 
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Electrooptical and 
Magnetooptical Effects 


Optical properties of a material can be modified by an applied electric or 
magnetic field. The refractive index changes as functions of the applied electric 
and magnetic fields are responsible for many electrooptical and magnetooptical 
effects. Although these effects were well known long before the advent of 
lasers, they can be regarded as nonlinear optical mixing effects in the limit 
where one of the field components is of zero or nearly zero frequency. This 
chapter therefore offers a brief discussion on these effects. 


4.1 ELECTROOPTICAL EFFECTS 

In the presence of an applied dc or low-frequency field E 0 (O - 0), the optical 
dielectric constant e(&>,E 0 ) of a medium is a function of E 0 . For sufficiently 
small E 0 , £(w,E 0 ) can be expanded into a power series of E 0 : 

e(<o,E 0 ) - e (1 >(«) + e< 2 >(« + O)-E 0 + e< 3 >(* + 20) : E 0 E 0 + ■ ■ • 

(4.1) 

Since E + 4ir P = e • E, and P = x (l) *E + X® * EE + ■ ■ • , we recognize that 

e (2 >(« + 0 ) = 4vr X <2) (" + 0) 

and 

c (3 >(« *f 20) = 4 ttx (3) ( w + 20). (4.2) 

Then, in a medium with no inversion symmetry, the electrooptical effect is 
dominated by the term linear in E 0 . This is known as PockeTs effect. The 
symmetry forms of the nonvanishing e (2) or x <2) for the 20 classes of crystals 
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are already given in Table 2.1 with, in addition, xj/U* = w + 0) = X /?*(<•> 7 
u + 0). In a medium with or without inversion symmetry, the quadratic 
field-dependent term (4.1) always exists and is known as the dc Kerr effect. 
The symmetry forms of e (3) or x (3) fo r some classes of crystals are given in 
Table 2.2 with, in addition, Xf]li( w “ « + 0 + 0) = x < j5l/( w ~ 03 + 0 + °) 

and x?/kt = xijL , f . 

The field-induced refractive indices give nse to linear birefringence or 
double refraction. Traditionally, the electrooptical effect is defined through the 
idex ellipsoid 1 


«ix n ly "« "ir 


(4.3) 


with «:.* - being the refractive index tensor. The power series expan- 

sion is carried out for all the coefficients rt^ 2 (E 0 ) of the index ellipsoid 


1 



+ + YtPijkiEokEoi 

k kj 




(4.4) 


The coefficient r iJk often is called the linear electrooptical tensor, and p iJkt is 
the quadratic electrooptical tensor. The values of r iJk for many crystals are 
tabulated in the literature. 2 

Physically, electrooptical effects result from both ionic or molecular move- 
ment and distortion of electronic cloud induced by the applied electric field. 
Even if the induced refractive index change is only around 10' 5 (typical values 
of r ijk are around 10“ 10 to 10" 8 cm/v), a medium 1 cm long can already 
impose on a visible beam a phase retardation of more than tt/ 2. Therefore, 
electrooptical effects have been widely used as optical modulators. 


4.2 MAGNETOOPTICAL EFFECTS 

The optical dielectric tensor e of a medium is also a function of an applied dc 
magnetic field, H 0 . It has the symmetry relation 3 

«y(H 0 )-e„(-Ho). (4.5) 


Here, even in the absence of dissipation, e„ is a complex quantity but it has the 
property of being Hermitian: 

«,y(H 0 ) = e;y(H 0 ) + rt£(H 0 ) = $(H 0 ). 


(4.6) 


Magnetooptical Effects 
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Then, in a nondissipative medium, we have 

e' J (H 0 )- £ j,(H o ) = ^(-H 0 ) 

*y(Ho) “ -^(H 0 )--«r y <-H 0 ). 

Thus the real part of the tensor is symmetric and is an even function of Hq, 
and the imaginary part is antisymmetric and odd in H 0 . The dependence of e t j 
on H 0 leads to circular birefringence or the Faraday effect, while the depen- 
dence of ej, on H 0 leads to linear birefringence or the Cotton- Mou ton effect. 
This can be illustrated with a medium of uniaxial symmetry, having H 0 
parallel to the axis. In this case, the only nonvanishing elements of e are 
i' xx = e ' and even in H 0 , and e" y = -e" odd in H 0 DiagonalizaUon of e 
in the coordinate system with orthogonal unit vectors e ± = (x ± iy)/J 2 and z 
yields the three diagonal elements e ± and where e ± = t xx ± e'' y are the 
susceptibilities for right and left circularly polarized waves, respectively. Since 
e" e xx , the wavevectors of the two circularly polarized waves can be written 


'fa \ / 1 ± K 


and the circular birefringence in a medium of length / is 




A linearly polarized beam propagating along z will have its polarization 
rotated by an angle 

_ ( ( 4 . 10 ) 
v 2 

which is known as the Faraday rotation. On the other hand, since - 

c xjc( 0) is generally different from ^(Ho) - e^(0), the linear birefringence in 
the x-z plane is also altered by the presence of H 0 , known as the 
Cotton- Mouton effect. 

For sufficiently weak H 0 , the power series expansion of e(H 0 ) yields 
H 0 ) - e* l) (u>) + + 2a)-H 0 H 0 + ■ ■ - 


e"(«H 0 ) = c" (2) (*> + G)'H 0 + 
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Again, e (2) /4tt, t m /4ir, and so on, can be regarded as nonlinear susceptibili- 
ties, although they now arise from the magnetic contribution. 

Analogous to the electrooptical effects, the magnetooptical effects can also 
be used for optical modulation. The Faraday effect or circular birefringence 
causes the linear polarization of a beam traversing the medium to rotate. In the 
low-field limit, the rotation is proportional to the applied magnetic field. 
Again, the induced change in the dielectric constant or refractive index is 
usually small ( ~ 10"' ’/gauss for glass doped with a few percent of rare earth 
ions), but the rotation resulting form the relative phase shift between the two 
circular polarizations can be few tens of degrees in a 1-cm-long medium with a 
field of several thousand gausses. The Cotton- Mouton effect, however, is much 
weaker and has limited applications. 
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Optical Rectification and 
Optical Field-Induced 
Magnetization 


Modulation and demodulation are commonly known processes at radio wave 
and microwave frequencies. They form the basis of telecommunications. It is 
natural to believe that these processes should also exist in the optical region. 
Light modulation by electrooptical and magnetooptical effects has already 
been discussed in Chapter 4. In this chapter, optical rectification producing dc 
electric polarization and magnetization is considered. 


5.1 OPTICAL RECTIFICATION 

In the literature, optical rectification, which was among the first nonlinear 
optical effects discovered, 1 usually refers to the generation of a dc electric 
polarization by an intense optical beam in a nonlinear medium. The effect can 
be seen directly from the nonlinear polarization 

P <2)(0) = x < 2 >(0 = - «) : E(«)E*(») (5.1) 

with E(u) = <?exp(j'k*r - riot)* The nonlinear susceptibility x {2) (0 
here governs the magnitude of the effect. In a nonabsorbing medium, the 
permutation relation of x (2) relates x (2) (0 = « - w) to the electrooptical 
coefficients 


xiyL(0 -»-«)-= xS2i(« = " + °) = X©(« “ 0 + ") 


E 0) £ (i> 
e » e jj 


4tt f J* 


(5.2) 
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with Silver to form a set of condenser plates. An inlense.hght beam is thra 
directed through the crystal in a direction perpendicular to « to g^teP, (' .) 

£2* Leftte’ rftKTalongTbe e 0 and assume 

infinite plane approximation for condensers, the equations govemmg th 
fields are 

E 0 d = E a (d -() + £»' (5.3) 

t«E a = e 0 E b +^P, o> 

and since there is no net charge on the plates 

-E 0 (w-s) = E„s. ( 5A ) 

The solution of these equations yields a dc voltage across the plates as 




( 5 . 5 ) 


- - fc lw)5 xW “ )w( " 1 - 

I„ the experiments to find x&CP - » “ both the V °‘ ta6e K (i “ ** 




- “l 

T 

d E ° 5, 

jL 

r 

i+ + + + 

| £ ‘ 

+ + + 

^ -i 

E a 

+ + + + + + + - — - 




Fig- 


i„ s. i Experimental geomeuy for measurement of optical rectification. 
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mv/MW range) and the laser intensity must be accurately measured. The 
results of Bass et ah 1 and Ward 2 on optical rectification show that the identity 
of (5.2) indeed holds within experimental error. 


5.2 EFFECTIVE FREE ENERGY DENSITY 


The time-averaged field energy density (l/> in a nonlinear medium was 
derived in Section 3.2, where we saw that we can obtain the polarization 
P(w)in the medium from the derivative of the effective free energy density 
F-F«»- -«{/) - <f/ <0) » 


P(co) 


d(F- F <0) ) 
3E*(u) 


(5.6) 


if the dispersions of susceptibilities are neglected. Thus the effective free energy 
density corresponding to a not very intense quasi-monochromanc wave in a 
nonabsorbing medium subject to a dc electric field E 0 is* 

F[E(«),E„] s F<“>( E 0 ) - E [xy*(E 0 )£,*(")£-.(“) + ' ' ' ] • ( 5 ' 7a > 

y.* 

If Xy»(E 0 ) can also be expanded into power series of E 0 , it becomes 

F = F«°>(E 0 ) + F<" + F‘ 2 ' + ■ 

F» = - EX;*(0)£/(«)£*(“). (5 7b) 

F‘ 2 >= - E x&£o, £,(")*£*(“)• 

i.j.k 


The free energy density here governs both the electrooptical effect and the 
optical rectification. From (5.6), the polarization induced in optical rectifica- 
tion is given by 

fj»(o) = = Ex$*/(«)^M ( 5 - 8 > 

at, 0i j.k 

as is expected. The same x$ in (5.7) and (5.8) is clearly responsible for the 
linear electrooptical effect. 

The above description can be extended to the magnetic case. ' For a not 
too intense light beam propagating in a nonabsorbing medium in the presence 
of a magnetic field, the effective free energy density can be written as a power 

♦Note that E 0 = + £7(0 )]• 
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scries of the optical field 

F=F 0 (H 0 )-Z /Xi j{Uo)E*MEj(<*)+ 


In analogy to the electric case, [ Xy (H 0 > - x y (°)] here S overn$ th , e ma f et °' 
optical effect. Then one also expects from M(0) = - dF/dH 0 that there should 
be a dc magnetization induced in the medium by the incoming light. Indeed, 
this has been observed and is known as the inverse magnetooptical effect. 

For illustration, we assume a medium of uniaxial symmetry with light 
propagating along the axis, say, the z-axis. It is well known that if the dc 
magnetic field is also along z, the two circular polarizations are the eigenmodes 
of propagation. The effective free energy density can therefore be written as 

F = F 0 ( H o )-X + (H 0 )i^ + («)| 2 -X-(Ho)|£_(^)! 2 + (510) 

where X+ = X*, + ix„ and X -= X„ - *X xy are, respectively, the linear sus- 
ceptibilities for the right and left circularly polarized waves. Equation (5.10) 
can be rearranged into 


F- F 0 (H 0 ) - iIx + ("o) - X-(*o)](l*.l 2 - l^-l 2 ) 
- Mx + (»o) + X-(«o)](l^l J + l £ -1 2 ) + • ‘ ' 


with [x4«o) - X -("oil and lx4.Ho) + X-("o)l odd and even funo 
tions of H„, respectively. The Faraday effect is now proportional to 


BF_ { dF 
a\Ej 5|£-| 2 


“X.(^o) -X-(^o) 


47T 


(5.12) 


as discussed in Section 4.2. We can also show 

Xjcx(^o) " X^(^o) (5.13) 

X„(«o) - X„(0) = i[x + («o) + X-(W 0 ) - X.(0) - X-(0)] • 

This magnetic field-induced susceptibility change is connected to the 
Cotton-Mouton effect. On the other hand, the optical field-induced magneti- 
zation can also be derived from (5.11). With the optical field on, the induced 
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magnetization change along z is given by 

= AM^+AA/ cm , (5.14) 

- \ x-)(l£.l 2 - |£-l 2 ). 

and 


AMcm = \ W, {x + + x-Hl £ + l 2 + l£-l 2 )' 

The term A M F even in H Q comes from the term responsible for the Faraday 
effect in F y and AAf CM odd in // 0 from the Cotton-Mouton term in F. The 
phenomena are therefore called the inverse Faraday effect and the inverse 
Cotton-Mouton effect, respectively. As seen from (5.14), even if H Q = 0, the 
inverse Faraday effect is nonvanishing as long as |£ + | * |£_|, and is a 
maximum for circular polarization. The light beam with |.E + | 2 # |£_ | 2 here 
plays the role of a dc magnetic field and breaks the time- reversal symmetry of 
the medium. The inverse Cotton-Mouton effect can, however, exist even with 
linearly polarized light but vanishes for H 0 — 0 since d(x++ X-)/d#o is odd 
tn H 0 . 

The effective free energy density then allows us to predict the magnitudes of 
the inverse Faraday and Cotton-Mouton effects from the measured Faraday 
rotation and Cotton-Mouton effect in the medium. Physically, the Faraday 
and Cotton-Mouton effects originate from circular and linear dichroism 
induced by the dc magnetic field, but how do we describe the inverse effects? 
This is the subject of the following section. 


53 INVERSE FARADAY AND COTTON-MOUTON EFFECTS 

Microscopically, the light-induced dc magnetization arises because the optical 
field shifts the different magnetic states of the grodnd manifotd differently 
(known as optical Stark shifts), and mixes into these ground states different 
amounts of excited states. Let the interaction Hamiltonian be 


- -e[r t E_(a) + /•_£,(«)] 


(5.15) 


From the time-dependent perturbation calculation, we find the perturbed 
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eigenstate as 


|«> - \n} 0 + A|*> 

<nlJr» tf 1 


&\n) = £ l"')o 

uVfl 


and the optical Stark shift for [n> as 

[ ol 2 K”1 Jg i t l ,l >oi 2 




h (w - u„'J *(« + 


(5-16) 


(5.17) 


where hw n , n = E„. - E„. To demonstrate the inverse magnetooptical effect, we 
assume here a simple paramagnetic ion with only two pairs of states as shown 
in Fig. 5.2. The ground | + m) state is connected to the excited | - m'> state 
only by the matrix element m'\r_\m) and the | - m) state connected to 
the j + m') state by < + «V + 1 “ r ± m{x± iy )/ ft. In an applied 

magnetic field along z, the Zeeman splittings for the two pairs are respectively 
2gSmH 0 and 2 g'0m7/ o , where P is the Bohr magneton. The energy separation 
between the pairs of states is hu Q » kT at H 0 = 0. The dc magnetization of a 
system of N ions per unit volume along z is given by 

M- ~Ngp(J z ) p il8 j 

= -NgpUm\J t \m)p m + ( ~ m\J z \ - «>P- J- 

Here J z is the angular momentum operator and p ± m are the thermal popula- 


2 grn'(lH 0 



Fig. 5.2 Energy level diagram of an ideal 
paramagnetic system with only two paris of 
states connected by circularly polarized opti- 
cal fields. 
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P± 


e -* im /kT 

e -E m /kT + e ~t. m /kT 


(5.19) 


with E ±r>l = ±gflmH Q + AE ±ni . Through its perturbation on E ±m and |m), 
the optical field induces a dc magnetization 


AM - M(je\) - - 0) 

= AM P + AM D , (5.20) 

A M r - -AfsM{(p„-p-„)-(p^-p-„)], 

AM° = -A , g^[(A(m|)y,(A|m))p“ +(A< - m|)J)(A| - 


where P° ± w = (p ± *,)*£ and AM 1 ' and AM° come from induced changes 
in the populations and matrix elements, respectively. From (5.15) to (5.20) with 
|AE ±m \ c kT and |(m'|r + | — m)\ 2 = |( - m'\r_\m)\ 2 y we readily find 

-2NgPm(AE m - 


2NgfimfP mf JL m 

kT 


\(m'\er + \ - m>| 2 


X 


h(°> ~ ^o) 

H 2 (a - « 0 ) 2 -{gm + g'm'yp 2 H$ 


+ 


+ w 0 ) 

h 2 (u + w 0 ) 2 -(gm + g'm') 2 P 2 Hq 


( 5 . 21 ) 


x(\E+\ 2 -\E_\ 2 ) 


-(gm + g'm')0H o 


h 2 (w - w 0 ) 2 -( gm + g'm') $ 2 // 0 2 
(gm + 


+ fc^) 2 - (gw *f g'm') p 2 H$ 


(\E + \ 2 + |£_i 3 
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and 


A M° = ~ ±Ng0m'\(m'\er + \ ~ m)\ 2 
~P° m 


[ft(w — « 0 ) + (gw + g'm')/?// 0 ] 

+ — 

[*(« + w 0 ) ~(gm + g'm')PH Q \ 


[fi(w - <j 0 ) - (gw + g'm ')/^o] 

tf-jn 

[ft(« + w 0 ) + (gw + g'm')pH 0 \ 

zA 

[fi(w - w 0 ) +(gm + g'm')pH 0 ] 


(\ E + \ 2 ' \ E -\ 2 


(5.22) 


[/j(w + w 0 ) -(gw + g'm')/?H 0 ] 

, _ 

[ft(u - « 0 ) -(gm + g'm')f}H 0 ] 


[*( 


— — ^ + l £ -l 2 ’ 

6) + « 0 ) + (gw + g' m ')PHo\ I 


Since A M' arises from the induced population change in the ground states due 
to optical Stark shifts, it vanishes in a diamagnetic system which has only a 
singlet ground state that is populated at ordinary temperatures. It is therefore 
designated as the paramagnetic part of AM. Because of the finite relaxation 
time for the population distribution to reach new equilibrium, AM cannot 
respond instantaneously to a short incoming light pulse. In fact, from the time 
variation of AM', one should be able to deduce the T x relaxation time of 
the ground states. The A M D term arising from the wavefunction mixing by die 
optical field exists even in a diamagnetic system and is designated as the 
diamagnetic part of AM. It responds almost instantaneously to the incoming 
light The paramagnetic part is proportional to 1/kT for |AE ±m | kT , and 

the diamagnetic part is essentially independent of temperature. This is similar 
to the temperature behavior of ordinary paramagnetism and diamagnetism. 
Both AM' in (5.21) and AM* in (5.22) have been explicitly decomposed into a 
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part proportional to (|£+j 2 - |£J 2 ) and a part proportional to (|£+[ 2 + 
J£_| 2 ). The former corresponds to the inverse Faraday effect, and the latter to 
the inverse Cotton-Mouton effect. For light frequency far away from reso- 
nance, the inverse Cotton-Mouton effect is much smaller than the inverse 
Faraday effect. As seen from (5.21) and (5.22), the ratio of AAf CM to &M F is 
about Kg'm' + gm)PH o/*(" ” "o)l for the paramagnetic part, and is about 
K g'm' + gm)pHt/h(a - w 0 )|or(p° - + P-J, whichever is larger, 

for the diamagnetic part. It may become comparable to 1 when ft ( w - w 0 ) 
approaches the Zeeman splitting energy. However, close to resonance, the 
induced dc magnetization due to optical pumping often becomes dominant. 7 In 
actual experiments, the inverse Cotton-Mouton effect is distinguishable from 
the inverse Faraday effect by the fact that with a reversal of the magnetic field 
H 0 , AM cm changes sign but &M F does not. Finally, we realize that (5.21) and 
(5.22) can be derived from (5.14) if the microscopic expressions of x+ and X- 
for the system in Fig. 5.2, following (2.17) for %tj* arc used. This is kft as 311 
exercise to the readers. The above calculation for A M can of course be 
generalized to a paramagnetic system with N ground states. In dense media, a 
local field correction factor should also be included. 

The experimental scheme for observing the light-induced dc magnetization 
is seen in Fig. 5.3. The light pulse induces a pulsed AM(r) in the sample. The 
time-derivative d{kM)/dt then induces a voltage across the terminals of a 
pick-up coil around the sample. As an example, consider the case of 
CaF 2 : 3%Eu 2+ . The Faraday rotation at A - 7000 A is 2 X 10 “ 4 rad/cm-Oe 
at 4.2 K. From (4.9) and (4.10), we obtain [3(x+- X-)/^^o\h 0 ~q ~ 1*8 x 
10" 10 esu/Oe. Then (5.14) predicts that with a circularly polarized ruby laser 
beam of 10 MW /cm 2 in the sample, the induced dc magnetization is A M = 
AAf / =7xlO -6 erg/Oe-cm 3 . This is equivalent to that induced by a dc field 
of about 0.01 Oe. If a {^-switched laser pulse with a 10-MW peak intensity and 


Polarizer 7 Beam splitter 



Fig. 53 Experimental arrangement for measurement of inverse magnetooptical effects. 
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a rise time of 2 x 10" 8 sec is used, and AM(t) is assumed to follow instanta- 
neously the intensity variation of the laser pulse, then the voltage induced 
across the terminals of a 30-tum pick-up coil will be 1.3 mv. This agrees with 
the experimental observation of van der Ziel et al., 5 who demonstrated that the 
inverse relationship between the Faraday effect and the inverse Faraday effect 
indeed holds for many paramagnetic and diamagnetic substances. 


5.4 INDUCED MAGNETIZATION BY RESONANT 
EXCITATION 

The dc magnetization can of course also be induced by light through direct 
optical pumping, and is generally much stronger than the inverse magnetoopti- 
cal effect discussed in Section 5.3. Optical pumping by circularly polarized 
light, for example, alters the population distribution in the magnetic sublevels 
of both the ground and the excited states. A net angular momentum and hence 
a magnetization result. Theoretically, rate equations can be used to calculate 
the population redistribution and hence the magnetization induced by the 
resonant optical excitation if transition probabilities and relaxation rates 
between levels are known. Optical pumping in gases and solids has long been a 
subject of extensive investigation. Polarized fluorescence is often a means for 
detection of the induced orientation of the angular momentum in the medium. 
With the setup in Fig. 5.3, however, it can also be studied by measuring the dc 
magnetization generated in the medium by the laser pulse. 7 This may be useful 
in some cases for studying relaxation between magnetic sublevels in condensed 
matter. 
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Sum-Frequency Generation 


Wave interaction in a nonlinear medium leads to wave mixing. The result is the 
generation of waves at sum and difference frequencies. Sum- frequency genera- 
tion is one of the first three nonlinear optical effects discovered in the early 
days. 1 With the recent advances in tunable lasers, it has become one of the 
most useful nonlinear optical effects in extending the tunable range to shorter 
wavelengths. This chapter deals mainly with the basic principle of sum- 
frequency generation. 


6.1 PHYSICAL DESCRIPTION 

Bass et al. 1 in 1962 first observed optical sum-frequency generation in a crystal 
of triglycine sulfate. In their experiment, two ruby lasers, with their operating 
wavelengths 10 A apart, were used to provide the input beams. The output, 
analyzed by a spectrograph, exhibited three lines around 3470 A, two side lines 
arising from second harmonic generation and the middle one from sum- 
frequency generation by the two laser beams. 

The physical interpretation of sum-frequency generation is straightforward. 
The laser beams at and to 2 interact in a nonlinear crystal and generate a 
nonlinear polarization P (2) (w 3 = + u 2 ). The latter being a collection of 

oscillating dipoles acts as a source of radiation at to 3 = ^ + « 2 . In general, the 
radiation could appear in all directions; the radiation pattern depends on the 
phase-correlated spatial distribution of P (2 ^(« 3 ). With appropriate arrange- 
ment, however, the radiation pattern can be strongly peaked in a certain 
direction. This can be determined by phase matching conditions. As discussed 
in Section 3,1, for effective energy transfer from the pump waves at Wj and « 2 
to the generated waves at « 3> in the sum- frequency generation (Fig. 6.1), both 
energy and momentum conservation must be satisfied. The energy conserva- 
tion requires w 3 - Wj + Wj, while the momentum conservation requires k 3 - 
ki + k 2 . The latter indicates that the sum-frequency radiation is most effec- 
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Fig. 6.1 Schematic description of sum-frequency generation. 


tively generated in the so-called phase-matching direction defined by k 3 = k x 
+ k 2 . 2 If the wave interaction length / is finite, momentum conservation needs 
to be satisfied only to within the uncertainty range of 1/7. The radiation 
pattern should therefore be a finite phase-matching peak with an angular width 
corresponding to A k - 1//. Absorption in the medium, for instance, can limit 
the interaction length and broaden the phase-matching peak. In general, 
sum-frequency generation from the bulk, if allowed and phase-matched, 
dominates over that from the surface. In reflection, however, because of lack of 
phase matching, a surface layer ~ A/2 jr thick could contribute significantly to 
the output. This description gives a qualitative picture of sum-frequency 
generation, which needs to be substantiated with a more formal treatment. 


6.2 FORMULATION 

The coupled wave approach discussed in Section 3.1 finds a direct application 
here. 3 The three coupled waves are E(w t ), E^), and the sum-frequency 
output E(«j). Each field can be decomposed into a longitudinal and a 
transverse part E(w,.) = E n (a,) + E x (w,). They obey the wave equations 



and 

V - [E| f («*>r) + 47rP|j 1) (w / ) + 47rP j { 2) («,)] = 0 (6.1) 

where P(«,) = P^w,) + P x (<*>,), P (2) («*>i) = x <2) ( w i ” -« 2 + 

E(« 3 ), P a) (oi 2 ) - X <2) («2 = - «i):E("3) E4 ( w i)> a^d P®(«3) = X a> ( w 3 

= Wl + » 2 ): EK)!*^). 6 eneral solution of (6.1) with boundary condi- 
tions is extremely complicated. Fortunately, in real situations, reasonable 
approximations often can be made to simplify the solution. To illustrate, 
consider a simple case with the following assumptions: (1) all waves are infinite 
plane waves; (2) depletion of energy from the pump waves can be neglected; 
(3) the nonlinear medium is semi-infinite with a plane boundary surface; (4) 
the nonlinear medium is cubic, or the beams are propagating along a symmetry 
axis. These assumptions are of course not essential, and in the appropriate 
circumstances can be relaxed, as we shall discuss later. 
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These assumptions drastically simplify the solution. Negligible depletion of 
pump field energy means that the nonlinear polarization terms responsible for 
wave coupling and energy transfer in the equations for E(wj) and E(w 2 ) can be 
neglected. Thus the pump waves propagate essentially linearly in the nonlinear 
medium with E^) and E(« 2 ) governed by the linear wave equations. In the 
infinite plane wave approximation we have in the nonlinear medium E r (« l ) = 
/ ir exp[i(k 1T • r - and E r (w 2 ) - # 2T cxp[i(k 1T ■ r - w 2 r)]. The only 
equations left to be solved are those for E(w 3 ) in (6.1) with P (2) (co 3 ) = 
^ 3 (2) exp[/(k 3j • r - « 3 /)l and k 3 , s k ir + k 2r . The solution for E(w 3 ) in the 
medium is straightforward. It comprises a homogeneous solution (a free wave 
with wavevector k 3r ) and a particular solution (a driven wave with wavevector 

M. 


E r (w 3 ) = { Ae ,k,r r + 




’(*?, ~ k: 




e ||("j) 


(6.2) 


where the amplitude A of the homogeneous solution is a coefficient to be 
determined from the boundary conditions, and we assume E 7 -||(w 3 ) + 
4tt P|{ l) (co 3 ) = e 9 (» 3 ) 

We now give a more complete description of the problem including the 
boundary conditions. 4 Let z = 0 be the boundary plane separating the semi- 
infinite nonlinear medium on the right and a linear medium on the left. All 
waves are propagating in the x-z plane with wavevectors described in Fig. 6.2. 
For each there exists in the linear medium an incoming field E / (w / ) from 
thei left and a reflected field E*(w,) to the left, and in the nonlinear medium a 
transmitted field E r ( &>,) to the right. They are related to one another by the 
boundary conditions. An immediate consequence of matching of the field 
components at the boundary is that at each oi iy all the wavevector components 
parallel to the boundary surface must be equal. This leads to Snell’s law of 
reflection and refraction for the pump waves. For the sum- frequency wave, we 
have 


^3/,x “ ^3 R.x — *3 T,x “ *3j,x- fa-3) 

In terms of the propagation angles described in Fig. 6.2, this relation becomes 


/(j^siii ^ — k 3T sin $ 3T 
= fc 3 ,sin« 3j 

“ fcl7-$in0 ir + &27 a SUl $2T 
k u sm6 u 4“ kj rSin 0 7 , . 


(6.4) 


Equation (6.4) can be regarded as the nonlinear Snell law. When the wavevec- 



70 


Sum-Frequency Generation 



Fig. 6.2 Description of wavevectors of various waves involved in sum-frequency 
generation in a semi-infinite nonlinear medium with a boundary surface at z = 0. 

tors of the incoming pump waves are known, it determines the propagation 
directions of the nonlinearly generated output waves. 4 To complete the solu- 
tion, one must also find the amplitudes of the output waves. 

In (6.2), = x p) : For a & ven nonlinear medium, x <2) 

prescribed, and and <? 2T are related to the incoming pump field amplitudes 

by the Fresnel coefficients. The only unknown in the expression of Ey-ftOj) in 
(6.2) is the coefficient A. Then we should also consider the incoming and 
reflected waves at « 3 , described by E / (w 3 ) and E*(w 3 ), respectively, in the 
linear medium 


E f(« 3 ) = 
and 

E R (« 3 ) - (6.5) 

The incoming field amplitude <? 3/ is given, but the reflected field amplitude & 3R 
is to be determined. Thus there are two unknown coefficients, A and ^ 3i? , to be 
fixed by the boundary conditions. Clearly, the requirement that both electric 
and magnetic field components parallel to the surface must be continuous 
provides enough relations to solve for A and We postpone the solution to 
a later section, considering first the case of sum- frequency generation in the 
bulk. 
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63 SIMPLE SOLUTION OF BULK SUM-FREQUENCY 
GENERATION 


We are interested here only in sum-frequency generation in the bulk of a 
nonlinear medium, as described by the growth of Et-(w 3 ) along z in Fig. 6.2. 
Since the growth of the sum-frequency field is generally insignificant over a 
distance of a wavelength, the slowly varying amplitude approximation dis- 
cussed in Section 3.3 is applicable here. With E r (« 3 ) = ^ 37 -(z)exp[j(k 37 . ■ r - 
« 3 0], (6.1) then takes the form 


q z ^T,± ( z ) ~ 


*3 T,z C 


+ ***$*' A *1 “ 0 


( 6 . 6 ) 


where 


Ak — z A fc — k ir + k 27 " k 3 y 


(6.7) 


is the phase mismatch. Solution of (6.6) yields 


2iro>j 


^ST.X U) = &3T,X (0) + “••-!) 


^3r.s( 2 ) _ ^37.11 (^) 


- r 4 (*'"*- 1 • 

« b («3> 


( 6 . 8 ) 


As a further approximation, we may neglect the effect of nonlinear polarisation 
on reflection and refraction at the boundary. Then, «? 3r (0) is directly related to 
the incoming field «? 3/ (0) through the Fresnel coefficients. 

The intensity of the generated sum- frequency wave at z is given by 


h(*) - J 4r i i<*r(*)i 1 


(6.9) 


The corresponding output power is obtained from the integration of I 3 over the 
beam cross section. Here, the finite beam cross section seems to be in conflict 
with the infinite plane wave assumption, but as is well known, if the beam 
cross section is sufficiently large, then the ray approximation is valid, and each 
ray can be treated as an infinite plane wave. Thus with / 3 depending on the 
transverse coordinate p, the total output power at u 3 is 




2 IT 


/l*33-( z .p)| irf P- 


( 6 . 10 ) 
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A case of practical interest occurs in the absence of an input at « 3 , that is, 
^ 3/ = 0. In the present approximation, «? 3r (0) also vanishes. Then for \k}/Mc\ 
» 1, we have |<f 3rij | K 37U j, and the intensity / 3 following (6.8) and (6.9) 
takes the form 


hU) = 


|*C2)|2[iM^£/2)] 2 2 / 6in 

3x1 l 4 kz/2 \ • (6U) 


As shown in Fig. 6.3, / 3 versus A k z z given here peaks strongly at phase-match- 
ing A k z = 0. The peak value is 




2-7TW 3 


c/e((o 3 ) cos 2 0 3r 
and the half- width between the first zeroes is 


\m 2 * 2 


( 6 . 12 ) 


(A/tJjjwZ - - k iT z = 2?r. 

K i T 


(6.13) 


^3 



Fig. 63 Sum-frequency output as a function of the phase mismatch Afc near Ait - 0. 
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For z = 1 cm, A 3r - 10 5 cm -1 in a typical example, we find ( A ^) KW //cr 37 - - 
10 ^ 4 , which indicates that in terms of A A, the phase-matching peak is often 
extremely narrow. 

The calculation of sum- frequency generation in anisotropic media requires 
slight modification. First, since Pf 2) in the second equation of ( 6 . 1 ) is usually 
negligible, E T ^ («,)/is r x (« ; ) = tana, is a constant determined from linear 
wave propagation, where a, is the angle between E r («j) and E r± (wJ. With 
the infinte plane wave approximation, and the slowly varying amplitude 
approximation, ( 6 . 1 ) becomes 


<f 3 r (z) 

01 A 3T ,c z cos z a. 




(6.14) 


n 3 7» z l « 3 

where e 3T is the unit vector along ^ 3r . The solution of (6.14) is 


^3 t ( z ) ~ ^ 3 r(0) + 


2va)l 


A 3r r AAc 2 cos 2 a 3 


(6.15) 


Within the range of our approximation, (6.15) is consistent with ( 6 . 8 ) for the 
isotropic medium. 


6.4 SOLUTION WITH BOUNDARY REFLECTION 

In the more general solution of (6.2) and (6.5), E r (w 3 ) can be rewritten in the 
form 


<?1T.± “ g 3T,X ( 0 ) + 




cl ( k l ~ k lr) 3i 

Syr - » = _ TT^y^' 


(6.16) 


with ^ 3rx (0) = A + 4 frw^ 3 < 5 /c 2 (A 3j - k] T ) and ^ J 7 -||(0) = -4ir&jjj ) / 
^,( 6 ) 3 ). We then notice immediately that if the approximation 


kfs &3r~ (kjj,* + *3 T,z)&k 
* 2 k 3T 2 Ak 


(6.17) 


is used, (6.16) reduces to the simplified solution in ( 6 . 8 ). The above approxima- 
tion is excellent when A A is small, or equivalently, when the output in the 
backward direction with AA ~ A 3r can be neglected. As pointed out in Section 
3.3, the latter is just what the slowly varying amplitude approximation means. 
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In finding ^ 37 -(0), however, the more correct solution should include the 
effect of nonlinear polarization on boundary reflection of the sum- frequency 
wave. By requiring the tangential components of electric and magnetic fields be 
matched at the boundary z = 0 (see Fig. 6.4), we find 4 


- ^2f.y + &2R>y 

. , 

fc 3r cos 03^ + k 3s cosfl 3f 2{ _ V = k 3P /:os9 3R (^f ty - ^ R y ) 

C 1 *3# *3rj 

- c» | 4^3^31 .aCOS0 3 , 

# 3 T.x(°) - A h C °* T + ^^2 _ k 2^ 

47r^jj ) sin^ 3j (6.18) 

= (^3/,A ” &lR'h) COS 03R 


k\T^h + k 







X 


Fig. 6.4 Schematic diagram describing the incoming and reflected sum- frequency 
waves in the linear medium and the transmitted sum- frequency waves in the nonlinear 
medium. The boundary surface between the two media is at z — 0. 
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where the subscript h denotes components in the plane of incidence. This set of 
four equations can then be used to find the four unknown coefficients A y> A h> 
yt and The result is 

1 

A = 

^ jt 3r COS fcjjjCOS d^R 

x 2k 3P cos y 

(<c 3j cqs« 3j + <;, < cosg iR )4wf^ ) 

* 2 (*1. “ *Ir) j’ 

A = 1 

* k^jfiOS 02T fcjyCOS 8 3R 

4irk) R &lfsin8 Js 

X 2/c 3/J cos^ fi ^ M + (6.19) 

{k 3R cosfl 3 , + 

c 2 (kl - kl r ) \ 

c = L. - 

3A,J ' k 3T CO$8 3T + k 2F COS 0 3R 

X (/^/^OSf^/, - fc 3T COS fljy)^/ ^ 

— fc 3r cos B 3T )4v<a\^^ 

c 2 (kl-kj T ) 

and 

* 1 

3R - h k 3f pos 0 3r + * 3r cos S 3R 

X (& 3r COS ^3/} — fc 3 /?COS 0 3T )^ 3lh 

(M, T COS0), - ^ }j COsg 37 -)4TO^3 (2 j ; t 4ir^ ir #^ ) sin9 3 1 

f 2 (^- fc lr) £ »("3) J 

With A and known, the solution in (6.2) and (6.5) is then complete. It 
shows that even in the absence of an input, <f 3/ - 0, both & 3R and <? 3r (0) are 
nonvanishing because of the nonlinear polarization effect on reflection and 
refraction. In fact, the reflected sum-frequency wave is easily detectable. 5 It can 
be shown that <f 3 y(0) = 0 and is about kz times smaller than «f 3r (z) at 
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phase matching. Thus the reflected sum-frequency wave is essentially generated 
by the nonlinear polarization in a surface layer of the order of X/2 tt thick. 
With some modification, the solution here for a cubic nonlinear medium can 
be extended to anisotropic media. 


6.5 PHASE-MATCHING CONSIDERATIONS 

As shown in Fig. 6.3, the bulk sum- frequency generation is strong only when 
|Afcz| < 1. The phase mismatch, A k> defines a coherent length, = 1/A k. If 
the length of the medium l is below /cob. the sum- frequency output increases 
more or less quadratically with l. If / > / coh , the output tends to saturate and 
may even decrease as / increases. For efficient sum-frequency generation, we 
must therefore have / ^ sufficiently long, of the order of at least a few 
millimeters in practice. 

In actual experiments, to avoid reduction of the effective beam interaction 
length due to finite cross sections, collinear phase matching is required; 

A k - k lT + k ZT ~ k 2T ~ 0- (6.20) 

In terms of the refractive indices *(«.), (6.20) can be written as 

~ [ " ( ^ 3 ) ” ( 6 - 21 ) 

Clearly, for isotropic or cubic materials with normal dispersion /j(« 3 ) > 
n(<o 2 )}, this relation can never be satisfied. Therefore, coUinear phase 
matching can be achieved only with (1) anomalous dispersion or (2) birefrin- 
gent crystals. 2 In the latter case, the medium should be a negative uniaxial 
crystal with rt e (to,) < n 0 (to,). By choosing the wave at w 3 to be extraordinary, 
it is possible to find [rt t (w 3 ) - rt(wj)] and [n,(u 3 ) - n(u 2 )] with opposite 
signs so that (6.21) can be satisfied. Two types of collinear phase matching are 
commonly used. In Type I, both «(<*>! ) and /i(w 2 ) are ordinary or extraor- 
dinary, while in Type II, either n(^j) or «(w 3 ) is ordinary. 


6.6 EFFECT OF ABSORPTION 


Absorption is detrimental to sum-frequency generation since it limits the 
effective interaction length to roughly the attenuation length. It also broadens 
the phase-matching peak and lowers the peak value. This can be seen by 
including absorption in the derivation in Section 6.4. With absorption, the 
wavevectors become complex: k = k' + i/8, where /ft is the attenuation coeffi- 
cient. Equation (6.14) changes into 


(i + M 


^ 3 t( Z ) = 


i2nu>l 


c 2 k' iT z cos 2 a 3 


( 6 . 22 ) 
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with 


E r (« 3 ) - 


The resulting solution is 


. , . , nW , :2™]e, T - 

®1T\ Z ) - ^T\v)e + 2k* 2 r Al / 7. 0 7”o O \1 


( 6 . 23 ) 


x \ e i Sk'^ftr+PirU _ 


If the absorption at either the pump frequencies <o 3 and w 2 ° r the output 
frequency is appreciable so that 


|e jA * 7 ~^l T + PlT)z — e~0JT*| 2 ~ 

then the output intensity can be approximated by 


2™f|e 3 -gp i |* 

c/t(« 3 ) cos 2 #3 r cos 4 aj[{ A*') 2 + /5 ! ] 


( 6 . 24 ) 


where & = 0 l7 - + & r with 0 3r ~ 0 or £ - /J 3r with 0 17 - + 0 2r ~ 0. The 
phase-matching curve f 3 versus A/c now takes on a Lorentzian shape with a 
half- width 0. Compared with the zero absorption case, the peak value here is 
independent of z and is reduced by a factor of l//3 2 z 2 . This shows that with 
absorption, the effective interaction length is reduced to 1 //?, which is just the 
attenuation length. When both (/? ir +/J 2r ) and &r a*® appreciable, the 
output intensity even decreases exponentially with z. 


6.7 SUM-FREQUENCY GENERATION WITH HIGH 
CONVERSION EFFICIENCY 

We saw in earlier sections that at perfect phase matching, the output power of 
sum-frequency generation in a nonabsorbing bulk medium is proportional to 
l 2 , the square of the length of the medium. Then as / -> oo, the output power 
would increase without limit, in violation of energy conservation. This is the 
consequence of the assumption of negligible pump power depletion, which is 
not valid when the output becomes significant compared to the pump. The set 
of three coupled equations in (3.4) or (6.1) must now be solved together to find 
a complete solution. 

For sum-frequency generation with high conversion efficiency, the following 
conditions usually exist: (1) the coupled waves are collinearly phase matched; 
(2) the medium is nearly lossless; and (3) the slowly varying amplitude 
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approximation is valid. The coupled equations can therefore be written as 
[similar to (6.14)) 


and 


with 


~a7~ = 7 2 Kl*2T*3T> 

az k lT 2 cos a x 

^ - r^-ViMr. 

dz k 2T ? cos 2 a 2 2 17 3r 


d&fr — ioyx 

—T— = — - U-&2T 

02 k 3Tl c os z a 3 


*1 = ^ir‘X (2) («i = ~«2 + "3) : hr*) r* 
*2 - *2r’X t2) («2 = "3 “ “1) : V*ir. 


(6.25) 


and 


Kj = ^f«5r , X R) (‘>3 “ "1 + "2)* : 


From the permutation symmetry of x (2) in a lossless medium discussed in 
Section 2.5, we find K l = K 2 = = K. Equation (6.25) can be solved exactly. 3 

First, we can easily show from (6.25) that the total power flow W in the 
medium, 


*i7’.2 COs2g iKirl 2 + k 2T zCOS^WiTl 2 + ^r./^^lffarl 2 

«! « 2 W 3 7 

(6.26) 

is a constant independent of z. This is also known as the Manley-Rowe 
relation. 6 Then the number of photons created at w 3 must be equal to the 
numbers of photons annihilated at to 1 and « 2 : 

r— 1 ^ 7 - ( 0 ) 1 " - l^i7-(-0l" = r— l^r(Q)l 2 ~~ l^2r( z )l" 

* 1 Aw, * 1 A« 2 
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In solving (6.25), we define 

f c^Tjnsta) V /2 


9(z) = <h(z) - <t> i(z)-^(z). 




{c 1 k lT2 k2 T%z k 3T2 a>s 2 a^cos l a 2 cos 2 a :i 
m l — u 2 (0) + “3(0) = u 2 + Wj, 
m 2 - Mj (0) + m^(0) = 1/3 + uf. 


and 


OT, = «?( 0 ) - «i(0) = «! 2 - ll}. 
Equation (6.25) becomes 

du 1 . 

— = -w 2 « 3 sin0, 

t/Uj . 

= -u,«ism0, 

du 3 ■ „ 

-Jf - “j“2 sul 


and 


% = A ‘ COt ff ^ tQ (“l"2“3)- 


(6.28) 


(6.29) 


The last equation in (6.29) can be integrated to yield 
Uj« 2 h 3 cos 6 = T 

where T is a constant independent of z. Then by eliminating sin B in (6.29), we 
find 


du\ __ du\ 


duj 


±l[ulu]u] 


r 2 J 1/2 . 


(6.30) 
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The choice of sign “ + ” or in (6.30) depends on the initial value of 0. The 
general solution of (6.30) is given in Ref. 3. 

We consider here the frequently encountered case where the boundary 
condition is ^(0) = 0, or w 3 (0) = 0, which leads to T = 0 and 0 = it/ 2. 
Equation (6.30) becomes 

- «,)(m 2 -«J)] 1/2 . (6.31) 


The solution takes the form of a Jacobi elliptical integral 



1 ru]/« 2 ( 0) 

«i( 0 ) 'uj(0)/u I (0) [(l -/)(l - y 1 y 2 )Y /1 


(6.32) 


assuming m 2 - uf(0) > m l - « 2 (0) and y = w 2 (0)/«j(0). From (6.32) and 
(6.28), we find the intensities of the three waves as 

«!(f) = «I(0)sn 2 [“i(0)f.Y]. 

»!(f) = “!(°) “ "i(®)s“ J [“i(0)f. y] . 

and 

»?(£) - «i(<0 “ «2( 0 )sn 2 [wi(0)f» y1- 


The elliptical function sn 2 [uj(0)^ y] is periodic in f with a period 


L = 


2 n dy 

[(1 — y 2 )(l - yV)] 1/2 


(6.34) 


Physically, this indicates that as the interaction length increases, energy is 
transferred back and forth between the wave at io 2 and the waves at Uj and w 2 
with a period L. While the process first pumps energy into the sum-frequency 
field, it reverses the energy flow after photons in one of the pump waves are 
depleted. 

A simple case of physical interest is the up-conversion process used, for 
example, to convert an infrared image to the visible. It often occurs with 
1^(0) » u 2 (0) and « 3 (0)^ 0. Since y « 1, the elliptical integral of (6.32) 
reduces to a simple form and we find 

"Kf ) = U2 (°W[ w i(°K]’ (6 3 v 

M 2(f ) * «2(°) - «2(°) sin2 [«l(°)f] * 

and 

«?({) = «f(°) “ “i(°) sin 2 f w i(°)^l “ 
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They are plotted in Fig. 6.5, which shows explicitly the periodic variation of 
energy flow back and forth between the waves at w 2 and w 3 . In this case, the 
depletion of the pump field at wj is negligible. Therefore, the solution in (6.35) 
can also be obtained from (6,25) by letting & XT be a constant. 

Another case of interest i$ when Wj(0) - w 2 (0) so ^ al Y = 1- The solution 
becomes 


“ 3 (f) = «?( 0 )tantf [k^OJJ], 

(6.36) 

w?(f) = «1(£) = (0)socSr* [ ^(O) r] - 

It shows that the period of interaction L is infinite. A$- f -» 00 , we have 
w 3 (0 -* «i(0) and «i(£) - w 2 (f)-» This applies to the case of second 
harmonic generation, which we discuss in more detail in Chapter 7. 

The foregoing discussion is based on the assumption of infinite plane waves. 
In reality, the beam cross sections are finite with intensity variation over the 
transverse profile. Accordingly, the results here have to be modified, using, for 
example, the ray approximation. As a result, complete depletion of photons in 
any beam is impossible. Focused beams are often used in actual experiments to 
increase the laser intensity, and the theoretical treatment of the problem 



Fig. 6.5 Relative numbers of photons, as a function of z, in the three coupled waves 
with perfect phase matching (« 3 — + « 2 > “ *1 + k 2 ) in an up-conversion pro- 

cess. The initial distribution of the photons in the three waves is nj - 100 n 2 and 
n } - 0. (After Ref. 3.) 
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becomes more complicated. Boyd and Kleinman 7 have worked out the case 
with negligible depletion. Here we simply refer to their work and postpone our 
discussion on focused beams to the next chapter. 


6.8 A PRACTICAL EXAMPLE 

In most applications, efficient sum-frequency generation is desired. A number 
of rules should therefore be followed : 

1 A nonlinear optical crystal with little absorption at co^ c*> 2 , and is first 
chosen. It should have a sufficiently large nonlinear susceptibility x p> and 
should allow collin ear phase matching. 

2 The phase matching directions in the crystal, generally in the form of a 
cone, are determined from the known refractive index tensor of the crystal. 

3 The particular phase-matching direction with the appropriate set of polari- 
zations for the three waves is selected to optimize the effective nonlinear 
susceptibility xSJ = e 3 * x (2> - *i* 2 - 

4 The length of the crystal is finally chosen to give the desired conversion 
efficiency. 

We consider here a practical example of sum- frequency generation in a 
KDP crystal with the pump beams at = 5320 A and A 2 = 6200 A. The 
sum-frequency generated is at A 3 = 2863 A. The ordinary refractive indices of 
KDP at room temperature are n 0 ("i) = 1-5283, n 0 (« 2 ) — 1.5221, and « 0 (w 3 ) 
= 1.5757. For a beam propagating in a direction at an angle \HJ away from 
the optical axis, the extraordinary refractive index is given by 



with - 1.4822, n em ( w 2 ) - 1.4783, and n em (a 3 ) « 1.5231. For type I 

phase matching, we have from (6.21) 



= 76.6°. 
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Let the waves be propagating in a plane at an angle $ from the Y-axis of the 
crystal. In the X-Y-Z coordinates, the three polarization vectors are 

e x = e 2 = (sin4>, cos<£,0) 

and 


e 3 = |-cos(//) cos$, -cos^T) sin$,sin(tf) j. 

The KDP crystal has a 4 2-m point group. Its nonvanishing x (2) elements are 
X^Vz = X$rz — X*$zy ~ xfyx ~ 2-6 X 10 9 esu 


and 


xfxr = X^yjr = 2.82 X 10" 9 esu. 


The effective nonlinear susceptibility* for type I phase matching is 

X$ = h ' X <2) • e x e 2 - -X?Wsin@ sin 2$ 

= -2.74 X 10" 9 sin24‘ esu. 

To optimize |x$|, we must choose $ = 45°. Finally, in the limit of negligible 
depletion of pump power, the output power is, following (6.12), given by 

P, = ^ |. | ..2.|2.2f £> El \ 

c^£{u x )e(J 2 )t(wi) cff i A I 

= 4 X 10' 4 z 2 | 

where A is the beam cross section in square centimeters, z in centimeters, and 
we have used the approximation = I t A in megawatts. 




MW, 


6.9 LIMITING FACTORS FOR HIGH CONVERSION 
EFFICIENCY 

As a nonlinear effect, the output power of sum-frequency generation is 
expected to increase with the pump intensity if the pump power is kept the 
same. This seems to suggest that a tighter focusing of the pump beams should 


*Thc expressions of for type I and type II phase matching for the 13 uniaxial crystal classes 
can be found in Ref. 8. 
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:s 5 

fQr 'oUineariy propagating^bMrns^Tto o^u^ 1 ^^^ ^ (energy) . 

and “"^^f^u Vefore, although the waves axe propa- 
gZg coUinearly! the rays axe not. “Walk-off” of the rays effectively decreases 

of course be minimized if the beams arc P™pagaUng 
- , Hireciion alone which the wavevector and ray vector are parallel- This may 

interaction kngth. Therefore, for high conversion efficiency, beams with TEM„, 

"SJTSw Siv » *• W»“ >” ““ T'"r^l SIS' 

. x rf~ s V in- 5 a temperature stability of A T < 0.5 K mrougnoui urc 
£y£\ is necessary to achieve An < 2.5 x 1Q-*. This discussion generally 
applies to all mixing processes. 
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Harmonic Generation 


In the history of nonlinear optics, the discovery of optical harmonic generation 
marked the birth of the field. 1 The effect has since found wide application as a 
means to extend coherent light sources to shorter wavelengths. This chapter 
summarizes the important aspects of harmonic generation. As it is a special 
case of optical mixing, most of the discussion in Chapter 6 can be applied here 
without much modification. The application of harmonic generation to the 
measurements of nonlinear optical susceptibilities and to the characterization 
of ultrashort pulses is also discussed. 


7,1 SECOND HARMONIC GENERATION 

The theory of second harmonic generation follows exactly that of sum-frequency 
generation discussed in Chapter 7. With ta, ^ « 2 = w - 2w, the 

derivation and results in Sections 6.2 to 6.6 can be applied directly to the 
present case. In particular, the plane wave approximation with negligible pump 
depletion yields a second harmonic output power 


P2«(*) 3 


32ttV 

,3 e(«)/e(2a>) 


\e 2 „ • X <2) * eJJ 2 z 


sin 2 (AA:z/2) P w z (0) 
(Mz/2) 2 A 


(7.1) 


For collinear phase matching in a crystal with normal dispersion, we must 
have, following (6.20), either 

n e {2u) = n 0 (<*>) (type I) (7.2) 


or 

",(*«) =-i["o(«) + "«(“)] (well). (7.3) 
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The calculation in the limit of high conversion efficiency requires slight 
modification. Specifically, for type I collinear phase matching, the permutation 
symmetry of x (2 \ following (2.30), gives 

K - ^je 2u • x (2) ( 2w = w + «) : ej w 

c (7.4) 

= ' X <2) (« = -« + 2«) : ej 2 „. 

c 2 

The coupled equations of (6.24) reduce to the form 1 

d£ u iw \ 

dz 

, ( 7 - 5 ) 
-/(2to) 2 a 

* 2w ,^s 2 a 2tt -■ 

The conservation of power flow and the conservation of the number of photons 
in (6.26) and (6.27), respectively, become 

__ c 2 \ k^jnstaJfJ 2 k 2 ».^s 2 ff 2 J<f 2 J 2 | 


KWilHjkMl! . MUOi 2 ~ 

Ha 2fc« 

Using the definition of u u and u 2u liq and « 3 in (6.28) with u>j = to 2 = w and 
« 3 = 2«], we obtain 


L - « 2 sin 8 


If we assume « 2w (0) = 0, then 9 = v/2, and the solution takes the form 
«„(£) = w w (0)sech[i/2 « w (0)^ ] , 
w 2fc) (f ) - -^ru w (0)tanh[v^M tt ,(0)?] . 

The second harmonic output power is then given by 

P 2 „U) = P„(0)tanh 2 [c(P„(O)/^) 1/2 z] 
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where C = tf(2(V v^X^/ v^) l/2 , assuming, for simplicity, ***-*<. 
= - \k 2u ^ and a w = a 2w . FoUowing (7.9), Fig. 7.1 shows how P 2w (*) 

increases with z at the expense of P„(z). 

As a practical example, we consider the use of KDP as a second-harmonic 
generator for a Nd : YAG laser beam at 1.06 pm. Using the same calculation 
as in Section 6.8 with n 0 (a) = 1.4939 and n,J2u) - 1.4706 at room tempera- 
ture, we find that for type I collinear phase matching, the beams should be 
propagating in a direction at an angle Qf) - 40.5° away from the Z-axis of 
the crystal. The pump field should be linearly polarized in a plane biseclingjhe 
X-Z and 1' Z planes in order to yield an optimum x$ = X§Vr( 2 “) 5 ‘ n s£y 
_ 1.5 X 10"’ esu. With the plane wave approximation, the efficiency of 
second harmonic generation, following (7.9), is 


g— (W) 

?{4.7X10- 3 [^] 1/2 c) (P.inMW), 


As seen from (7.10), the efficiency i) reaches 58% when [P u (0)/A] l/2 z - 
21\/KfW or P {0)/A - 18 MW/cm 2 for z = 5 cm. In an actual experiment, ij 
is often less brcause of the finite dimension and transverse intensity variation 
of the pump beam. An efficiency as high as 40% with giant pulses or 85% with 
ultrashort pulses has, however, been achieved. 2 The foregoing calculation does 
indicate that in order to have an appreciable conversion efficiency (tt > ™%) 
in a crystal like KDP, a pump intensity of the order of 10 MW/cm 2 is needed 



Fig. 7.1 Decay and growth of the normalized fundamental and second harmonic 
amplitudes, respectively, for the perfect phase-matching ease. (After Ref. 1.) 
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with a crystal length of a few centimeters. (A much longer crystal is seldom 
practical.) In general, higher pump intensity leads to a larger 17 , except in the 
limit of very high conversion efficiency . 2 For a low-power pump beam, 
therefore, focusing is generally used to increase 17 and hence the second 
harmonic output. 

Focusing, however, increases the walk-off effect, but as mentioned in Section 
6.9, it also increases the spread of the beam propagation. The spread hurts the 
conversion efficiency as a portion of the beam now deviates from the exact 
plme matching direction. For type I collinear phase matching at the angle 
QjM , for example, it can be shown readily that a small deviation Ad of the 

beam propagation direction from (//) leads to a phase mismatch? 


Me = 




(7.11) 


With A kl = irtemg the half-width of the phase-matching peak, the acceptance 
angle about (h) one can allow for beam convergence is, from (7.11), 


kj[ n 2 0 {2u) - n](2u) \sm2{H 


For a KDP crystal with / = 1 cm and (/T) = 45° at \ u = 1.06 /im, the 
acceptance angle A $ A is only 2.5 mrad. Equation (7.12) shows that Ad diverges 
as (F) approaches 90°. This occurs because the higher order terms of Ad 

were neglected in (7.11). The correct result for (F) = 90° is, assuming 
n 0 ( 2 u) ~ n«( 2 u), 

M =/_ \ _ (7.13) 

A {kj[n 0 {2u>)-n e (2u)] ) 


For a 1-cm KDP crystal at \ w = 1.06 p, the acceptance angle is 36 mrad, 
which is an order of magnitude larger than in the previous case. The large 
acceptance angle for 90° phase matching is clearly advantageous if beam 
focusing is used in second harmonic generation. 


7.2 SECOND HARMONIC GENERATION BY FOCUSED 
GAUSSIAN BEAMS 

Single-mode laser beams usually are required for efficient second harmonic 
generation. The conversion efficiency may be greatly enhanced by focusing of 
the pump beam into the nonlinear crystal. At the focal waist a single- mode 
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beam has a Gaussian intensity profile described by expC-p 2 /!^ 2 ) ** o 

being the beam radius. The longitudinal dimension of the focal region is 
defined by the confocal parameter b = kW^ as the distance between two 
points on the focusing axis where the beam radii are t/2 times larger than that 
at the waist. Within the focal region, the beam has approximately a plane wave 
front, so that the plane wave approximation can be used. 

We consider first the case of negligible double refraction or walk-off effect, 
e.g., the 90° phase-matching case. Obviously, if the crystal length / is smaller 
than the confocal parameter b , the conversion efficiency for second harmonic 
generation can be described by the result of plane wave approximation in 
(7.10) with A = *fK 0 2 , 


V 


= tanh 2 


P„(0) 

■nWf 



(7.14) 


Here, as long as b > l, tighter focusing should increase P w (0 )/kWq and 
improve the efficiency. If b < /, however, the approximation breaks down, and 
tighter focusing tends to reduce the efficiency. Thus optimum focusing occurs 
when the confocal parameter is about equal to the crystal length, b - /. Boyd 
and Kleinman 4 studied the focusing problem in detail with numerical calcula- 
tion. They introduced an efficiency reduction factor /i 0 (£) with £ - l/b to take 
into account the effect of focusing on the efficiency 4,5 They find 


tj — tanh 2 


C 2 P.(0 )JcJhpU) 


1/2 




(7.15) 


The function A 0 (£) is plotted in Fig. 7.2. For £ - l/b < 0.4, we have rt 0 (£) - £> 
and x\ in (7.15) reduces to the form in (7.14) as we expected. In the tight 
focusing limit, £ > 80, the function A 0 (£) takes the asymptotic form /i 0 (£) ™ 
1.1877r 2 /£, and the efficiency drops rapidly with increasing £. The maximum 
value of A 0 (£) = 1.068 appears at £ = 2.84, with A 0 (£) =1 in the range 
1 < £ < 6. This shows that although optimum focusing occurs at b = //2.84 
for given /, the efficiency will not decrease appreciably even if b-L 

With double refraction, the situation is more complicated. Boyd and Klein- 
man showed that in the limit of low conversion efficiency, (7.15) is still valid if 
* 0 (£) is replaced by h(B , £) [A(0, £) - A 0 (£)l> or 

c^fl) )kJh(BJ) 


where B = {p(kj) 1/2 is a double refraction parameter, and 


P - 



1 

n\{2u) 


1 

«J{2«) 


sin 2\H ) 


(7.16) 
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Fig. 7.2 Efficiency reduction factor versus £ = l/b at various values of the 

double refraction parameter B. (After Ref. 4.) 

is the walk-off angle between the Poynting vectors of the collin early propagat- 
ing fundamental and second harmonic waves along a direction at an angle (tf) 
away from the optical axis. The function h( B, £ ) for several values of B is seen 
in Fig. 7.2. Note that h(B y £) depends only weakly on £ near its maximum 
The latter can be approximated to within 10% by the expression 3 


k u (B) 


Mg) 

1+(45 j /V)M0) 


(7.17) 


with h M ( 0) •» 1.068. This equation together with (7.16) indicate that the 
efficiency reduction due to double refraction becomes appreciable when 
(4 B 2 /v)h M (0) ~ 1. We can define an effective length 


^ *«P 2 *Af(0) 


Equation (7.17) becomes 


M») 


Mo) 

1 + ///« 


(7.18) 


(7.19) 


This shows explicitly that when / e(r = / in the presence of double refraction, the 
efficiency for second harmonic generation with optimum focusing reduces by a 
factor of 2 as compared to the case without double refraction. When l a -e /, 
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this efficiency becomes 

n _ c z p„(o)<c„; t ,,v(o) (7 20) 

op 7T 

The effect of double refraction on is insignificant only when l ^ These 
results do not depend critically on focusing as long as h(B> £) - h M (B). 

One can use a more physical argument to understand these results. Because 
of double refraction, the phase-matched fundamental and second harmonic 
beams can overlap only over roughly a distance, l a = /p, often known as 

the aperture length. For optimum focusing, we like to have / = b - kJV$, but 
to avoid red uction of efficiency by double refraction, we must have l < l a 
= ^vl/k j? , which leads to l < !<#= ir/k^p 2 , which is the same result 
described in the preceding paragraph. 

This discussion assumes that the laser intensity in the crystal is not limited 
by optical damage. This is of course not always the case. As an example, let us 



Fig. 73 Fundamental wavelength versus crystal temperature at 90° phase matching 
for some of the KDP isomorphs. (After Ref. 6.) 
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assume a crystal with n = 1.5, / = 1 cm and p — 30 mrad at - 1.06 pm. 
Then, B = 3.65, and from Fig. 7.2, h(B = 3.65, £) - h M {B) for 0.2 < i < 10. 
Since / ?ff = 0.04 cm is much less than /, we have h M (B) — l eJ( /l, and according 
to (7.20) t) a / cff . Comparing with the case of no walk-off and optimum 
focusing 6 - we have ij p _ 0 cc /, and hence, v p -o/V p = = 2 np 2 l/\ - 25. 

This shows that it is of great advantage to use 90° phase matching to avoid the 
walk-off effect. The 90° phase matching for second harmonic generation can be 
achieved by temperature tuning in many crystals. In Fig. 7.3, the 90° phase- 
matched wavelength as a function of temperature is shown for a number of 
KDP isomorphs. 6 


7.3 THIRD HARMONIC GENERATION IN CRYSTALS 

In a crystal with inversion symmetry, second harmonic generation is forbidden 
under the electric dipole approximation, although it can be induced by an 
applied dc electric field. 7 Third harmonic generation, on the other hand, is 
always allowed. The theory for third harmonic generation in the limit of 
negligible pump depletion is the same as that for second harmonic generation 
with P <2) (2«) replaced by P (3) (3w) = x <3) 0“ ” w + « + w):E(u)E(w)E(<o). 
Since |x (3) | is usually small [ - 10" 12 to 10~ 15 esu as compared to |x (2) | ~ 10" 7 
to 10 “ 9 esu typically], and the laser intensity is often limited by optical damage 
in crystals, the conversion efficiency for this third-order nonlinear process is 
small. In addition, phase matching is more difficult to achieve. It has therefore 
found little practical application. 

An efficient third harmonic generator can, however, be constructed by 
having two nonlinear crystals in series. 8 The first generates a second harmonic 
beam. The transmitted fundamental beam and the second harmonic output 
beam are then combined in the second crystal to yield a third harmonic output 
by sum- frequency generation. Both processes are phase-matched (either type I 
or type II). With a sufficiently intense fundamental beam, the overall efficiency 
of third harmonic generation can be fairly high. Commercial units with 
efficiency as high as 20% are available. 

In principle, this type of two-step third harmonic generation can occur in a 
single crystal. However, except in very special cases, it is not possible to have 
both second harmonic generation and sum-frequency generation simulta- 
neously phase matched. Consequently, the overall conversion efficiency cannot 
be very significant. 


7.4 HARMONIC GENERATION IN GASES 

Third harmonic generation can also occur in gases. One would think that 
because of the much lower atomic or molecular density in gases than in liquids 
or solids, the third-order nonlinear susceptibility |x (3) | for a gas medium should 
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be much smaller than that for a liquid or solid, and the efficiency for third 
harmonic generation in gases would be so low that it could never be significant. 
This conjecture turns out to be incorrect, as pointed out by Miles and Harris. 9 
First, |x (3> [ can be resonantly enhanced. The much sharper transitions in gases 
allow much stronger enhancement near resonances, especially those with 
higher transition matrix elements. Then, the limiting laser intensity in gases is 
orders of magnitude higher than in condensed matter (> few GW/cm 2 in 
gases as compared to few hundred MW /cm 2 in solids). As a result, although 
|X <3) | is small, the induced nonlinear polarization |P (3) | by a high-intensity laser 
field can be comparable to jP <2) | induced in a solid with a moderately intense 
beam. 

Consider sodium vapor. The third-order nonlinear susceptibility for Na can 
be fairly accurately estimated from the general expression of x <3) ( 3w ) derived 
by the technique in Sections 2.2 and 2.3: 

xS$/( 3w = « + « + w) = L (n)ga( r j) ab ( r k)bc(n)cgpfg A a be 

ft g, a,b,c 

where 


*.bc - [(«<* - - 2 «)Ks - 3 *0] 1 

+ [("c, + “)] 

+ }(« C j + 3*o)(u is + 2«)(<.) ( , ( + u)j 

Here N is the number of atoms per unit volume, and we assume that the 
frequencies are sufficiently far way from resonances so that the damping 
constants in the denominators can be neglected. For alkali atoms, the transi- 
tion frequencies and the major matrix elements are often known. Therefore, 
|X (3) (3<o)| can be calculated from (7.21). This has been done by Miles and 
Harris. 9 The result for Na is seen in Fig. 7.4 along with the energy level 
diagram for Na. It shows that even when 3 to is a few hundred cm -1 away from 
an s -* p resonance, the near-resonance enhancement can make the value of 
|X {3 V^ larger than 10 -33 esu. Then, with N = 10 17 atoms/cm 3 , and |£(o>)| - 
2 X 10 3 esu corresponding to a beam intensity of 1 GW/cm 2 , the induced 
nonlinear polarization [P (3> j = \x ( ^EEE] can be larger than 10 -6 esu. This is 
compared with [/ ,<2) (2<a)| = \x a)£E \ ~ 10_5 esu Educed in KDP with |x (2) | - 
10" 9 esu and | £ | - 10 2 esu (2.5 MW/cm 2 ). Therefore, third harmonic genera- 
tion in sodium vapor should be easily observable with 3u near resonance, e.g., 
with a Nd laser at 1.06 pm. 
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Fig. 7.4 (a) Energy levels of sodium. ( b ) Third order nonlinear polarizability, 
X* 3) (3u)/tf, versus fundamental wavelength for sodium. (After Ref. 9.) 


To have high conversion efficiency, aside from resonant enhancement and 
sufficiently high pump intensity, the third harmonic generation process must be 
collmearly phase-matched with n(co) = n(3w). Since a gas medium is isotropic, 
the usual method utilizing the birefringent property of a medium for phase 
matching is not applicable here. Then, phase matching for third harmonic 
generation (or optical mixing in general) is not always achievable in a gas 
medium. When anomalous dispersion exists between « and 3w, however, it can 
be achieved by using a buffer gas to compensate the difference of refractive 
indices at w and 3«. This is demonstrated in Fig. 7.5. With « below and 3w 
above a strong s -* p transition of the alkali atom, the anomalous dispersion 
causes n A (u) > n A ( 3w) in a pure alkali vapor. If a buffer gas (e.g., Xe) with 
normal dispersion n fl (w) < n s (3w) is mixed into the medium, then by adjust- 
ing the buffer gas density, it is possible to achieve phase matching with 
+ *b(w) - « /< (3«) + n#(3w). 
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There are several important advantages of using a gas medium for nonlinear 
optical mixing. 


A homogeneous medium longer than 10 cm is easily available. 

Since the medium is isotropic, the walk-ofT problem does not exist. Opt.- 
mum focusing can then be used to increase conversion efficiency. 

Aside from the high optical damage threshold, a gas medium also has 
self-healing capability. Except in special cases, no permanent change can be 
afflicted in the medium by laser-induced ionization or dissociation. 

Atomic vapor is transparent to radiation at almost all f^oen^ beloiv the 
ionization level except for a number of discrete absorption lines, and is the 
only nonlinear medium one can use in the extreme uv or soft X-ray region. 


A eas medium may then appear to be ideal for third harraomc generation 
especially f« conversion to the uv range. High conversion efflaency could 
presumably be obtained by using a high laser intensity with a reasonably long 
gas cell. Unfortunately, there are also many factors that often limit th 
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Fig. 7.5 (a) Refractive indices of Rb and Xe versus wavelength, (b) Required ratio of 
Xe to alkali atoms versus fundamental wavelength for phase-matched third harmonic 
generation. (After Ref. 9.) 


efficiency through limitation of the laser intensity: 

1 Linear absorption at u and 3« suppresses the efficiency (Section 6.6). 
Resonant enhancement of |x (3) | also enhances the linear absorption, al- 
though not proportionally. 

2 Two-photon and muitiphoton absorption may become important in limit- 
ing the efficiency when a high-intensity pump beam is used. 

3 Population redistribution due to absorption can induce a phase mismatch 
to the optical mixing process. 





98 


Harmonic Generation 


4 A refractive index change caused by another laser-induced mechanism can 

also give rise to a phase mismatch. 

5 Laser-induced breakdown of the medium may cut off the mixing process. 

All these factors become rapidly more important when « or 3o> gets closer to 
resonance. Usually, (3) turns out to be the limiting process and (5) may easily 
occur with long laser pulses. 

Third harmonic generation in gases has been experimentally demonstrated 
in many cases. 10 With 30-psec, 300-MW Nd : YAG laser pulses optimally 
focused to a 10- 3 -cm 2 spot in a 50-cm Rb(3 torr) : Xe(2000 ton) cell, Bloom et 
al. 11 observed a phase-matched third harmonic output at 3547 A with a 10% 
conversion efficiency. The same group also obtained phase-matched third 
harmonic generation at 3547 A in Na : Mg with a 3.8% efficiency. Then, the uv 
third harmonic generation from 5320 to 1773 A and from 3547 to 1182 A was 
also observed in Cd : Ar and Xe : Ar gas mixtures by Kung et al. with a 
maximum efficiency of 0.3%. 

This discussion could be extended to higher-order harmonic generation in 
gases, although the conversion efficiency is expected to be very low because of 
the relatively small nonlinear optical susceptibilities. It was suggested by 
Harris 13 that coherent vacuum uv and soft X-ray radiation could be obtained 
from fifth and seventh harmonic generation in atomic vapor. This was later 
demonstrated by Reintjes et al. 14 


7 5 MEASUREMENT OF NONLINEAR OPTICAL 
SUSCEPTIBILITIES 

The well-established theory of sum-frequency and harmonic generation allows 
us to deduce nonlinear optical susceptibilities x (2) (u — <*>i + « 2 ) and x (w> ( nw ) 
from sum-frequency and harmonic generation. We discuss here the measure- 
ment of x <2) (2«) as an example. 

As shown in (7.1), the absolute magnitude of \e lw • x • *JJ can be 
deduced from the measured second harmonic output power if P(u), A , A*, z , 
etc. in (7.1) are known. Then, by choosing the set of polarizations and e lv 
properly aligned with the appropriate crystal orientation, the particular tensor 
element of x a) ( 2w ) can be found. For more accurate determination of 
X (1) (2&>), the second harmonic output P(2w) as a function of bkz is measured, 
and the effect of beam profile is taken into account in the calculation. An 
absolute measurement is always difficult, however, as the laser beam character- 
istics must be known to great accuracy. It has only been attempted in a few 
cases, mainly on ammonium dihydrogen phosphate (ADP). 15 The nonlinear 
susceptibilities of other crystals can then be measured in comparison with that 
of ADP. In particular, careful comparison between KDP , quartz, and ADP has 
been made, 16 and these three crystals are now often used as reference materials 
in the measurements of x a> of given materials. 
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Sample p 



Fig. 7.6 Experimental arrangement for measurement of the relative second harmonic 
susceptibility of a sample. 


In the relative experiment, the laser beam is split into two; one is used for 
generating P(2w) in the sample and the other for generating P*(2w) in the 
reference crystal (Fig. 7.6). The ratio of the two is 

P(2m) = lg2*»X <2) ; g^l 2 g/t(^)A/t(2^)sin 2 (AA://2) jbk R /2) 2 
p k( 2w ) \i 2 „ ■ X? : e w ej 2 e(w)/e(2w) (A&/ 2) 2 sin 2 ( A A: ^ / «/2) 

(7.22) 


assuming that two arms have equal laser intensities. Here, the subindex R 
refers to the reference crystal. With other quantities known, the ratio je 2w • 
X {2> : £«£(jl/l^ 2 « ' X$ : can he determined from the measurement of 

P(2w)/P*(2<o) versus AW. As seen in (7.22), the result is now independent of 
the laser characteristics. This makes the measurement much easier since the 
very difficult absolute measurement of the laser characteristics is no longer 
necessary. 

The result of P(2w)/P R (2w) a sin 2 (AW/2) as a function of A kl appears as 
a set of fringes, known as Maker fringes. 17 It is usually obtained by rotation of 
a plane-parallel slab of sample about an axis. The effective sample thickness is 
then given by d co$0 with d being the slab thickness and 0 the angle between 
the slab normal and the beam propagation direction. With P(2to) ac 
sin 2 [(Afc)</cos 0/2], the Maker fringes arise through variation of 0. In practice, 
the crystal orientation is also chosen, if possible, to make A k independent of 0. 
An example is seen in Fig. 7.7, where a slab of quartz is used with its c-axis 
parallel to the face being the axis of rotation for variation of 0. 

The nonlinear susceptibility is in general a complex quantity. The phase 
factor of xiyi can be measured from the interference of second harmonic 
generation in two slabs of crystals in series. 18 Let the two crystals of thickness 
d 2 and d 2 , respectively, be separated by a distance s . Assume phase matching 
in the first crystal. The second harmonic field generated from the first crystal in 
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angular rotation in degrees 

Fig. 7.7 Relative second hamonic intensity as a function of the optical thickness of 
the crystal, displaying the Maker fringes. Change of the optical thickness is achieved by 
the angular rotation of the crystal. (After Ref. 17.) 


the normal direction is 


*.(*,)- < 7 ' 23 > 
Crt | (Zto ) 


The input fields at the entrance of the second crystal are 
£ u (d, + s) = 
and 

EMi + s) - EM (7.24) 

where ftp is the refractive index of the medium between the two crystals. Then 
the second harmonic output from the second crystal is 


P(2 U ) <r l£ 2 „K + s) + + W*** - Dl 2 


[ 47 rw . 


..(2) € <(2»AX"o(2«)-no(-)h 
rt 1 (2w) A,eff 

( £i a*a, _ 1 )x g)l . 


(7.25) 


« 2 (2«) A/c 

Expression (7.25) shows that P(2u) depends on the relative phase of the 
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effective nonlinear susceptibilities of the two crystals Xifefr ^d X^dr- If the 
crystals are mounted in an enclosed chamber filled with a known gas and 
the gas pressure is varied, then because of the dispersion of the gas, n 0 (2w) ^ 
n 0 (6>), the relative phase of the two terms in (7.25) will vary, resulting in a set 
of interference peaks. This observed interference in P(2w) versus [n 0 (2w) — 
n 0 («)]5 allows us to determine the relative phase of xS* and x?en- Usually, 
XzW of KUP is used as the reference. For a nonabsorbing crystal, x5yi rcal T 
either positive or negative. In Table 7.1, we list the values of X/yi for a number 
of commonly encountered nonlinear optical crystals. 


Table 7.1 

Selected Second Harmonic Nonlinear Susceptibilities of a Number of Crystals 


Material 

Symmetry 

Gass 

x 12 ’ x 10 8esu ) 

Fundamental 
Wavelength (pm) 

«-Si0 2 

(quartz) 

32- 

x!2« - 0.8 ± 0.04 

X® ” 0 018 

1.0582 

Te 

32 -D 3 

xS* - 10" 

10.6 

BajNaNbjOu 

mml~C 2L , 

X?L - -».L ± 15 

X?},~ -291 + 2.9 
x£ - -40 ± 2.9 
X?}, - 614 ± 0.56 
XS. " -11-6 ± 17 
xS - 81.4 ± 21 

1.0642 

LiNb0 3 

3m-C 3v 

1.0582 

BaTi0 3 

Amm-C 4v 

xS* - -34.4 ± 2.8 
XS." “36 ±2.8 
xS = - 13*2 ± 1 
xS« = 0 ± 0.05 
xg, “ 0.97 ± 0.06 

1.0582 

nh,h 2 po 4 

(ADP) 

Alm~D 2d 

0.6943 

KH 2 P0 4 

(KDP) 

Alm-D 2d 

X% - 0.98 ± 0.04 
X% = 0.94 
X& = 4.2 ± 0.4 
Xxzx = 4.6 ± 0.4 
XS = -14-0 ± 0.4 

1.0582 

ZnO 

bmm-Q', 

1.0582 

U10 3 


Xgr- -H.2 + 0.6 
xS = -8.4 ±2.8 

1.0642 

CdSe 

6mm-C 6ll 

X3* “62 + 15 
X& = 57 + 13 
Xffi - 109 ± 25 

10.6 

GaAs 

Alm-T d 

X& = 377 ± 38 

10.6 

GaP 

43 m-T d 

x5- TO 

3.39 


"The values of x (2) are obtained from R. J. Pressley, ed., Handbook of Lasers 
(Chemical Rubber Co., Cleveland, Ohio, 1971), p. 497. In the convention we 
have adopted, our x (2> here are two times larger than the d coefficients given in 
the literature. Note that x <2) (esu) here is related to x (2) (m/v) by x <2) ( esu ) “ 
3/4 t r X 10 4 X (2> (m/v). 
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For absorbing crystals, xfyi is complex, and the measurement of second 
harmonic reflection from the surface, with the help of the theory developed m 
Section 6.4 is often used to find xgl 19 Again, the interference techmque can be 

adopted to measure the phase of x!y*- 

The foregoing methods allow accurate relative or absolute measurement ol 
X (2 > but the crystal to be studied must be of fair size and good quality. In 
practice, however, special effort often is needed to grow a crystal of large 
dimensions. It is therefore important that the nonlinear optical constants of the 
crystal can somehow be estimated beforehand. The powder method developed 
by Kurtz 20 is most helpful in this respect. 

Figure 7.8 shows the experimental arrangement. Powder sample is packed 
into a thin cell of a definite thickness, and the second harmonic output from 
the sample over the entire 4 w solid angle is collected. The output is measured 
relative to the second harmonic generation in a reference crystal. The desired 
information can then be obtained by the measurement of the second harmonic 
output as a function of the particle size of the powder. For an aver agepar tide 
size f much smaller than the average coherent length, defined by l^ h - v/ A* 
= second harmonic output P(2«) increases almost 

linearly with f since essentially all the particles in the beam are effectively 
phase matched while the number of particles in the light path decreases 
inversely with r. As r becomes larger than /«*, the output P(2«) can increase 
further if the material is phase-matchable. This is because some particles in the 
light path should have the correct orientation for phase matching. The output, 
however, shows saturation as the corresponding decrease in the number of 



Fig. 7.8 Schematic layout of the apparatus used in the powder measurement of the 
second-order nonlinearity. [After S. K. Kurtz, IEEE J Quant. Electron . QM, 578 


(1968).] 






Second Harmonic Generation with Ulirashort Pulses 


103 



Fig. 7.9 Typical second harmonic output as a function of normalized particle size for 
powders of phase- matchable and non-phase- matchable crystals. [After S. K. Kurtz, 
IEEE J. Quant. Electron . QE-4, 578 (1968).] 


particles in the light path suppresses the gain of P(2w) (Fig. 7.9). For 
non- phase- match able materials, the output from each particle saturates when 
f > i^, and hence P(2w) should decrease inversely with f as a result of 
decrease in the number of particles in the light path as shown in Fig. 7.9. With 
this technique, numerous materials have been surveyed. They can be divided 
into five groups: 20 centrosymmetric, phase-matchable, non-phase- matchable, 
large nonlinear coefficient, and small nonlinear coefficient. 


7.6 SECOND HARMONIC GENERATION WITH 
ULTRASHORT PULSES 

Second harmonic generation with ultrashort pulses requires some special 
consideration. With the pulse length smaller than the length of the medium, the 
nonlinear polarization varies drastically along the length at a given time. The 
only simple case occurs when the group velocities of the forward propagating 
fundamental and second harmonic waves are the same. Then the two pulses 
will propagate together and interact with each other as if the problem were 
stationary. This is the quasi-stationary case. The solution is identical to that of 
the stationary case if i - v g t replaces z where v g is the group velocity. If the 
group velocity dispersion is nonnegligible, then the solution becomes much 
more complicated. Physically, the velocity mismatch causes the fundamental 
pulse to displace against the second harmonic pulse as they propagate along. 
This reduces the effective interaction length and decreases the conversion 
efficiency. 21 - 22 

A rigorous mathematical treatment of the problem has been worked out by 
Akhmanov et al. 21 Infinite plane waves propagating along z with slowly 
varying amplitudes are assumed. As shown in Section 3.5, the pulse propaga- 
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tion of a wave, «f(z, 0exp[ite - in a nonlinear medium can be described 
by 

d£_ _ ^ i2fft*) 2 p NL / (7-26) 

dz v g dt kc 2 


In the present case, the group velocities of the fundamental and second 
harmonic waves are v lg and u 2f> respectively. If we use, as independent 
variables, z and ij = t - z/v lg instead of z and f, then the wave equations 
governing the fundamental and second harmonic wave amplitudes #Jz t t?) 
and £ lu {z, ij) under the phase-matching condition become 


dz 


+ v 


dz 




= 


(7.27) 


where r = v{} - of . 1 and o = (2« ro 2 /*^)^ ‘ X* = *J* assummg^(r = 
0) = o The solution of (7.27) is nontrivial. Akhmanov et al. 21 showed that the 
coupled nonlinear equations can be combined into a single second-order 
differential equation 


dz 2 


(i) ■ ^ ■ M) i 


(7.28) 


where F(V ~ «) = + *L) + a (unction of (tj - vz) 

only, as can be shown by the vanishing Jacobian 


SF/dy , 


BF/dz 


* o. 


Equation (7.28) is now a linear equation with a varying coefficient F. It can be 
solved analytically for arbitrarily large conversion efficiency. 

Let the fundamental pulse at z = 0 take the form 

<,(,)-*/(i+5). ( 7 -») 

Here, r is the pulsewidth. In addition, we define a number of characteristic 
lengths for the problem: L is the length of the medium; = 1/oA is the 
interaction length at which 75% of the fundamental power is converted into 
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second harmonic power in the stationary case; L v = t/v is the propagating 
distance over which the overlapping fundamental and second harmonic pulses 
of width r are clearly separated. With a new set of variables ij = tj/t, 
l S z/L„ r a * ^ NL . / = (t 2 / t ct - 1) ,/2 and £ - [t 2 /t 2 - 1]‘ /2 X I'an '?, 
- tan _1 (ij - z)1 the solution of (7.27) has the form 


(l + 5j 2 ) ,/2 [l+(W) 2 ] 


, 21 1/2 


|cosh£ + ysinh £ 


(7.30) 


t ct f 2 cosh ^ +[/- Tj(7) - 2)//]sinhn /[, 
2w T\ cosh£ -b (^// )sinh ^ j' 


+ (* “ z) 2 


When L y » L nl (t » the group velocity dispersion is clearly negligible 
so far as second harmonic generation is concerned. In this quasi-stationary 


case, the solution in (7.30) reduces to 


£ 

.3 

II 

+ U*. 
1 

[ (l + 1 ) 2 )^nl ] 

^•,(*>1!)- J + ?j 2 Umh 

z 

(1 +ij 2 )L NL 


They are exactly the same as the stationary solution for second harmonic 
generation given in (7.8) if we replace & u (z = 0) there by A/( 1 + tj 2 ), In the 
limit of negligible pump depletion, z (1 + tj 2 )L nl , the second harmonic 
field from (7.31) is proportional to the square of the fundamental field 


<^2 W (^) =*2W*/ AL HL‘ 


Then the second harmonic pulsewidth is approximately half of that of the 
fundamental. 

When L y < the group velocity mismatch becomes important, and the 
general solution of (7.30) must be used. There is a relative displacement 
between the fundamental and the second harmonic pulses. Consequently, the 
conversion efficiency drops, and the second harmonic pulse broadens. This has 
been experimentally confirmed. 23 On the other hand, one can also use the 
group velocity mismatch to sharpen an input second harmonic pulse through 
amplification. If the fundamental pulse is appreciably longer than the second 
harmonic pulse, and if v g2 > v gl , then the two pulses can be arranged in such a 
way that the leading edge of the second harmonic pulse always sees the 
undepleted part of the fundamental pulse and gets amplified more than the 
lagging edge, resulting in a sharper output pulse. 


106 


Harmonic Generation 


The group velocity mismatch is generally more appreciable at higher fre- 
quencies because of anomalous dispersion due to absorption bands in the uv 
region. For a 1-psec pulse propagation in KDP, for example, L v = 3 cm at 
A - 1.06 pm and L „ = 0.3 cm at A = 0.53 pm. Thus the effect of group 
velocity mismatch is much more important for frequency doubling of picosec- 
ond pulses into the uv. 
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Difference-Frequency 

Generation 


Difference-frequency generation is theoretically not very different from sum- 
frequency generation, but the problem is of great technical importance in its 
own right, as it provides a means for generating intense coherent tunable 
radiation in the infrared. Traditionally, blackbody radiation has been the only 
practical infrared source. Yet, governed by the Planck distribution, it hasweak 
radiative power in the medium- and far-infrared range. A 1-cnr 5000 K 
blackbody radiates 3500 W over the 4ir solid range, but its far-infrared content 
in the spectral range of 50 ± 1 cm 1 is only 3 X 10' W/crn? ■ sterad. 
Infrared lasers may seem to have all the desired properties as infrared sources 
but their output frequencies generally are discrete with essentially zero tunabil- 
ity Tunable infrared radiation can, however, be generated by difference- 
frequency generation. Being coherent with high average or peak intensity, it 
may find many applications in the field of infrared sciences. This chapter deals 
mainly with infrared generation by difference-frequency mixing. The diffrac- 
tion effect is considered in the long wavelength limit. Far-infrared generation 
by ultrashort pulses is also discussed. 


8.1 PLANE- WAVE SOLUTION 

In the infinite plane-wave approximation, the theory for difference-frequency 
generation follows almost exactly that of sum-frequency generation if the 
pump intensities can be approximated as constant. Then the output power at 
u) 2 = 0 3 - generated from the bulk is 

P( w 2 > z ) 3 2 v „ sin 2 (A fez/2) 2 

_ = - Ul ) : e , e ,[ 2 1 ' * 2 

PK)P(« 3 ) (8.1) 
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With phase matching and in the presence of appreciable pump depletion, the 
solution of Section 6.7 must be used. However, the usual initial boundary 
condition is u 2 (z — 0) = 0 [i.e., <f 2 (0) = 0; the notations here follow those in 
Section 6.7.] in the present case. The equation to be solved becomes {$ = - tt/2) 

= + 2 [u^(m, - i/|)(m 3 + (8.2) 

with m x = u 2 (0) and m 3 = u 2 { 0). The solution takes the form 

«!(f)= -«i 2 (0)sn 2 [iu 3 (0)f, y], 

«i (f) = «f(0) - «i 2 (0)sn 2 [/u 3 (0)^ y], (8.3) 

« 3 2 (0 - « 2 (0) + Ui 2 (0)sn 2 [iu 3 (0)f, y] 

where 

/ iu 2 \ = o> dy 

S " Ui(O).r) ‘o [(1 -^ 2 )(l - yV )] 1/2 

u 3 (0) ‘ 

In the particular simply case where ^ wf(0) or \y 2 y 2 \^ 1, we have 
sn[/« 3 (0)£] s /smhfu 3 (0)f] and hence 

" 2 (f) = « 2 (0)sinh 2 [u 3 (0)f] , 

Mi(^) = uf (O)coshi 2 [*/ 3 (0)r] , (8.4) 

) - « 2 (0) - uf^sinh^t^OK] = «|(0). 

For [w 3 (0)£| « 1, this solution leads to (8.1) with M = 0. The above results 
can of course be obtained directly from the coupled wave equations of (6.25) 
by letting be a constant. The more general solution with <? 3 = constant, 
^(0) # 0, S 2 {Q) * 0, and A* *= 0 can also be obtained, but this is postponed 
to the next chapter in connection with a discussion of parametric amplification. 

The plane- wave approximation adopted here is good as long as the output 
wavelength is much smaller than the beam cross section. The foregoing results 
should describe fairly well near-IR and mid-IR generation by difference- 
frequency mixing. Experimental reports on the subject are numerous, and have 
been summarized in recent review articles. 1,2 An important fact to realize is 
that the efficiency of infrared generation is expected to be low because of its 
dependence on the square of the output frequency as seen in (8.1). 
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8.2 FAR-INFRARED GENERATION BY 

difference-frequency mixing 

the pump beam diameter appears comparable to the far-IR wavelengtn. 
must look for a better solution of the wave equation 

[ v x(vx)-^e(*o J ) ]E(« 2 )-^ pli H“t) (*- 5) 

pump fields can be neglected and the amplitude ol r can B 
of (8.5) has the familiar expression 3 




P< 2 >(r',«,)e' t,|, ~ Tl 
(r - r'l 


p * * — - wjsi tssz 

medium. With P v '(r , u> 7 ) Known, ^ 2 , , WiJk __ iiat \ and 

r u 

E(w 3 ) - e 3 (r)exptMc 3 if 3 t 2 2 . van ishing elsewhere. The 

constant in a cylinder defined by (x +y ) < ^ anuvdi & 

nonhnear polarization is assumed to have the form 

(! _ /r)’P <J >( r ', “2) = p( 2 >e‘ (tl ‘ ! '" 2<) for (x 2 + y 1 ) S 

= 0 for (x 2 + y 2 ) > a 1 ( 8 - 7 ) 

k 2* S *3 ~ ^1- 

With this expression of P«, the integral m (8.6) can be readily evaluated. Let 

r = 2r cos<f> + xrsin<f> (see Fig. 8.1), 
r ' — xp' cos B + pp* sin 0 + zz , 

and 

“p- K - r r 
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: far field. Equation (8.6) then becomes 4 - 5 

E / r u .) = fdpm *' 1 ' 1 "'""" - i' n 

v ’ 2 c 1 r *—t/l 

X fdp'J U p‘dee-‘ k ^ , ^ ,> 


a — jl + — cos<J>j, p = k 2 a sin <t>, A/c - k 2i k 2i 

and J n being Bessel’s function. We now have 

, / « 2 * ,,/ 2 («i 2 ) 2 ($ma\ 2 [ l 2 / R ft\ 

^ [— 0 — ] * ( 9) 

Integration of c/e(« 2 T|£(r, « 2 )|V 2 * over the detector surface (Fig. 8.1) yields 
the total far-infrared power P(« 2 ) collected by the detector as 

P ( u 2 ) = E(t, w 2 ) | 2 2ur 2 sin <f> (8 .10) 

This result is physically understandable. The [2 term arises from 

diffraction from a circular aperture as usual, and the (sin a /a) 1 term describes 



Fig. 8.1 Schematic for calculations of power output. The laser beams produce a 
nonlinear polarization in the crystal at the difference frequency; the polarization is then 
treated as a source for the difference-frequency generation. 
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the phase-matching “ndWo^fa the 

effect is expected ' ££* phase-matching factor 

and then (sin a/a) reduces approxun y , ^ is large enough so 

lsm(AW2)/<AW/2^ 

that^ » VM> " o f then bc shown to have an expression 

«« .1. — » 

(8.9) and (8.10) can in fact be used for an ord^ O^ approaches the 4 

far-infrared output. In the long-wav g > ^ h dipole radiation 

dependence on the ^ CraU ° n 

difference- freque^y g^eration^still can be much more intense than a blackbody 

tion leading to (8-9). It is possib numerically to yield a better 

at far-IR wavelengths than that of *** In treating waves at the 

waves at the boundary surfaces are ry ^ uge the far-field approxima- 
boundaries of the no ” lm “ r Cr7 " eor( , ucal ^ roac h inappropriate for dealing 
tion. This makes the foregoing _, roDeT i v into account the boundary 
with the boundary effects. In orde P P® / endent far _iR field into spatial 
effects, one should dt^m^setesP ditions on each component 

sssrsraa sana- sses 

to the literature for the 

details of the calculation. . , f ^ usually large (~ 5), 

Since the far infrared re rac ive £ven multiple reflections can be 

reflection at a solid- air boundary . Fabrv-Perot factor to each 

significant, and in a crystal wavd»^th Tie far-IR field 

Fourier component in the output ^ ^ 8^ nBMhing <*„ be 

makes the phase-matching tmgJe 1 ^ b roa d ^ne. This cone is 

satisfied approximately by far- V l ^ r e fra cti 0 n at the boundary. 

substantially broadened outside th JJ ^ble t0 get out of the crystal 

Part of the far-IR rad.at.on may not even be. Mc*t ^ helpSi bu , 

because of total reflectioiL Focusmg output field in (8.6) 
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good approximation if the realistic P^r', w 2 ) use ^ ^e calculation* 
Equation (8.1) obtained from the infinite plane-wave approximation, however, 
gives a poor description of the far*IR generation. 

Experimentally, far-IR generation by difference-frequency mixing has been 
observed in numerous cases, ^ 5 with output frequencies ranging from 1 to 
several hundred inverse centimeters. For example, in LiNbO s , x?W( w = <*i ~ 
w 2 ) = 4.5 X 10“*esu for ~ w 2 around the ruby laser frequency. If the 
pump laser beams are of 1 MW each over an area of 0.2 cm 2 , a far-IR power of 
- 3 mW at 10 cm -1 is expected from (8.10) to be generated from a LiNbO^ 
crystal 0.05 cm thick under the phase-matching condition. In a real experi- 
ment, 1 mW at 8.1 cm“ 1 was detected from a crystal of 0.047 cm. 4 Discretely 
tunable CW far-IR output of 10“ 7 W has also been observed from mixing of 
two C0 2 lasers (25 W) in GaAs. 7 Tunable far-IR radiation can also be 
generated by stimulated polariton scattering and by spin-flip Raman transi- 
tions. We postpone their discussion to Chapter 10. 


83 FAR-INFRARED GENERATION BY ULTRASHORT 
PULSES 

The discussion in previous sections on infrared generation by optical mixing 
applies to cases where the pump beams are quasi-monochromatic. The two 
pump pulses are assumed to be sufficiently long, and the spectral purity of the 
infrared output, generally correlated with the laser spectral widths, is limited 
by the pulsewidth. Here, however, we consider the case of far-IR generation by 
a single short laser pulse. B ’ 9 If the laser pulsewidth is as short as 1 psec, the 
corresponding spectral width should be at least 15 cm -1 . Then, in a nonlinear 
crystal, the various spectral components of the pulse can beat with one another 
and generate far-IR radiation up to the submillimeter range. One might 
consider this an optical rectification process in which a dc picosecond pulse is 
generated. However, unlike the case discussed in Section 5.1, we are here 
interested only in the radiative component of the rectified field. This generation 
of the radiative output is subject to the influences of phase matching, diffrac- 
tion, boundary reflection, radiation efficiency, and so on. 10 

Far-IR generation by ultrashort pulses is, as usual, governed by the wave 
equation 


V x(v XE) + ^ft 




( 8 . 11 ) 


Given P (2) (r, / ). (8.11) with appropriate boundary conditions can, at least in 
principle, be solved. The far-IR output and its power spectrum can then be 
calculated. The solution of far-IR generation by a single short pulse in a thin 
slab of nonlinear crystal has actually been obtained through the Fourier 
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under the dashed envelope arises from the Fabry-Perot geometry of the slab, {b) Curves 
showing the three major contributions to the far-infrared output spectrum in (a). Curve a 
gives the power spectrum of the rectified input pulse. Curve b gives the phase- matching effect 
for phase matching at w - 0. Curve c gives the dipole radiation efficiency. (After Ref. 5.) 
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transform of E(r, 0 and P ( 2 >(r, r), neglecting the dispersion of e and x (2) ^ 
p<i)( r> /) = x ( 2 ) . ^ t)E*(r y O- 10 We present here a physical description of the 
solution. 

Figure 8.2a shows the calculated power spectrum of far-lR radiation 
generated by a 2-p$ec Nd laser pulse from a 1-mm LiNb0 3 slab. First, the 
Fabry- Perot geometry of the slab gives rise to the interference pattern under 
the dotted envelope. Then the dotted envelope of the spectrum is basically the 
product of three contributions seen in Fig. 8.2 b: curve a represents the power 
spectrum of the rectified input pulse, curve b describes the w 2 dependence of 
the radiation efficiency with a much sharper low-frequency cutoff as w -* 0 due 
to diffraction; curve c is the phase-matching curve with its phase-matching 
peak at w = 0 for the particular crystal orientation with the c-axis along the 
face of the slab. Thus, the calculated power spectrum in Fig. 8.2a can be 
physically understood. 

Such theoretical calculation actually gives a very good description of the 
experimental observation. Figure 8.3c/ shows a comparison between theory and 
experiment for far-IR generation from a 0.77 5 -mm LiNb0 3 with the c-axis in 
the slab face by a train of normally incident mode-locked Nd/glass laser 
pulses. 8 The Fabry-Perot pattern is absent here because the spectrum has been 
averaged over the actual instrument resolution. By orienting the crystal to 



Fig. 83 Far-infrared spectrum generated by mode-locked pulses in LiNb0 3 phase 
matched at zero frequency. The experimental points were obtained from the Michelson 
interferogram and the solid curve from the theoretical calculation assuming Gaussian 
laser pulses with a 1.8 psec pulsewidth. {b) Far-infrared spectrum generated by 
mode-locked pulses in LiNb0 3 oriented to have forward and backward phase matching 
at 13.5 and 6.7 cm -1 , respectively. The experimental points were obtained from die 
Michelson interferogram. The solid and dashed curves were calculated by assuming 
Gaussian laser pulses with a pulse- width of 2.3 and 1.8 psec, respectively. (After Ref. 
8 .) 
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achieve phase matching at finite w, one expects, from the above discussion, 
that a single phase- matching peak at w * 0 may dominate the output spec- 
trum. An example is seen in Fig 8.3 b. Again, theory and experiment agree 
well. The two peaks in the theoretical curves correspond to phase-matched 
generation of the far-lR radiation in the forward and backward directions, 
respectively. This figure suggests that we can have tunable far-lR output by 
simply rotating the nonlinear crystal. As shown, the pulse still has a fairly 
broad linewidth, indicating that it is also a pulse of picosecond duration. 
Nevertheless, since the output linewidth is appreciably narrower than the laser 
linewidth, the output pulse must be appreciably longer than the input pulse. 
That the output is still significant after the input has more or less decayed 
away is an interesting fact considering that the medium response to the input 
pulse is essentially instantaneous in this case. With an input peak power of 0.2 
GW over a cross section of 1 cm 2 , a far-IR output of 200 W peak power has 
been detected from a 0.78-mm LiNb0 3 crystal. 8 
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Parametric Amplification 
and Oscillation 


The three-wave interaction discussed in previous chapters is manifested by 
energy flow from the two lower- frequency fields to the sum-frequency field or 
vice-versa. The latter happens in difference-frequency generation, which, in 
general, can be initiated with a single pump beam at the sum frequency. 
Difference-frequency generation can then be considered as the inverse process 
of sum-frequency generation, and is generally known as a parametric conver- 
sion process. Parametric amplification and oscillation in the radio frequency 
and microwave range were developed before the laser was invented. 1 The same 
process was expected in the optical region, and was actually demonstrated in 
1965. 2 It has since become an important effect because it allows the construc- 
tion of widely tunable coherent infrared sources through the controllable 
decomposition of the pump frequency. In this chapter w r e explore the theory of 
parametric fluorescence, amplification, and oscillation together with some 
practical considerations. 


9.1 PARAMETRIC AMPLIFICATION 

As an inverse process of sum-frequency generation, the general theory of 
parametric amplification is the same as that for difference-frequency genera- 
tion. In fact, the only difference of the two processes is in the input conditions. 
Even there, the difference is not clear-cut, but we normally consider parametric 
amplification as a process initiated by a single pump beam while difference- 
frequency generation is initiated by two pump beams of more or less compara- 
ble intensities. The difference disappears after a significant fraction of the 
pump energy has been transferred to the two lower frequency fields. Thus the 
theoretical description of parametric amplification with infinite plane waves 
again starts from the set of three coupled wave equations (3.4). In the slowly 
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A* = ^i/jr*^ 3 e' z+ *°. 
dz 1 


X/._nia 

a/ 2 
a 


- — Jr/,/,**-' 

fc 2z 


(9.1) 




A k z-M □ 


where 


K = ^ W 1 + W i) 1 

c 2 


and A k — k 3z k^ z k 2z t 


a - ^ *3 A* \ J 

and " 0 h re 9 - lP/2. m'SrfS rf flJ)2!h A* ^0 taftea discussed 
“pre^S chWs in “"“"f "2 255^(5 

tot the case of negligible .pop «M»»» can be regarded 

The assumption of neghgi e p^p^^^ ^ a gcl of two linearly coupled 

as a constant. Equation (9.1) the c,e ,TlX , we find 

equations between /, and /,*. Wnting * = Cf > and cr 2 ^ 

immediately "ft - — 1i + 


*Yi. 


-Jl 


±KS? 


k K *' 

*u 


(9-2) 


This leads to the solution 


y 1± -i[Afe±i«l. 


(4<^|\ ^2 

g ° [tub,] 


s-lzl-wV 

/. = [C lt e^ /2) “ + C 1 .e ,,/J,p ]e +i,,/2,A ‘ 

2 1 2 . M. ll/2 
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Ci±- ± 
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o«/t± ,)'.(«> -5(fe)' / ‘^ (,) 

/ t \ 1/2 

iur,>wS(fe) - , ' W 


(9.3) 


Parametric Amplification * ^ 

This solution shows the following physical properties. If is small so that 
z* < (AA) 2 , then g is purely imaginary. If is sufficiently large so that 
zl > (A A) 2 , then g is real and positive, and at large gz, both and <? 2 grow 
exponentially with *. Thus g 0 - (A A) is the threshold for parametric amplifica- 
tion. The parametric gain is clearly a maximum with g - g 0 at phase matching, 
Me = 0. Introduction of attenuation coefficients at «i and w 2 in the above 
formalism is straightforward. As expected, they increase the threshold and 

decrease the gain. . 

As an example, consider parametric amphfication m LiNb0 3 with Xeff - 
X 10- 8 esu at \ ~ X 2 - 1.06 pm with n, - « a - 2.23. The maximum gam is 
found to be g 0 ~ 0.9 x 10" V 3 cm" 1 . For a pump field of - 100 esu 
corresponding to 2.5 MW/cm 2 , the gain is 0.9 cm . Thus the overall 
exponential gain gl even in a crystal of length / - 5 cm is not very large. To 
achieve an overall gain of g 0 l - 40, we must either use a pump beam of much 
higher intensity (which is attainable only with picosecond pulses if optical 
damage to the crystal is to be avoided) or use an optical cavity to increase the 
effective length. In the latter case, the system may become an oscillator, as will 

be discussed later. , 

As noted in (9.3), the phase mismatch A A suppresses the gam very eflec' 
lively Therefore, in the limit of high conversion efficiency, we need only 
consider the phase-matching case although the general solution of (9.1) with 
Me * 0 has been worked out by Armstrong et al. 4 Following the notations and 
derivation in Section 6.7, we find, assuming 6 0 - -v/2 in (9.1), 

± U \-1 [«!K -«!){»», w 


which has the solution [assuming »?(<)) < w 2 (0)] 


«IOr) = («!(°) - «?(o))sn 2 




) = «l(o) + “J(°) - "i<f ) 

, «?( 0 )-«?( 0 ) 
y «l(0) + «f(0)' 


(9.5) 


In the case of u,(0) = 0, this result can be shown to reduce to {8.3) derived for 
difference-frequency generation. 
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9.2 DOUBLY RESONANT PARAMETRIC OSCILLATOR 

As mentioned earlier, an optical cavity can be used to increase the overall gam 
in parametric amplification. Then, parametric oscillation can also occur. That 
tunable output is possible in the absence of input makes the parametric 
oscillator a practically more useful device than the parametric amplifier. 

As shown in Fig 9.1, a parametric oscillator is composed of a nonlinear 
optical crystal sitting in an optical cavity. For simplicity, we assume that the 
cavity is formed by two plane parallel mirrors. Two types of cavity commonly 
are used. The doubly resonant cavity has the mirrors strongly reflecting at bo 
a, and and the singly resonant cavity has the mirrors strongly reflecting at 
either <o, or Usually, both mirrots are transparent to the pump wave. U the 
single-pass parametric gain is small, the pump intensity can he regarded as 

”ut^nl* e *eT^r^nCcase fast’’ The fields in the cavity can 
be written as 

E((0!) = 

E(<j 2 ) - 2£ 2 {t)s\nk 2 ze~ iw »\ ( 9 - 6 ) 

E( w 3 ) = //*>'-** 

with = U 10 , «2 = « 20 . and «3 = W 1 + w 2 = w io + w 2 o + The cavity 
condition requires 


m L ir + 
l 


and kj = ' 


m 2 v + ^2 
' l 


where m, and are positive integers, 1 is the canty length (we ^mehere 
for Simphcity. Hat the crystal length is equal to the cavity length), and 2$, and 
2*, are round-uip phase shifts at to, and » 2 due to boundary reflections and 
refractions. The coupled wave equations in this case become 


U.E*(ioj)E(« 3 ), 


[*? + 7( r >l + S)] E( “ ,) = + 4 ? X<2):E,( “ 2)E( " 3 )’ 

[fc| + + £)]■•(«,) - + ^X (2 > : E-(«,)E(«t). (9.8) 



Fig. 9.1 Schematic diagram of a parametric oscillator. 
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Here, r\ and r 2 are the damping constants at and w 2 - They constitute the 
attenuation loss due to absorption and scattering in the cavity plus the mirror 
transmission loss. With an intensity attenuation coefficient of a,(w,) per unit 
length and two mirrors of equal reflectivity Rj( <■>,), r) is obtained from the 
definition 

*-*>'/* = R]e- 2al 
or 



We assume I\ - T 2 . With the slowly varying amplitude approximation, 
\d%/dt 2 \ •« fadgjdtl (9.8) reduces to 

[1 + ir]#,(r)sin k,z = ( 910a ) 

+ ■|rj^‘ 2 *(/)sm k 2 z = j k i ze' ky ' (9.10b) 

where 

K = = -W 2 + " 3 ) : *2*3 

c i 

and we treat «^ 3 as a constant. Multiplying (9.10a) and (9.10b) by sin k x z and 
sin k z z, respectively, and integrating the equations from 2 - 0 to z = l we find 


sin(A/c//2) _, AA 




//2 




(9.11) 


4* 1/1 


The solution of this set of linearly coupled equations can be written in the form 


g*{t) = (n 2+ e'*' + r» 2 -«’-') e,i,l/2)4 “'' 

j ± -H~r±G], (9.12) 

G — [Gq — (i«) 2 ] l/2 , 

r,i “io u 2o c4 vij/i si n 2 ( Aft //2) 

°'^T 3 {czki/if 
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where D l ± and D 1± are coefficients to be determined from (9.11) together with 
the initial values <^(0) and <? 2 *(0). 1° the discussion of parametric oscillation, 
however, it is not possible to find D 1± and D 2 ± . We are more interested in the 
threshold condition for oscillation. Equation (9.12) shows that oscillation starts 
when G - = T or the threshold pump intensity for parametric oscillation is 

. (9.13) 

2™id^mC : ' ^ 2 sin 2 (A<i 1/2) 

nffi”} (Akl/2) 2 

Clearly, the threshold is a minimum for Ato = 0 and A/c = 0. Thus if we use 
the same LiNb0 3 crystal described in the example of parametric amplification 
and insert it between two plane mirrors of R l — R 2 ~ 0.98 separated by the 
crystal length / = 5 cm, we find a minimum pump threshold of 

(/*)„*, - 2.5 kW/cm 2 

assuming that the attenuation loss is negligible. This is a fairly low intensity 
and is achievable even with a CW laser. The doubly resonant CW parametric 
oscillator was first demonstrated by Smith et al. in 1968. 6 

The solution in (9.12) also shows that the output frequencies of the signal 
and idler waves are 

— (i?jq + 4 Aw and w 2 ~ "b ^Aw (9.14) 

with w 10 and being the cavity resonant frequencies given by (9.7) and 
Aw = to 3 - u 10 - <*>20 is automatically minimized to achieve the lowest pump 
threshold possible. Tuning of the output frequencies is discussed in Section 9.3. 
One serious disadvantage of the doubly resonant parametric oscillator is that it 
has low stability. 7 * 8 Let us assume that originally the oscillator with a cavity 
length / operates at = w 10 = u 2 — = m 2 7rc/n 2 f, and w L + <o 2 

— w 3 . A small change of the cavity length A/ due to external perturbation 
shifts the output frequencies to t*\ - «i 0 = ("*i + A m)irc/n l (l + A/), w 2 = 
u'o = («2 - A m)vc/n 2 {l + A/), and <*>[ + u' z = w 3 . We then find 

*— .(tI/ISK^) 


The shift in the output frequencies due to A/ is therefore given by 
fiu = q \ - - w 2 - «2 

A l 

l 

n 2 A / 

i 1 


-w 3 — 


(9.15) 
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Thus a change of M/l = 10“ 7 , which shifts the frequency of a cavity mode by 
only 10“ 7 , will cause the output frequencies of the doubly resonant parametric 
oscillator to change by more than 10 _5 « 3 if |« 2 - ”il / n 2 - 10“ 2 . shows 
that the output of the oscillator will be very unstable, subject to external 
vibration and thermal fluctuations. 

For steady-state operation, an oscillator must have its gain clamped to the 
threshold value, since otherwise the output would continuously grow in time or 
decay to zero. This makes the calculation of conversion efficiency fairly 
simple. 5 The pump field in the cavity is self-adjusted through pump depletion 
by parametric conversion to yield an oscillator gain clamped to the threshold. 
The signal and idler fields increase with the increasing pump energy, but being 
standing waves, their amplitudes are constant across the cavity. The part of the 
pump power coupled into the signal and idler fields should show up as power 
loss in the cavity and in the signal and idler output through the cavity mirrors. 
Let us assume the phase-matching case, AA: - 0. In the slowly varying ampli- 
tude approximation, the equation for reduces to that in (9.1). With 0 O = 
-v/2, the forward propagating pump field at z - / is 

^(0 = ^ + (o)-(^)«W- < 916 ) 

Then the generated fields at and <*> 2 in the cavity can also react back and 
generate a backward propagating wave at w 3 with 

( 9 - 17 ) 

Energy conservation requires 

«,{l<f 5 + (o)l 2 - l<r 3 W - l<r 3 -(0)l 2 } - «iKil 2 (l - e- 2r ""') 

+n 2 |<f 2 | 2 (i - <r 2I >>' / *) (9.18) 

= («iV,l 2 r, + »ii<r 2 | 2 r 2 )2/A 

That the number of photons generated at and « 2 must be the same leads to 

"l <*>2 

Combining (9.16) to (9.19) gives 

njTM 1 "?r,l<fil 2 
«i»3l*j + (0)l 2 «1«,I#1 + (0)| 2 

( I 1 1 1 

«>/ Iv^v N \ 


(9.19) 


(9.20) 
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If we take - <*Ho> «2 - « 2 o> W/^i^/^^Since Go is propor- 

SSSJlSf ^output (signal and idler, including attenuation 
loss in the cavity) is 




2 2I\ + flilffzl 


The overall conversion 


efficiency is then given by 


v P. 


7(^-1). 


which can reach 50% for N - 4. 

9.3 SINGLY RESONANT PARAMETRIC OSCILLATOR 

seldom used in practice even though ».«, U| (he 

2 on,y at «, Then we 

can describe the three fields as 

E(u 2 ) - 2 / z (r)sin fc 2 ze' , “*‘. ( 9,22) 

E( Uj ) - 

, . _ riearlv in this case, a small frac- 

^ ° UtPUt 

equauons to IXwO^d « 2^ of parametric amplificauon in 

approach here. We can star parametric oscillation, a single-pass 

" n. *— *. — —*• - 
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A A: - 0. The round-trip attenuations of the two fields are e~ T '*' l/c and 
e ~T 2 >t 2 i/x^ respectively. Then from (9.3) we have 

<?j(0) - e ~ [<f, (Ojcoshj^,,,/ + <f 2 *(0)sinhig lh / , 


(n \ 1/2 

<f*(Q) = e ~ T ^ l/c <f 2 *(0)cosh \gj - J ^(0)sinh 


(n \ l/z 

coshig^/ - e r '" |,/c , ij^J sinh^g*/ 

\ 1/2 

J sinh^gj, cosh \ Sth l - e Ti ” iI/c 


This leads to the threshold condition for oscillation 


coMgJ ! 


l + e triBi + rj* 2 )/A 
e T,*il/c + € r t n 2 l/c 

( e tw/c _ i)( e W/c _ l ) 
1 1 + e IW/c + e r 2 « 2 //r 


The result here is quite general and is applicable also to the doubly resonant 
case, where \gj, IW/e, and T 2 n 2 l/c are all much smaller than 1. Equation 
(9.25) reduces to g^ - 4rt 1 rt 2 r i r 2 /<r 2 > which can be shown to be the same as 
the threshold condition (G^ = T) derived in the previous section. Now, for the 
singly resonant oscillator, only and Y 7 n 2 l/c are much smaller than 1, but 
exp(F 1 n 1 //c) » 1 because of the large transmission loss of the mirrors. We 
then find the threshold condition to be 


gl> 2 = * 


( c r>i<A - l)r,n 2 //c 

\ 4- 


In comparison with the doubly resonant case, the square gain threshold ratio, 
which is equal to the pump threshold ratio, is 


( &th)singly 
( £th) Doubly 


(^di)singly 
(Ah) Doubly 
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For R, = 0 98, this ratio indicates that the pump threshold for the singly 
resonant osctllator is 100 times higher than that for the doubly resonant 
oscillator. Thus singly resonant parametric oscillators usually require pu 

'^"onTctency can agatn be calculated from energy or photon 
number consideration, knowing that the oscillator gam must be elampedlo the 
threshold in the steady-state operation. In this case, is a constant, an ,( 
and <f 3 (/) are obtained from the coupled wave equations m (y.l) 

p- - 


The backward waves at «, and «, are negligible. With ^(0) - 0, we find 


|^(/)| J - |A(O)!W0/ 


«i « 3 

n,e photon number generated at Wl in a single-pass gain must be ^ to the 
photon number at « 2 generated and then lost in a round tnp around the cavtty, 

so that 

(2r,n,//c)n 2 K 2 | 2 _ "iKi(0l* 




The last equality leads to the relation 

sin 2 pi = ±_ 
0 2 / 2 N' 


( Ul w 2 c7fl,n 2 )KVj( 0 )l 2 = So 


8(r 2 n 2 //c) 
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again has the physical meaning of how many times the pump intensity is above 
the threshold value. The conversion efficiency is then given by 


t? 


P3 


"iKi( 0 l 2 +(2W/c)n 2 \<? 2 f 


= sin 2 pi 


(9.32) 


with sin 2 /!/ determined from (9.31). For N' - 4, we find n - 90%. This is of 
course somewhat ideal since we have used the steady-state plane wave ap- 
proximation in the derivation. A more realistic calculation with Gaussian beam 
profiles has been worked out by Bjorkholm . 11 The output conversion efficien- 
cies at Wj and defined as output versus input, are 

(9.33) 

r 2 n 2 //c(^K 

An overall output conversion efficiency, iJoui( w i) + 7 lout( w 2 )> & high as 70% 
has been experimentally demonstrated . 12 


9.4 FREQUENCY TUNING OF PARAMETRIC OSCILLATORS 

The output frequencies of a parametric oscillator are determined by energy and 
momentum conservation 


6)3 = w t + w 2 and /c 3 = + k 2 . 


Together they yield the relation 

a> 3 [nj(« 3 ) - n 2 (« 3 “ w i)l " + rt 2 ( ^3 _ w i)l- (^ -^) 

Equation (9.34) dictates the signal frequency u, if the dispersions of the 
refractive indices are known. As discussed earlier in sum- frequency 

generation, (9.34) can be satisfied only in anisotropic crystals. With negative 
uniaxial crystals in the normal dispersion region, n 3 (w 3 ) must be extraor- 
dinary, while njCojj) and « 2 ( w 2 ) can be e ^ er both ordinary (type I phase 
matching) or one ordinary and one extraordinary (type II phase matching). 
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Equation (9.34) shows that the output frequencies of the oscillator (or the 
frequencies for maximum parametric gain) can be tuned if n(«) can be vaned 
bvextemal parameters. We consider here frequency tuning by angular rotation 
of the crystal and by temperature. We assume type 1 phase matching m the 

k'lTangle 1 tuning, let the output frequencies be u, and « 2 when the crystal is 
oriented with an angle 9 between its i axis and the axis of the cavity. We have 

u,n5(u 3) 0) = + «2»2(“2)- I 9 ' 35 ) 

If the crystal is now rotated to 6 + AS, the output frequencies should corre- 
spondingly change to Ul + and a, - fe. Equation (9.35) becomes 

*) + $*] - (“1 + + + 0(a " 2) ] 

+ («2 - m[»j(«j) _ + 

(9.36) 


A w 


■-3MI-S- -SI- <M ” 


where 0(A<o ! ) are terms of orders higher than or equal to (Aw) 2 . For uniaxial 
crystals, one finds 


d$ 2 [\»?l \»j/ 


(9.38) 


Then given the dispersions of »,(»,), the angular turnng curve «, (or « 2 ) 
ve^fSi be calculated from (9.37) and (9.38). As approaches^ 
however, the quadratic terms of Au in (9.36) become nonneghgible^ Keeping 
the (Ate) 2 terms in (9.36) near the degenerate operating point 9 = and «, 
«= we find, instead of (9.37), 

j 1 \ 1/2 

. f /ini) / 2 i5. + ^— (if) l/2 . (9-39) 

\" 3 \ S9 }t / 1 3“ 2 3» 2 Ju/2 )«,/ 
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Fig. 9.2 Tuning range and gain bandwidth for the angle-tuned, singly resonant, 
LiNb0 3 parametric oscillator. The pump wavelength is 1.06 (After Ref. 14.) 


As examples, we show in Figs. 9.2 and 9.3 the angular tuning curves of LiNb0 3 
pumped by a 1.06-/im laser beam and ADP pumped by a 0.347-/1 m beam. The 
tuning is of the order of 1000 cm -1 per degree of rotation away from the 
degenerate point. 

Temperature tuning follows a similar treatment. Assume at temperature T 
«,«§(*„ r) - «,*?(*>„ T) + U 2 fl5(u 2 , T). (9.40) 


At T + AT, the output frequencies change to u 1 + Au and w 2 - Aio, and we 
have, away from the degenerate operating point, 


w 3 |«|(« 3 ,r) + ^AT 


Aw 


(wj^ + Atd) 


»?(“! ,T)+ ^AT+ |^A« 


+ («2 ” Aw)i 


n^ 2 ,T) + ^AT-gA« 


Oy{anl/BT) - u^dnl/dT) - u 2 {dn\/dT) 
<ij — n 2 + m^dn^/du) - a 2 (dn1/dw) 


(9.41) 
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4500 


Wavelength in Angstroms 

7000 10000 


15000 



2 0 -2 
Fractional Frequency Shift A 

Fip. 93 Tuning curve for the angle-tuned ADP parametric oscillator. The pump 
wavelength is 0.347 jim. The angle A0 is measured with respect to the angle at which 
the signal and idler frequencies are degenerate. The dotted curve is a theoretical curve. 
[After D. Magde and H. Mahr, Phys. Rev. Lett. 18, 905 (1967).! 


Around the degenerate operating point, T — T 0 and — w 3 /2, we find 



The temperature tuning curves of LiNbOj for a number of pump laser 
frequencies are shown in Fig. 9.4 as an example. With a pump wavelength at 
0.53 ji m, the degenerate point is at T 0 a 49.3 °C and tuning is 300 cm /( °Q. 

While bk = k)- k^- k 2 = 0 determines the output frequencies, A kl ~ 2 tt 
determines the gain bandwidth of a parametric oscillator. Since 


Idn A 

(9»i\ 


-“fej 


j/fiw / c 


(9.43) 


A W = 
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Fig. 9.4 Tuning curves for the temperature- tuned LiNb0 3 parametric oscillator at 
various pump frequencies. [After R. L. Byer, in H. Rabin and C. L. Tang, eds.. 
Quantum Electronics (Academic Press, NY, 1975), vol. I, p. 63L] 


the bandwidth is given by 




= 2 t tc / /|/i| 



(9.44) 


Around the degenerate operating point, a better approximation gives 


= 




(9.45) 


The result here shows that near the degenerate point, the bandwidth can be 
fairly large, — 100 cm^ 1 for / — 1 cm. Away from the degenerate point, Sto is 
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Fig. 9-5 Singly resonant cavity design for an angle-tuned parametric oscillator. {After 
Ref. 14.) 

typically around 5-10 cm* 1 . A more dispersive crystal yields a narrower 

linewidth can be narrowed appreciably by using frequency 
selection elements in the cavity. Figure 9.5 shows an angle-tuned smgly 
resonant LiNbOj parametric oscillator designed by Byer. • The beam splitter 
transmits 90% of the pump beam and reflects 99% of the signal beam. The 
angular tuning curve of this oscillator is shown in Fig. 9.2 together with the 
gain bandwidth. If a 600-line/mm grating blazed at 1.8 (im is used as the back 
mirror of the cavity, the signal output has a linewidth around ™ ° 

beam spot size of 1.6 mm. With a prism beam expander in the cavity to 
increase the beam spot size on the grating, the linewidth can be "arrowed by 
another order of magnitude. Alternatively, a 1-mm Ulted etalon can be m erted 
in the cavity to reduce the linewidth to less than 0.1 cm Other frequency- 
selective elements, such as multielement birefnngent filters and eudon assem- 
bly, can also be used in the cavity for reduction of the output Unewidth. 

In Table 9.1 we reproduce the list prepared by Byer and Herbst, describ- 
ing the operating characteristics of a number of representative parametnc 
oscillators. 

9.5 PARAMETRIC FLUORESCENCE 

Parametric oscillation occurs through amplification of noise photons initiated 
by parametric scattering or fluorescence. In general, in the parametnc process, 
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a photon at is scattered into a photon at o>i and a photon at u 2 with 
w i + w 2 = w 3 aad + k 2 = k 3 , Parametric scattering or fluorescence refers 
to the parametric scattering process where the initial numbers of photons at 
and oi 2 are zero. This nonlinear optical emission can be properly described only 
by quantizing the fields. 15 

In the parametric process with negligible pump depletion, the intense pump 
field can be treated as a constant classical field. The Hamiltonian governing the 
problem can be written as 

#= Y hufat a i + i) + jhG 0 [a^ j (9.46) 

i-U 


where a* and a , are creation and annihilation operators for photons at w, 
respectively, and <? 0 is given in (9.12). The Heisenberg equation of motion for 
an operator X is 

from which we obtain 


= '« iaj + ilG 0 a 2 e‘“’' 

- i'i<W e''" 1 ' 


(9.48) 


The above set of equations can be solved to yield 


a i + (0 = [tfi + (0)cosh^G 0 f + MJ 2 (O)sinh$G 0 /] e ,u>1 ‘ 
a i{t) = [fl 2 (0) cosil ?<V “ (0)sinhiG 0 /] 


Then, [assuming (a^O)) = (c 2 (0)) = 0] the average numbers of photons at Wj 
and w 2 are, respectively, 

<«i(0> = <ai0)« i(0> 

= («i(0))cosh 2 ^G 0 f +(l + (n 2 (0)))smh 2 ^G 0 r 

(9.50) 

("2(')> “ <«2(0«i(0> 

- <B 2 (0))co5h 2 ^C 0 ( + (1 + («i(O)>)sinh 2 ;G 0 (. 


The result here shows clearly that the number of photons at and w 2 can 
grow out of zero in the parametric process. For (^(0)) — 0 and (« 2 (0)) = 
we have 


< n t(')> = <» 2 (0> - sinh 2 iG 0 r. 


(9.51) 
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While parametric fluorescence leads to parametric oscillation, it can also 
provide initial photons as input of a parametric amplifier. If die single-pass 
pain of the amplifier is large, the output can be appreciable. This single-pass 
parametric amplification of noise photons in a nonlinear crystal often is known 
Is parametric superfluorescence.' 5 - “ To find the output I»*er, we note m 
(9 50) that the output at (or o 2 ) actually grows out of the initial noise 
ohoton at (or <oA We can assume one photon per mode is created at w 2 (or 
“!) by 1 parametric scattering at the input end, r = 0, and use (9.3) to calculate 
the output of the parametric amplifier at «, (or w 2 ). For one photon in ea 
mode, the corresponding input intensity at « 2 is ha^c/n^V, and the output at 
at z = l is 


/> t)= 


g 2 Y I 


sinh'^g/. 


(9.52) 


The number of modes in the frequency range co 2 to <o 2 + - da and in a solid 
angle extended by k 2 from to ( see Fl &- 9 * 6 ) 1S > for sma11 


dN - 


2-n-fcjsin 

%* l /V 

Air c 


(9.53) 


The total output power in a beam of cross section A between mid - da 
collected by a faraway detector with a small collection angle 8 is then given by 


P(wj) da — flA a i)^ dN 




(9.54) 


(i*0 


Nonlinear 



Fig. 9.6 Geometry of parametric fluorescence collected by a photodetector. 
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Here g 2 = g $ - (Me) 2 is a function of ^ through Ak. In the forward 
direction, ^ = 0, the phase-matching condition Ak = 0 is satisfied at Wj = w? 
and a> 7 = w? such that = “3*3- From Fig. 9.6, we find for small 

and ^2* 

k\ -(fc 2 + A* - fc 3 ) 2 - 2fc 3 fc,(l - cos*,) 

A* ■(*,-*. -* 2 )+^)*? (9.55) 

= - a Aw + 

where 



Equation (9.54) becomes 



sintf 

! {[$o + Wlf, 

■V} 

16tt 2 c 2 J 


gj-(-aAu + b+\) 2 

! 1/2 '/a) 

1 


(9.56) 


This result shows that Pft^) is a maximum at ^ that is, when the waves 
at Wj, w 2 , and w 3 are phase matched in the forward direction. The half-power 
points appear at Wj = w® + |A<*> + | and - |Aw_|, where jA« + | and 

|Aw_j are given approximately by 


si°tf{[g. 2 T o|A«, t |) 2 ] 1/2 (/2} , sinh 2 (g 0 //2) 

{[go 2 "(W 2 * a|Au ± |) 2 ] 1/2 //2} 1 (So'/2f 

as € [go-ib» 2 *o\*»±\ 2 y\ l/2 t/ e gol = ^ 

which yields, for g 0 > bO \ 
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Therefore, the bandwidth of parametric superfluorescence observed by the 
detector is 

Aw b w = l^+l + l^-l 


§(M 


A crude estimate using (9.56) yields, for g 0 l - 50, and in the near 
infrared a &M/A as large as 10 7 W/cm 2 per cm 1 m a 10-mrad forward 
cone. Even ,n t 5-cm LiNbO, crystal, *„/ - 50 requires a pump beam intensity 
of about 150 MW/cm 2 . This intensity, however, is easily obtained with 
mode-locked laser pulses without damaging the crystal. Indeed, parame nc 
superfluorescence has become the most realistic scheme for producing tunable 
picosecond pulses in the near-infrared region. The general 
description of parametric amplification or superfluorescence by ultrashort 
puTppulses has been given by Akhmanov e. al./Hut ^e quahtaUve features 
are the same as those discussed in Section 7.6. In particular, f the group 
velocity mismatch can be neglected, then the quasi-stationary solution is still 
applicable in the moving frame of the propagating pulses. 

Parametric fluorescence or superfluorescence can also be used to determine 
experimentally the frequency tuning curves of parametric oscillators. ■ ims 
is most useful when the refractive index data of the crystals are not readily 
available. 

9,6 BACKWARD PARAMETRIC OSCILLATOR 

The case of parametric amplification with counterpropagating signal and ldkr 
waves shows interesting characteristics and deserves special consideration. The 
two waves grow in opposite directions and, through parametric interaction. 
Impose a positive feedback on each other. Then, with sufficient gam the system 
may become a mirrorless oscillator, that is, it may yield a finite output with 
zero input. 1 ’ The principle is similar to the backward-traveling wave tube. 

The equations governing backward parametric amplification are a simple 
modification of (9.1). With negligible pump depletion and linear attenuation, 
they are 

JLg. = 




assuming E l = «?,exp[iV - «V + Oil * - /**rf-*»* ~ W 4 


References 


139 


= constant, and Afc = - k x + k 2 . The input boundary conditions are 

= ^(0) at z = 0 and = &*(!) at z = I. The solution of (9.59) for Me - 0 

is (0 O = ff/2 is assumed for simplicity) 


= ^i(O) cos 


<i*0)[sin^/o 
« 2 \ «■! / * 


i*f £) /,(<>) sin^^/co, 1 

Wj fc 2 [ 2 ' 


!*(/)[cos^/ COS^Y 


with g 0 given in (9,3), and hence the output is 

A*(0)- _ '^(i;) l/2# > (0 ) ta ”¥ +^*(/)/cos^'. 


If g 0 //2 -> tt/2, both ^j(/) and <?*(0) become infinite unless the input ^(0) 
and # 2 *(/) are zero. This is therefore the oscillation threshold. The actual 
output will grow drastically as g 0 l -* •a and will be determined only by taking 
into account the pump depletion through the nonlinear coupling between the 
waves. 

Experimentally, backward parametric oscillation has not yet been observed. 
The reason is that the phase-matching condition A A: = 0 cannot be satisfied in 
the usual cases. It is possible to obtain A A: = 0 with w x (or w 2 ) in the far 
infrared range, 21 but then the gain coefficient g 0 i is too small to reach the 
oscillation threshold. 
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Stimulated 
Raman Scattering 


The wave coupling problems discussed in previous chapters are certainly not 
limited to electromagnetic waves. They can be generalized to involve both 
electromagnetic waves and other types of waves, allowing us to imagine a host 
of new nonlinear optical effects. In this chapter, we show that stimulated 
Raman scattering can be described classically as a parametric generation 
process with one of the electromagnetic waves replaced by a material excita- 
tional wave. More correctly, one would, of course, treat the material excitation 
quantum mechanically. Stimulated Raman scattering is then considered a 
two-photon stimulated process grown out of spontaneous Raman emission. 

Stimulated Raman scattering is one of the few nonlinear optical effects 
discovered in the early 1960$. Over the years, many useful applications have 
been developed out of this process. Some of them are discussed in this chapter. 


10.1 HISTORICAL REMARKS 

In 1962 Woodbury and Ng, 1 while studying 0-switching of a ruby laser with a 
nitrobenzene Kerr cell, detected an infrared component in the laser output. Its 
frequency was 1345 cm - 1 downshifted from the laser frequency. This frequency 
shift coincided with the vibrational frequency of the strongest Raman mode of 
nitrobenzene. It was then recognized by Woodbury and Eckhardt 2 that the 
infrared output must result from stimulated Raman emission in nitrobenzene. 
This was soon verified in a large number of liquids by several research workers. 
Similar effects were also found in gases and solids. Table 10.1 shows a list of 
Raman modes of some materials in which stimulated Raman scattering was 
observed. 

An early theoretical description of stimulated Raman scattering was given 
by Hellwarth, 3 who treated it as a two-photon process with a full quantum 
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Table 10.1 

Frequency Shift, Linewidth, and Scattering Cross Section of Spontaneous Raman 
Scattering for a Number of Substances and the Corresponding Stimulated Raman Gain 0 


Substance 

Raman Shift 

(cm' 1 ) 

Linewidth 
2T (cm -1 ) 

Cross Section 
do/dQ X 10 8 
(cm 1 - ster -1 ) 

Raman Gain 
X 10 3 
(cm/MW) 

GasHj 

4155 

0.2 


1.5 (300 K, 10 atm) 

Liquid CL 

1522 

0.177 

0.48 + 0.14 

14.5 ± 4 

Liquid N 2 

2326.5 

0.067 

0.29 ± 0.09 

17 ±5 

Benzene 

992 

2.15 

3.06 

2.8 

CS 2 

655.6 

0.50 

7.55 

24 

Nitrobenzene 

1345 

6.6 

6.4 

2.1 

LiNbOj 

258 

7 

262 

28.7 

InSb‘ 

0-300 

0.3 

10 

1.7 X 10 4 


"After Y. R. Shen, in M. Cardona, ed., Light Scattering in Solids (Springer- Verlag, Berlin, 
1975), p. 275. 

E. Hagenlocker, R. W. Minck, W. G. Rado, Phys. Rev. 154, 226 (1967). 
f For a carrier concentration n e =* 10 16 cm' 3 . 


mechanical calculation. The simple theory, however, cannot account for the 
observed anti-Stokes radiation which often appears with intensity almost as 
high as the Stokes radiation. Garmire et al. 4 and Bloembergen and Shen 5 later 
used the coupled wave approach to describe stimulated Raman scattering and 
were able to explain the anti-Stokes generation as well as the higher-order 
Stokes and anti-Stokes output. 

Yet the theories still could not explain many other important observations. 
These included an observed stimulated Raman gain much larger than the value 
predicted by the theories, extremely sharp threshold for stimulated Raman 
emission, asymmetry of forward-backward Raman intensity, and appreciable 
spectral broadening of the Raman radiation. It was later realized that these 
anomalies were actually induced by self-focusing of the laser beam in the 
medium, which is discussed in Chapter 19, Without self-focusing, the theories 
predicted experimental results satisfactorily. 

Early interest in stimulated Raman scattering arose because it could provide 
intense coherent radiation at new frequencies and because it was a possible loss 
mechanism in propagating high-power laser beams in a medium, for example, 
in the atmosphere or in a fusion plasma. More recently, stimulated Raman 
scattering was used to generate tunable coherent infrared radiation by either 
tuning the material excitation as in stimulated polariton scattering 6 and 
stimulated spin-flip Raman scattering, 7 or by tuning the exciting laser frequency 
with, for example, a tunable dye laser. Spectroscopic applications of stimulated 
Raman scattering have also been developed, with emphasis on high-resolution 
studies. 8 Transient stimulated Raman scattering has been applied to the study 
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of relaxation of material excitations in the picosecond region with mode-locked 
laser pulses. 9 


10.2 QUANTUM THEORY OF STIMULATED 
RAMAN SCATTERING 

Raman scattering is a two-photon process in which one photon at ^(kj) is 
absorbed and one photon at (^ 2 ) i* emitted, while the material makes a 
transition from the initial state |/) to the final state |/), as shown in Fig. 10.1. 
Energy conservation requires h(w l - « 2 ) = E^ - E ( = flay,, which is the en- 
ergy difference between the final and initial states. Stokes and anti-Stokes 
scattering correspond to > 0 and tty < 0, respectively. 

To find the Raman transition probability, we use the standard second-order 
perturbation calculation. 10 The interaction Hamiltonian in the electric- dipole 
approximation is 


3^ mx - -er * E + adjoint (10.1) 

where E = The Raman transition probability 

per unit time per unit volume per unit energy interval is found to be 




m~ E 


er * e 2 \ s)(s \er • e x er • s)(s |er * e 2 


( 10 . 2 ) 


Here N is the density of molecules or unit cells in the medium, e is the 



Fig. 10.1 Schematic drawing showing the 
Stokes (u z < Wj) Raman transition from the 
initial state |/) to a final excited state | /), 
and the anti-Stokes (<*j 2 > Wi) Raman transi- 
tion from j/) to |i). 
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dielectric constant, e denotes the field polarization, \s) is the intermediate state 
of the material system, \a) denotes the state of the radiation field, and a are 
the creation and annihilation operators of the field, and finally g(h^o) 
describing the lineshape is the joint density of states of the Raman transition. 
For a Lorentzian lineshape, we have 


g(AAw) - 


hT/7r 

h 2 ( tu *) 2 + h 2 T 2 


(10.3) 


where ft T is the halfwidth in energy units. 

The transition probability in (10.2) is proportional to K«/1«2 ^ 

<«,|- (nt.itjiland^l- <«! - 1, n 2 + l\ with n } and n 2 being integers, then 
dW fl /d(hu 2 ) rt!(n 2 + !)'• spontaneous and stimulated Raman scattering 
correspond to n 2 = 0 ^ n i * °> respecbvely. The states of the radiation 
fields are often more complex in general. Then there exists no simple expres- 
sion of (a f \a 2 fliK). However, if the average numbers of photons n, and n 2 at 
Wl and w 2 are much larger than 1, the approximation |<«/|«2 )l s rt i n 2 1S 
excellent. 11 In a certain sense, this is equivalent to saying that the field can be 
treated classically 

Consider now the propagation of the and w 2 beams in the Raman 
medium. The Raman transition leads to the absorption of the wj beam and 
amplification of the w 2 beam. From a simple physical argument, the change of 
the average number of Raman photons in a single mode at <o 2 per unit length 
of propagation is given by* 


dn 2 

dz 


[ d 3i 


do) 2 




- ( G r - a 2 )n 2 


a 2 n 2 


(10.4) 


where p, and p f are the populations in It) and |/>, and a 2 is the attenuation 
coefficient at w 2 . Since W fi = W if from detail balancing, the quantity G R takes 
the form 


ayY fi / ey- 

Gr ~ ^ P ‘ P/ ) cn 1 

_ Sn ^ | | a g 1 g(ftAw)(p, - P f ), 

«i**A 


(10.5) 

for ftp n 2 » 1 


which is a constant if n x can be treated as a constant. This is the case when 
depletion of the w t pump beam is negligible. The solution of (10.4) is then 
simply an exponentially growing function of z: 

n 2 {z) = M oy*-* 


( 10 . 6 ) 
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with G r playing the role of a stimulated gain coefficient proportional to the 
incoming laser intensity at 

Since the gain is proportional to the Raman transition probability, one 
expects that it should also be proportional to the spontaneous Raman cross 
section. By definition, the differential Raman cross section d 2 o/d(hw 2 ) dQ is 
the scattering probability of an incoming photon at per unit area into a 
Raman photon of a certain polarization at w 2 per unit solid angle around S2 
and unit energy interval around ft« 2 : 


where 


d 2 a 


dW f 


d(ftu 2 )rfQ gcPr d(ha 2 ) 




\ A 


\M fl \ 2 g(hAu)p, 


(10.7) 



is the density of radiation modes per unit solid angle at w 2 . From (10.5) and 
(10.7), we immediately find the relation 


„ mr 4*Ve. . . 

= n — - — (p, -p f )\ 


d 2 a 


' ' \d(hu>2) dQ 


( 10 . 8 ) 


Thus, given the spontaneous Raman cross section do/dil and the halfwidth T, 
the stimulated Raman gain in a medium can be estimated easily. Table 10.1 
shows the cross sections, the halfwidths, and the estimated gains for the 
Raman lines of some materials in which stimulated Raman scattering has been 
observed. 

As an example, let us consider stimulated Raman scattering in benzene. 
From Table 10.1, we find that the Raman gain for the 992 cm -1 mode of 
benzene is 2.8 X 10“ 3 cm/MW. Thus, in order to generate e 30 Raman photons 
from one noise photon (corresponding to an output of - 100 kW/cm 2 ) in a 
10-cm benzene cell, a laser beam of 1 GW/cm 2 is needed. This shows that a 
high-power pulsed laser is necessary for the study of stimulated Raman 
scattering. In actual experiments, stimulated Raman scattering with a power 
gain of — e 30 in benzene and in many other liquids has been observed with a 
laser beam of ~ 100 MW /cm 2 or less. The order-of-magnitude discrepancy 
between theory and experiment is the result of self-focusing of the laser beam 
in the medium (see Section 17.3). 
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Note that we use the approximation Ktyja^la,)! 2 = n^n 2 in describing 
stimulated Raman amplification. This approximation is certainly not valid 
when /ij or n 2 is small. Therefore, strictly speaking, this theory is rather crude 
for describing stimulated Raman amplification starting from noise or sponta- 
neous scattering. The complete quantum theory of stimulated Raman scatter- 
ing by spontaneous scattering is a difficult but challenging problem in quantum 
optics and has not yet been fully developed. In some respects, it is a 
two-photon analog of the superfluorescence problem (Chapter 21). 


103 COUPLED WAVE DESCRIPTION OF STIMULATED 
RAMAN SCATTERING 

Coupling of Pump and Stokes Waves 


From the wave interaction point of view, a two-photon transition is a third-order 
process. It can be seen from the relation that the net transition rate is equal to 
the rate of generation or loss of photons at or <o 2 : 


(io9) 

= 2|Re[^P< J >*(« 2 )-E 2 ]|/A« 2 . 

Since dW fi /dui oc [£ 1 l 2 |£ 2 | 2 , we have P 0) (^i) a and p(3> ( w 2) a 

| E x \ 2 E ly both of which are therefore third-order nonlinear polarizations. 

Stimulated Raman scattering can then be described as a third-order wave 
coupling process between the pump and Stokes waves. The wave equations are 


V X(v X E^ - = ^—-P (3) («i) 

and ' ' (1010) 

vx(vxE 1 )-^- f T pl ”W' 

c c 


For simplicity, we consider the special case of an isotropic medium with 
and E 2 polarized in the same direction. The nonlinear polarizations take the 
form 


and 


[x%|£,l 2 + x? ) |£2l 2 ]^- 


( 10 . 11 ) 


As seen in (10.11), the x ? ) and X? terms in P (3) only act to modify the 
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dielectric constants and e 2 in (10.10). They are responsible for the field- 
induced birefringence, self- focusing, etc., but have no direct effect on stimu- 
lated Raman scattering. We therefore neglect them in the following discussion. 
The xi? terms in P {2 \ on the other hand, effectively couple and E 2 in 
(10.10) and cause energy transfer between the two fields. They are then 
responsible for the stimulated Raman process, and they are known as the 
Raman susceptibilities. 

The microscopic expressions for x { r can of course be obtained from the 
usual procedure outlined in Chapter 2. Each should have a resonant term 
and a nonresonant term. Only the resonant term is connected to the Raman 
process. In fact, the microscopic expression of the resonant term [xS^Ir can be 
obtained directly from the relation in (10.9) 


dw n< , 


2ImxKiMlM 


2 Im 


(10.12) 


From (10.5), (10.8), and the relation \E\ 2 s/2tt = hwn, we find 


In> xfi - -Imxgl 

c * e M - Of) da ltA , 

= ~ N \ M/,l 2 (p, - P/)^( AA ")- 


(10.13) 


If g(fiAtt) is a Loren tzi an, then from the Kramers- Kronig relation, the real 
part of [Xr } 1r can explicitly derived. We then have the microscopic 
expression 


xSi = [x$1nr +[xSS]r 


tx&] R - -- 


NjMrf *(p, ~ P/) 


A((u, - « 2 - « /f ) - iT] ’ 

X® = xg'- 


(10.14) 
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Knowing xf. we can now solve (10.10) with (10.11). For plane-wave propaga- 
ton along /. and assuming slowly varying amplitude approximate, the wave 
equations reduce to 


and 


(10.15) 




They can be transformed into 


and 


(10.16) 




similar equation for n, if lf ,l ^ ^ Thu when the depletion 

i&nas/sssr:^ - »— —» 

+ 1116 

solution takes the form 




|4(0)| 2 


^(a)l J - ^AV 1 MW-**/#* 
l*,(a)| 2 lA(°)ll 


exp 


exp 


— oi l KG R z 

l*, (0)1 W 


(lo.n) 


i^toF- “t^ /2 Kt( ( >)l I -"t^ /2 

Parametric Coupling of Optieal and Material Exeitational Waves 

“ “ srss X-' 2 =~ ■ 

material excitation wave.*- 5 Tins can be seen as follows. 
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We recail that the expressions for the nonlinear polarizations in (10.10) can 
also be derived using the density matrix formalism of Chapter 2. Let us 
consider here only the Raman resonant term in P <3) ~ We can write, in the 
notation of Fig. 10.1, 


/£»(«,) - nZ [<*l« • *2l'>pi?(“2) + </l" • 

s 

- sz\ </|gr i! l|t>< " e V^ l - £(“')p!/'(» 2 - ■»>) (“•«) 

s[ 2 +tfJ 

_ </| g r-^|,)(,|er -e l |/) E(wi) 2)(u; _ ^ 


which, with «j — ( 10 . 2 ), reduces to 

Pg(»i) = -*M„£(«i)pj? («a - «l)- ( 10 - 19 ) 


The resonant second-order density matrix element p[f(< 0 2 - to j), on the other 
hand, can be obtained from the equation 

+ i U „ + r (/ )pg>(«i - *>,) - -*{[ -« • *t*f. p ( ”(«2>] 

+ [-er-e 2 £ 2 ,p (n (-«i)]}// ( 10 . 20 ) 

- 3 - p f ). 

Then, in the steady state, we have 


MfAfi-Pf) 


pS /’(*>2 " i ) + ir, A 

rSi* 2)- [x^IkI^iI 2 ^ 


-£f£ 2 , 


(10.21) 


with [x)&1r hav^g exactly the same expression as in (10.14). One can find 
?P)(u i) similarly. 

The formalism here shows explicitly p ^( w 2 “ "i) as a material excitation 
resonantly driven by optical mixing E*E 2 . Stimulated Raman scattering can 
therefore be considered a result of coupling of three waves £i(«i)> E 2 (u 2 ), and 
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P ( Ul - U 2 ), as governed by the wave equations 


vx(vx) + ^| I |E l -^P<»K) 


c 2 dt 




c 

4 -no)} 


-^MxPl^ + lxStaftl 1 * 

+ JVM / *£ 2 (« 2 )p /l («i - » 2 )}. 


(10.22) 
2 


v x(v x) + ^] E2 =1 Mpo)( U2 ) = ^^((xS] nr I^ 

+X? ) l^l 2 fj + M/iE i("i)P/*("i - “2)) 


( jj “ + r /.)p/'("i _ " 2 ) = " P/) £ ’ £ 2 

where £, is the pump wave, and £, and p /f are the generated waves. Aside from 
the x (3) terms, which are not essential for stimulated Raman scattering, (10.22) 
is very similar to (3.4), which was used in Chapter 9 to describe the^parametric 
generation process, except that here the dynamic equation for p^K - o> 2 ) 
has replaced the idler wave equation. . 

We assumed in the above discussion a localized Raman excitation between 
two energy levels. This is a good approximation for most Raman excitations 
including molecular vibration, optical phonon, electronic excitation, spin-flip 
transition, and optical magnon and plasmon, even though the dynamic equa- 
tions for different excitations are generally different. Since p}f has no disper- 
sion, phase matching for the wave coupling is automatically satisfied here. This 
makes the solution look different from that of the optical parametric process. 
The general formalism, however, is valid for any material excitation if the 
dynamic equation for p}J> is replaced by the appropriate dynamic equation for 
the excitation, with or without dispersion. 

We note that as long as the response of can be considered as stationary, 
as given in (10.21), elimination of p} 2) in (10.22) with ( d 2 /dt )E(a) = 
-a 2 E(u) immediately leads to (10.10), which was used earlier to describe 
stimulated Raman scattering. However, the set of equations in (10.22) is clearly 
more general as it also describes the transient case where p}f does not respond 
instantaneously to the time variation of the driving force E Y E^ The popula- 
tion difference Pi - P/ in (10.22) can be approximated by its thermal equi- 
librium value under weak excitation, but in general, from physical argument, it 
should obey the relaxation equation 


1 

2 


(l + J. 

U T, 


< 10 - 23 > 
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where the right-hand side is the transition rate, which, from (10.9) and (10.19), 
is found to be 


dW 

7^(p, - p/) = ^ £?p* - "/*£.*£>/.!• ( 1024 > 


In the general description of stimulated Raman scattering, (10.23) should be 
solved together with (10.22). Strong excitation of the population leads to 
saturation in the Raman gain. This description, however, applies only to the 
localized two-level excitation. For the boson-type excitation, (10.23) should be 
replaced by the equation 


(3 1 x 


(10.25) 


where n B and n B are the average numbers of bosons present with and without 
the driving fields, respectively. 

Stimulated Raman Scattering by Molecular Vibrations or 
Optical Phonons 

The most common case of stimulated Raman scattering is by a molecular 
vibration or optical phonon, which is often described as oscillation of the 
normal coordinate Q. In agreement with the conventional definition of Q , we 
can identify pj^w) in (10.22) with (h/2u) l/2 Q and replace its dynamic 
equation by the driven harmonic oscillator equation for Q 


£ + 2r i + ”?‘ 


Q(<* 1 - z 


2(^1 - to 2 ) j 1 
h 


(10.26) 


which, with ~ «/;» reduces to 

(| + «o /f + r)e = ;[ 2 fi( Wl - « J )]- l/2 W / ,£ l *2*(p; - P/)- 

(10.26a) 

Then the equations for E l and E 2 in (10.22) together with (10.26) properly 
describe stimulated Raman scattering by phonons. In particular, in the steady- 
state case, we again obtain the expression for the resonant Raman susceptibil- 
ity (XiSIr in (10.14). 
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10.4 STOKES- ANTI-STOKES COUPLING 


We have thus far discussed only the stimulated Stokes emission. Experimen- 
tally, however, both Stokes and anti-Stokes waves are simultaneously generated 
with* comparable intensity in the stimulated Raman process even at very low 
temperature. This is very different from the case in spontaneous Raman 
scattering and cannot be understood as a stimulated two-photon process 
described in Section 10.2 since the anti-Stokes wave then would be absorbed 
instead of generated. Yet it can be explained readily by the coupled wave 
description. 4 ’ 5 A third-order nonlinear polarization P (3) (u a ) at the anti-Stokes 
frequency - 2«, - can be induced in the medium through mixing of the 
pump wave° at «, and the Stokes wave at w, via the Raman resonance at 
u, - u s - t* a - as we see below. 

With the simultaneous presence of £,(<«>,), and E a (u a ), the material 

excitation now driven by both E { E* and E a E * , obeys the equation 


[j- t - i<*n + - *[A qt&B, + M;,. s E:E,\(p, - p,) (10.27) 

where M n s and a are the Raman matrix elements for the transitions 
incurred by E h E s and E a , E, respectively. Mixing of the material excitation 
with the em waves then gives rise to the resonant part of the nonlinear 
polarizations 

PSM = XiW.sEsPfi + M fii .Erft), 

(10 * 28) 

PSM - NM fi,c E tP f i- 

If the response of p fi to the fields is stationary, then py, can be solved from 
(10.27) and substituted into (10.28). The resultant Pg combined with the 
nonresonant part of P (3) can be cast into the form /»<?> (w = &> a + + « T ) - 

y {3) £ ( 03 )EJo} B )EJiC y ) with x (3) containing both a resonant and a nonreso- 
nant "term. The set of wave equations describing the steady-state anti-Stokes 
generation then is given by 


VX(VX)-^]l)-^W 

+ (x2 + X%")E,E.Er + x2l«-l 2£ J - 

2 (10.29) 

[v X( V x) - £..]■, - + xSWJ?). 

[ v x( v x) - ^«Je« = — ^I.[x2*?£r + x2l^:l 
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where 


xS } “ (Xj?)nr 
X$ - (xS)nr 

y ( 3) = f y (3)\ 
Xaa \Xaa) NR 


“s - "/i [-'!>/) ’ 

.(* - P/) 

*(*>, - u, - - /I},) ’ 

*H^J 2 (p,- P/ ) 


(10.30) 


and we have neglected terms of x (3) |£' i | 2 £’ J in (10.29). 

The set of equations in (10.29) actually describes a four-wave parametric 
generation process with E { being the pump wave, E s and E a being the signal 
and idler waves, and x sa acting as the coupling constant between the signal 
and idler waves. The solution of (10.29) in the limit of no pump depletion 
therefore follows closely that of parametric generation described in Chapter 9. 
We skip the derivation and present only the results here. Assuming an isotropic 
medium with a plane boundary at z = 0 and slowly varying amplitudes for E s 
and E a , we find 5 


- [d s Jf+ exp(iAAT + z) + <^_exp(jAA'_z)]exp(/k 5 • r - a t z) 
and (10.31) 

£* - K\exp(*A/if + z) +C^ e *p(' A *-*)] ex P[-* k <i* r -(i& k + *z)*] 


where 


k 2 ~ - 


A k = 2 k lz - k„ - k ai 


«V ( k \ 

“ z c% *UJ 

G n - — 2Im(A). 


k, = k • 2 , 
1/2 


For the sake of simplicity, we neglect the dispersions of the absorption 
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Fig. 10.2 General relationship between the wavevectors of Stokes, anti' Stokes, and 
laser waves. 


coefficients a z and the coupling coefficients (2 7t0 1 /c 2 k ! )x 0 ^ The relationship 
between the various wavevectors is shown in Fig. 10.2. With = <^o an ^ 
& a = at z - 0, we have 

- A 

A (10.32) 

(-AIC T + A )^ 0 + A<S) 

Atf ± -A*, 

A number of important physical results come out of the above solution. 
First, through the Stokes- anti-Stokes coupling, two composite waves (*,+, 4,+) 
and (<_, <?,_) are formed with the eigenvectors AA ± and the 
Stokes- anti-Stokes amplitude ratio (& t /£ a ) ± . One of them may experience an 
exponential gain and the other a loss if lm(A/ST.) < 0. The coupling clearly 
depends on phase matching. If the phase mismatch is sufficiently large that 
|Afc| » |A|, then the Stokes and anti-Stokes waves are effectively decoupled. 
This is explicitly seen by the fact that AA ± and 6 a± /& s± reduce to 


and 


Atf_=A, AA + - Aft - A 




» 1 . 


The first denotes a nearly pure Stokes wave with an exponential power gain of 
21m(AA_) = G r , while the second denotes a nearly pure anti-Stokes wave 
with an attenuation - G R . These are the results expected when the Stokes and 
anti -Stokes waves are decoupled from one another. The Stokes- anti- Stokes 
coupling is maximum when Ak = 0. The solution yields AA ± =0 and 
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\&Z ± /& S± \ — 1. Then neither Stokes nor anti-Stokes waves should experience 
an exponential growth. This is because through coupling, the Stokes gain is 
completely canceled by the anti-Stokes attenuation, a result well known in the 
parametric amplifier theory where no gain can be expected at u> s — o>, - if 
the other sideband at = u { + is not suppressed. As |A£| gradually 
deviates from zero, the gain |2 lm(AA'_)| increases rapidly from 0 toward G R , 
as shown in Fig. 10.3, while the anti-Stokes- Stokes ratio \S*_/^ s _\ decreases 
from 1 to 0. Appreciable anti-Stokes generation is therefore expected in the 
region | A k | ~ |A| where both [Im(AA'^)| and are sufficiently finite. 

The anti-Stokes radiation should appear in the form of a double coue around 
the phase-matching direction, as shown in Fig. 10.4. We should, however, 
remember that infinite plane waves are assumed in this theory. In reality, a 
pump beam of finite cross section has a spread of wavevectors. Consequently, 
the sharp dip in the gain curve in Fig. 10.3 may get smeared out, and instead of 
the double cone in Fig. 10.4, one may observe only a single cone of anti-Stokes 
radiation. 12 



Fig. 103 The Stokes power gain as a function of the normalized linear momentum 
mismatch Afc/C* in the z direction. The asymmetry is due to the nooresonaut part 
- 0.1 |Im x^lmax’ (After Ref. 5.) 
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POWER GAIN (dbl 
|U«o)/lo 

i-120 



Fig. 10.4 Anti-Stokes intensity versus the lines, phase ndttW* U 

the Stokes power gain C„). The asymmetry ts due to Xm ~ » H' m I— • (Atter 

5) 


10.5 HIGHER-ORDER RAMAN EFFECTS 


Intense higher-order Stokes and anti-Stokes radiation often shows in experi- 
0 , ± nu fl , su ‘ fvely For example, when the first Stokes E,(a,) 
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answer from the coupled wave approach, because an nth-order Stokes or 
anti-Stokes wave may couple to several Stokes and anti-Stokes waves of 
various orders through third-order nonlinear polarizations. Again, coupling of 
a particular set of waves is strongest if phase matching is satisfied. Unfor- 
tunately, with many complex waves nonlinearly coupled together, the problem 
becomes extremely complex. 

We consider here, as an example, a special case where only the Stokes 
generation in the +i direction needs to be taken into account. 5 This can be 
achieved in a real situation with short pulsed laser excitation such that the 
backward Stokes generation is suppressed (see Section 10.9), while the anti- 
Stokes generation can be neglected. The set of coupled wave equations is then 
given by 



etc. The solution of (10.33) can be obtained by numerical calculation, as seen 
in Fig. 10.5. As the length of the medium or the pump power increases, the first 
Stokes power increases gradually at the beginning, and then suddenly builds 
up to a maximum while the pump power plunges to nearly zero by depletion. 
Then the first Stokes power remains roughly constant for a while and gets 
depleted into the second Stokes, and so on. This is in fact what one would 



Fig. 10.5 Generation of higher-order Stokes waves as a function of normalized cell 
length z - (16ir : Vim x$/k t c*JP,(Q)z. (After Ref. 5.) 



PM3 



PMI PM2 


Fig. 10.6 Schematic of a set-up for investigation of stimulated Raman scattering. 
PMI, PM2, and PM3 are photodetectors measuring the laser, the forward Raman, and 
backward Raman radiation, respectively. 



Fig. 10.7 First-order forward and backward Stokes power versus the toluene cell 
length at three laser powers P\ ~ 80, P 2 = 67, and P 3 =* 53 MW/cm 2 . [After Y. R- 
Shen and Y. J. Shabam, Phys. Rev. 163, 224 (1967).] 
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expect from the simple physical picture. The calculation here, however, as- 
sumes infinite plane waves. With a pump beam of finite cross section, the rise 
and fall of an /ith-order Stokes wave should be more gradual, as demonstrated 
both theoretically and experimentally by von der Linde et al. 13 


10.6 EXPERIMENTAL OBSERVATIONS AND APPLICATIONS 

Stimulated Raman Scattering in Self- Focusing Media 

A typical setup for studying stimulated Raman scattering is seen in Fig. 10.6. 
As mentioned in Section 10.1, earlier results on the Stokes intensity measure- 
ments disagreed strongly with theory. Most of those experiments were on 
liquids with large Kerr constants and the results showed a sharp threshold for 
stimulated Raman scattering and an effective Raman gain an order of magni- 
tude larger than the predicted gain. An example is given in Fig. 10.7, which 
also shows a forward-backward asymmetry in the Stokes output that was not 
predicted by the theory. Other anomalies such as the Raman spectral broaden- 
ing and the anomalous anti-Stokes ring pattern were also observed. It was later 
realized that these anomalies were initiated by self-focusing, which readily 
occurred in Kerr media (see Chapter 17). Self- focusing has a threshold; it 
increases the laser intensity dramatically at the focal region, and breaks the 
forward- backward symmetry of the Raman amplification. This then explains 
qualitatively the results of Fig. 10.7. Raman anomalies constituted a subject of 
great confusion in the past. We do not go into any detailed discussion on the 
subject here. Interested readers should consult Section 17.3 and the relevant 
literature (see Bibliography). 

Stimulated Raman Scattering in Non-Self-Focusing Media 

Even without self- focusing, stimulated Raman scattering often shows a certain 
gain anomaly. An example is seen in Fig. 10.8, where the Stokes output is 
plotted against the laser input in liquid nitrogen. Self-focusing was not 
observed in this case. As the laser power increases, the Stokes output first 
increases linearly because it is generated from spontaneous scattering, and then 
grows quasi-exponentially when stimulated scattering sets in. At a certain 
input power, the output rises suddenly with an effective gain much larger than 
the theoretical prediction. It finally levels off as a result of depletion of the 
laser power. 

The sharp rise of the Stokes output is presumably due to feedback in the 
Stokes amplification from Rayleigh scattering or diffuse reflection from walls 
and cell windows. Experiments of the kind in Fig. 10.8 actually describe the 
build-up of Raman oscillation, that is, amplification from noise. As is well 
known, the output of an oscillator without saturation depends critically on 
small perturbation or feedback. This makes the quantitative interpretation of 
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Laser intensity h (arbitrary units) 


Fte 10 8 Experimental result of the first-order Stokes output as a function of the laser 
intensity in liquid N,. [After J. B. Gnrn, A. K. McGuillan, and B. P. Stoicheff, Phys. 
Rev, 180, 61 (1969).] 


the oscillator output extremely difficult, especially if the perturbation or 
feedback cannot be well characterized. With careful elimination of feedback, 
Haidacher and Maier have shown that the sharp rise of the Stokes output can 
be greatly suppressed. 14 


Raman Gain Measurements 

The theory developed earlier is clearly a theory of Raman amplification rather 
than osculation. To check the theory, one should carry out experiments on 
Raman amplifiers. 15 This can be done with the oscillator-amplifier setup m Fig. 
10 9 The backward Stokes emission from the oscillator provides a Stokes input 
to the amplifier, and the amplification gain of the backward Raman scattering 



Stokes Raman Stokes Raman 



PMj PM, 

Fig. 10.9 Experimental set-up for measuring the backward Stokes gain. (After Ref. 


15.) 



Fig. 10.10 Stokes Raman gain in H 2 gas as a function of pressure. The data points X 
for forward gain should be compared" with the dashed theoretical curve (cell length: 80 
cm; peak input intensity: 20 MW/cm 2 ). The data points + for backward gain should 
be compared with the solid theoretical curve (cell length: 30 cm; peak input intensity: 
60 MW/cra 2 at 0.6943 pm.) (After Ref. 15.) 
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in the amplifier is measured. Figure 10.10 shows the result on hydrogen gas 
exhibiting good agreement between theory and experiment. Such a Raman 
gain experiment was, however, not every successful in self-focusing media, 
where self-focusing in both the oscillator and the amplifier led to complica- 
tions. 


Anti- Stokes and Higher-Order Raman Radiation 

Anti-Stokes radiation of many order often can be observed in stimulated 
Raman scattering. 16,17 In condensed matter they appear in the form of bright 
multicolored rings on a plane perpendicular to the laser beam. Rings of 
different color correspond to different orders of anti- Stokes. Chiao and 
Stoicheff 12 showed in calcite that the wth-order anti-Stokes radiation is emitted 
in the direction given by the phase-matching condition k an = k a >fI _ 1 + k, - 
k s n . This is expected if we assume that the higher-order anti-Stokes is 
generated successively from the lower-order Stokes and anti-Stokes. The first- 
order anti-Stokes ring should be defined by k fl — 2k, — k s according to the 
theory. 

In self-focusing liquids the situation is more complicated. The directions of 
the anti-Stokes rings now deviate from those defined by k^, „ = k a „_ x + k, - 
k^ n as they are now affected by self-focusing. Garmire 16 had some success in 
interpreting these rings by assuming the existence of thin filaments of pump 
light resulting from self-focusing in the medium. The problem, however, 
remains since the assumption of filaments is not quite valid. 



Fig. 10.11 Normalized transmitted laser (/?,.), first (/?si) and second Stokes (^$ 2 ) 
power as a function of the incident laser intensity /^(0,0). The experimental data of 
R l , R sv and R S2 are represented by circles, rectangles, and diamonds, respectively. 
The curves are calculated according to the theory in Section 10.5 with the finite beam 
cross section taken into account. (After Ref. 13.) 
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Higher-order Stokes radiation appears mostly along the axis in the forward 
and backward directions. Quantitative studies generally are difficult. Using 
subnanosecond laser pulses, von der Linde et al. n were able to carry out 
quantitative study in a special case. The short input pulse excited only the 
Stokes radiation in the forward direction, as already described in Section 10.5. 
Their results are shown in Fig. 10.11. Theoretical calculation following (10.33) 
but with a Gaussian beam profile shows good agreement with the experiment. 

Stimulated Raman Scattering by Broadband Pump Source 

Raman gain measurements in the absence of self- focusing may still show a 
forward— backward asymmetry. This results from the finite linewidth of the 
pump beam. If the pump linewidth is 2 T p> and the Raman linewidth is 2I\ 
theories predict that the maximum backward Raman gain is proportional to 
(r + T T 1 and the maximum forward Raman gain is proportional to T \ 
assuming no relative dispersion between the Stokes and pump frequencies. 
This surprising result can be understood qualitatively from the following 
picture. In the forward direction, as a short At section of the Stokes wave 
propagates in the medium, it always coherently interacts with the same At 
section of the pump wave. On the other hand, if a short section of the Stokes 
wave propagates in the backward direction, it constantly encounters a new 
wavefront of the pump wave. Consequently, the forward Raman gain follows 
the pump intensity variation and is proportional to F -1 as predicted by the 
stationary theory described earlier. The backward Raman gain is reduced 
because the amplification process averages over the amplitude and phase 
variation of the pump field. Explicit results can be obtained, for example, by 
considering the special case of stimulated Raman scattering by a short pump 
pulse (see Section 10.9) where the pump linewidth is given by the inverse of the 
pulsewidth. More generally, statistical theories should be used to describe the 
problem. 17 


Competition between Raman Modes 

In stationary stimulated Raman scattering, only the mode with the maximum 
gain appears to participate in the process. It is usually the mode with both a 
large Raman cross section and a narrow Raman linewidth. Effective depletion 
of laser power into this Raman mode forbids the occurrence of stimulated 
scattering into other modes. Only in transient cases (see Section 10.10) will 
several competing modes show up simultaneously. 

Inverse Raman Effect 

A loss in pump radiation always accompanies the gain in the Stokes radiation 
in a stimulated Raman process. Thus with both the pump and the Stokes 
waves sent into a medium, one can observe simultaneously the gain of the 
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Stokes wave and the attenuation of the pump wave. The absorption of the 
pump radiation in a stimulated Raman process was first demonstrated by 
Jones and Stoicheff and is known as the inverse Raman effect. 18 

Tunable Infrared Sources Obtained from Stimulated Raman Scattering 

Stimulated Raman scattering with its Raman-shifted output has long been 
considered a viable method for generating coherent radiation at new frequen- 
cies. Special interest is in tunable coherent sources. Since the Raman frequency 
of a medium is usually fixed, the tunability is often achieved by using a tunable 
pump laser. 

Two systems have received much attention. One is the atomic vapor system, 
mostly alkali and alkali-earth metal vapor. Raman transitions involved are 
often of XhtS-+P^>S or S-+P-+D type. 19,20 The tunable pump source is 
near resonance with the S -* P transition, so that the Raman cross section is 
greatly enhanced. As a result, even though the atomic vapor density is small 
(S 10 17 atoms/cm 3 at a pressure of - 10 torr), the Raman gain is significant. 
Stimulated Raman scattering with emission in the near infrared can be readily 
observed. With a dye laser input of a few tens of kilowatts in an alkali vapor, 
the infrared output can have a continuous tuning range of several hundred 
inverse centimeters and a peak photon conversion efficiency as high as 50%. 20 
The tuning range can be further extended by using different Raman transi- 
tions. For example, in Cs, with a tunable pump dye laser in the blue and uv, 
the observed Stokes output appears in the range of 2.5-4.75 jim, 5.67-8.65 
fLm, and 11.65-15 pm resulting from the Raman transitions 65" 7 5, 6 5 -> 85, 

and 65 -* 95 respectively. It can be extended to - 20 jtm using the 65 -* 105 
transition. If a broadband dye laser is used as the input, the infrared output 
will have the same broad bandwidth. With a pulsed dye laser, Bethune et al. 21 
generated the broadband infrared beam and used it to obtain single- shot 
absorption spectra of molecules. To increase the detection sensitivity, they 
up-converted the infrared signal transmitted through the sample into visible 
through nonlinear mixing in another alkali vapor cell. The technique allows the 
recording of infrared spectra of transient chemical species with nanosecond 
resolution using nanosecond laser pulses. 

At high pump power, the output power from stimulated Raman scattering 
in atomic vapor is often limited by the occurrence of multiphoton absorption 
and ionization, population saturation, field-induced spectral broadening, and 
other nonlinear optical processes. 20 However, output as high as 30 ml at ~ 2.9 
|tm with a photon conversion efficiency of 40% has been observed in Ba vapor. 
The Stokes output from atomic vapor tends to have a linewidth increasing with 
the pump intensity. This line broadening may result from the Stark effect 
caused by the photoionized atoms, or saturation in the Raman transition, or 
others; the dominant mechanism has not yet been identified. 

Another system of imm ense practical interest is the molecular gas system, 
such as H 2 , N 2 . These simple molecules have very strong Raman modes. 
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Intense Raman output can be expected from a gas cell of a few tens of 
centimeters long at a few atmospheric pressure with several megawatts per 
square centimeter laser intensity in the visible. 22 Molecular hydrogen is proba- 
bly most interesting because of its large Raman shift (4155 cm -1 ). With a 
pump source at X > 7500 A, the third-order Stokes output has a wavelength 
larger than 10 pm. Figure 10.12 shows the accessible wavelength range the 
various orders of Stokes and anti-Stokes output from H 2 and D 2 can cover 
with a tunable pump source between 2000 and 8000 A. The output power can 
be significant, as indicated in Table 10.2 for a commercial unit. It can be 


Table 10.2 

Raman Output from RS-1" 


Wavelength (nm)* 

Energy (mJ) 

Pressure (p$i) f 

With 560-nm Pump Beam" 


195 (AS a ) 

.0031 

125 

213 ( AS-t ) 

.0091 

125 

234 (ASt) 

.024 

110 

259 (/IS,) 

.054 

115 

290 (AS 4 ) 

.10 

145 

330 (AS 3 ) 

.26 

160 

382 (/4S 2 ) 

.78 

190 

454 (ASJ 

2.1 

200 

730(50 

17 

90 

1048 (S 2 ) 

6.2 

300 

1855 ( 5j) 

.60 

275 

With 280-nm Pump Beam" 


207 (AS,) 

.038 

100 

727 (AS 2 ) 

.19 

125 

251 (/45 t ) 

.54 

125 

317(5,) 

2.2 

40 

365 (St) 

3.1 

300 

430 (S 3 ) 

1.2 

160 

524 (5 4 ) 

0.24 

110 

669 (S 5 ) 

0.060 

100 


"After Quanta-Ray, Inc., advertising brochure on RS-1 
Raman Shifter. 

h S, denotes ith Stokes wavelength; AS, denotes r th Anti- 
Stokes wavelength. 

"Gas: H 2 at 300°K 

^Fump: 85 mJ at 560 nm from a Quanta-Ray PDL-1 dye 
laser pumped by a DCR-1 A Nd : YAG laser, 

"Pump: 17 mJ at 280 nm from a frequency doubled 
Quanta-Ray PDL-l dye laser pumped by a DCR-1 A 
Nd: YAG laser. 
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improved by using the oscillator-amplifier scheme as in the laser- pumped dye 
laser case. Conversion efficiency as high as 80% in the Stokes output has been 
achieved. 23 

High-power infrared C0 2 lasers can also be used to obtain stimulated 
Raman scattering in molecular gases. It yields, for example, a Stokes output 
around 16 pm from CH 4 . A conversion efficiency of - 10% can be achieved. 
The 16-pm radiation is most important for laser isotope separation of uranium 
through vibrational excitation of UF 6 . It can also be obtained by stimulated 
Raman scattering via rotational transition in para-hydrogen molecules using 
C0 2 lasers. An output energy in excess of 1 J and a peak power of ~ 20 MW 
with a photon conversion efficiency of 85% has been observed. 25 Tunable 
far-infrared output down to 257 has also been obtained from stimulated 
Raman scattering via rotational transitions Q(J) in HF using the tunable 
infrared output from stimulated Raman scattering in H 2 by a flash-pumped 
dye laser as a pump source. 26 

Tunable UV Source Obtained from Anti-Stokes Scattering 

Stimulated anti-Stokes Raman scattering is possible if a Raman transition has 
an inverted population [p; < p^ in (10.5) leading to a positive exponential gain 



RAMAN SHIFT (cm -1 ) 

Fig. 10.13 Inverse Raman spectrum in the vicinity of ^ fundamental of CF 4 at 4 Torr. 
Fundamental and hot band transitions are labeled by J and J\ respectively. Pump and 
probe laser powers of 2 MW and 100 mW were used, respectively. A 3-sec time 
constant was used to average the 10 pps signs. [After A. Owyoung, in W. O. N. 
Guimaraes, C. T. Lin, and A. Mooradian, eds., Lasers and Applications (Springer-Verlag, 
Berlin, 1981), p. 67.) 
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for the E x field]. This has been suggested as a means to obtain a potentially 
powerful uv source which is broadly tunable. To achieve the inverted popu- 
lation, it is generally necessary to choose a metastable state as the upper state 
in the Raman transition. The population can be pumped into the metastable 
state by various methods. In a recent demonstration, 27 photodissociation was 
used to obtain an inverted population between a metastable state and the 
ground state of a dissociation fragment, and stimulated anti- Stokes Raman 
scattering from the metastable state was then observed. For example, through 
ArF laser pumping, T1C1 was dissociated into T1 and Cl. The thallium product 
was in the 6p 2 Pf /2 metastable state. It could reach a concentration of 4 x 10 16 
atoms/cm 3 out of the original T1C1 concentration of 6.9 x 10 16 molecules/cm 5 . 
If the second- or third-harmonic output from a ^-switched Nd : YAG laser 
was then propagated into this photodissociated system, stimulated anti-Stokes 
Raman emission from 6 p 2 P? /2 to the ground state 6p 2 P ^ of T1 was readily 
seen. A 10% conversion efficiency was achieved in a cell 25 cm long. 

Even spontaneous anti-Stokes Raman scattering can be useful as a radiation 
source. 28 Using a high-lying metastable state, the emission can be tunable over 
narrow regions in the XUV. Such a source can have the unique properties of 



Fig. 10.14 The Raman gain spectrum of a monolayer of p-nitrobcnzoic add (PNBA) 
on a thin film of aluminum oxide supported by sodium fluoride. Three prindpal 
features are marked. [After J. P. Heritage and D. L, Allara, Chem. Phys. Lett. 74, 507 
(1980).] 


Stimulated Polar it on Scattering 169 

narrow linewidth, ultrashort pulse width, and relatively high peak spectral 
brightness. 


Stimulated Raman Scattering as a High-Resolution 
Spectroscopy Technique 

The theory of stimulated Raman scattering in Section 10.2 or 10.3 shows a 
Stokes amplification gain (?*(«,- «,) and a corresponding pump attenuation 
both proportional to the Raman lineshape. Therefore, measurements of the 
Stokes gain versus o>, - w s (known as stimulated Raman gain spectroscopy) or 
measurements of the pump attenuation versus to, — to s (known as inverse 
Raman spectroscopy) should yield a Raman spectrum identical to that ob- 
tained from spontaneous Raman scattering. The coherent spectroscopic tech- 
nique, however, has two important advantages. First, no spectrometer is 
needed, so that the spectral resolution is limited only by the laser linewidths 
which can be many orders of magnitude better than the resolution of a 
spectrometer. It can be used to obtain high-resolution Raman spectra of gases 
not realizable by spontaneous Raman scattering. 8 An example is seen in Fig. 

10.13. Second, with CW mode-locked laser pulse and a locked -in detection 
scheme, the coherent technique can be extremely sensitive and can be used to 
study Raman spectra of thin films and adsorbed molecules. 29 Monolayer 
detection is possible, as has been demonstrated by Heritage shown in Fig. 

10.14. 


10.7 STIMULATED POLARITON SCATTERING 

The material excitation p fi discussed in Section 10.3 can in general be both 
infrared and Raman active, that is, it can be excited by both the two-photon 
Raman process and the one-photon infrared absorption process. This is the 
case, for example, with phonons in polar crystals. The direct coupling between 
infrared and phonon waves actually forms a mixed excitational wave which is 
usually known as polariton, 30 A typical polariton dispersion curve of a polar 
crystal is seen in Fig. 10.15. Because of the strong dispersion in the k ~ u^ /2 /c 
region, Raman scattering by polaritons shows a Raman frequency shift that 
depends on the scattering angle, as dictated by the frequency and wavevector 
matching conditions to, = + <o 3 and k, = k s + k 3 , where w 3 and k 3 are the 

frequency and wavevector of the polariton. 

Stimulated Raman scattering by polaritons (or stimulated polariton scatter- 
ing) occurs when the pump excitation is sufficiently strong. It can again be 
described by the coupled wave approach. Four interacting waves are now 
involved in the problem: the pump E„ the Stokes E^, the infrared E 3 , and the 
material excitation jy,. The process can be considered a combination of the 
parametric generation process discussed in Chapter 9 and the stimulated 
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Fig. 10.15 Coupled modes of photons and transverse optical phonons in an ionic 
crystal. The fine horizontal line represents oscillators of frequency w r in the abse nce of 
coupling to the electromagnetic field, and the fine line labeled w = cK / y/c(oo) 
corresponds to electromagnetic waves in the crystal, but uncoupled to the lattice 
oscillators at w r . The heavy lines are the dispersion relations In the presence of 
coupling between the lattice oscillators and the electromagnetic wave. One effect of the 
coupling is to create the frequency gap between and w T ; within this gap the 
wave vector is purely imaginary of magnitude given by the broken line in the figure. 
[After C. Kittel, Introduction to Solid State Physics , 5th ed. (Wiley, New York, 1976), p. 
304.] 


Raman process discussed in previous sections. The wave equations for the four 
waves 31 are 


V x(v X ) - t-je, 


V X(V x)--f £ ' 

C 1 

V x(v x) - — r «3 

c 2 


E. - 

e. - 

. 2 (10.34) 

Ej - -^Ij[x 0, E,E; + NAJ iPi \, 


and 


[j t + '«/, + r /i)p/ f = j( A f ' E 3 + ~ P/) 


where is the usual second-order nonlinear susceptibility and A ^ ~ 
(/( - er * e 3 |i) is the transition matrix element for the infrared excitation of 


171 


Stimulated Polariton Scattering 

the material system from |i) to [/). The third-order nonresonant terms 
x8kl £ ,l 2£ / i n (1^.34) have been omitted for simplicity. 

If the response of is stationary, then by eliminating (10.34) reduces to 


V X(v X)--| £/ 


E, = ^T-i,WSiE,E, + x# l 'l £ I | 2£ ;]. 


V X(v X ) -■ e s 


e s = + xS’|£,l 2 £,]. < 10 - 35 ) 


V 


x(v x) - 




where 


NA^iPi ~ Pf) 
fi (<"> 3 - Uf, + il} ( ) 

>s .. - **'**: *\ ( 1036 ) 

A(w 3 - w a + iT fi ) 

a^/,I 2 (p, - p/) 

* 3 ~ »(wj - « /( + /I},) 

where A: 3 = (<o 3 /c)« 3 ^e ff actually describes the polariton dispersion curve. The 
solution of (10.35) again resembles that of parametric generation. With a plane 
boundary at z — 0, and assuming no pump depletion, it takes the form 


E* = [ exp( i A K+ z ) + #*_ exp( i A K_ z )] exp( - / k, • r) , 

£ 3 — [^ 3+ exp(/AA' + z) + «? 3 _exp(/A.K_z)jexp(/k 3 ■ r 4- /Afcz), 

where 


(10.37) 


A k = k lz — k st - k 3z , k 2 = k * i, 

A/f ± =i(Y,-r 3 )±l[(y, + Y 3 ) J -4A] v2 t 
k 

Y. = + 2**). 

k* - r^4«x ( ,”|£,l 2 . 


(10.38) 
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y 3 = -A* - J'| 


_* 3_ 

2 k u 


«3> 


A = 


A 


^~(xS) 2 |£/I 2 . 

C Z *„* 3 * 

|AV2(4 ** + Y ’)l- 


As one would expect, the solution here reduces to that of simple Raman -Stokes 
generation and parametric amplification, respectively, when the coupling of the 
infrared field £ 3 to the other waves vanishes [A fi - 0 and = 0] and when 
the nonlinear coupling of with E t and E s vanishes (Mj, = 0). Numerical 
examples on GaP and LiNb0 3 can be found in Henry and Garrett and in 
Sussman. 32 

By adjusting properly the relative angle between k, and k, to tune along the 
polariton dispersion curve, the output of stimulated polariton scattering is 
tunable. This has been demonstrated in LiNbOj. 33 In a resonator, up to 70% of 
the laser power can be converted into Stokes. The infrared output is tunable 
from 50 to 238 cm 1 . Its peak power was found to be 5 W when a 1-MW 
pump beam from a ^-switched ruby laser with a beam diameter of 2 mm was 
focused into a 3.3-cm LiNb0 3 crystal by an / = 50 cm lens. This output is 
limited because LiNbOj has a low damage threshold. In practice, single-mode 
lasers should be used to avoid hot spots in the beam which increase the damage 
probability. Observation of far-infrared output from stimulated polariton 
scattering in quartz has also been reported. 


10-8 STIMULATED SPIN-FLIP RAMAN SCATTERING 

An alternative way to obtain tunable output from stimulated Raman scattering 
is to use a fixed pump frequency and tune the resonant frequency of the 
material excitation. Stimulated Raman scattering between Zeeman levels is an 
example: the resonant frequency is tuned by the applied magnetic field. 
Unfortunately, the tuning range is usually small. The Zeeman splitting 2 p B gB 
= gB/2\A cm -1 , with B in kOersted, is only ~ 1 cm -1 for g = 2 and B — 10 
kOersted. In some solids, however, the effective g factor can be much larger, 
for example, g » 50 in InSb. Then, when B is varied from 0 to 100 kOersted, 
the Zeeman splitting can be tuned over ~ 240 cm 3 . This is a reasonably 
broad tuning range. 

It happens that InSb is also a good Raman scatterer in the infrared. Zeeman 
levels of band electrons in semiconductors are usually known as Landau levek, 
and Raman scattering between spin-up and spin-down states is called spin-flip 
Raman scattering, described schematically in Fig. 10.16. Wolff and Yafet 34 
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Fig. 10.16 Schematic of spin-flip Raman process in n-InSb. 


showed that the spin-flip Raman cross section is given by 

(10.39) 


for pump and Stokes polarizations perpendicular to each other, where m s = 
2m/\g\ is the spin electron mass, m is the natural electron mass, and E g is the 
energy gap. In InSb, we have g - 50 and E % « 1900 cm" 1 . Then, with 
E /»«;/( E 2 - h 2 u> 2 ) ~ 1, the spin-flip Raman cross section is already - 600 
times larger than the Thomson scattering cross section for free electrons, which 
is (e 2 /mc 2 ) 2 - 10" 26 cmVster. This is what was actually observed in InSb 
with a CQj laser (a, = 940 cm -1 ). As a comparison, the Raman cross section 
for the strongest mode of benzene at 992 cm~ l is 3 X 10" 30 cm 2 /ster in the 
visible. For fiw, = E v (da/dU)^ can be even much larger as a result of 
resonant enhancement, as seen in Fig. 10.17. With a CO laser at to, — 1800 
cm"\ (da/<ifl) SF was found to be ~ 10 5 times stronger than the Thomson 
scattering cross section. 

According to (10.8), the stimulated Raman gain G R is proportional to 
jV(du/dfl)r"\ and the density N here for spin-flip scattering refers to the 
carrier density. In the case of n-type semiconductors (Fig. 10.16), N is the 
electron density in the conduction band. As a result, G R here is badly hurt by 
N, which is always much smaller than the atomic or molecular density in 
condensed matter. Even so, for n > IQ^/crr?, it is still larger than those in 
other condensed media if the halfwidth T is assumed to be the same. Actually, 
T of «-InSb is quite narrow at low temperature and depends on the carrier 
concentration and k 5 *H. It can be as narrow as 0.15 cm -1 with n = lx 
10 “/cm 3 . 35 

Assuming r = 2 cm' 1 , JV = 3 X lO^/cm 3 , and p, - P f = 1 in (10.8), we 
find in n-inSb a spin-flip Raman gain <7* = 1.7 x 10 ~ 5 / cm \ where / is the 


da_\ (<±\ 

dfl )sf m s c 2 l w / E 2 - h 2 u] 
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Incident photon wavelength Um) 

6.1 6.0 6.9 5.8 5.7 5.6 5.5 5.4 5.3 5.2 



Incident photon energy (meV) 

Fig. 10.17 Resonance enhancement of spontaneous spin-flip Raman scattering as a 
function of input photon energy (n = 1 X 10 16 cm' 3 , H = 40 kOe, and T - 30 K). 
[After S- R. J. Brueck and A. Mooradian, Phys . Rev. Lett. 28, 161 (1972).] 

C0 2 laser intensity in watts per square centimeter. This is the largest known 
Raman gain for all materials. The gain can be increased further by adjusting N 
properly to yield an optimum value for NT" 1 and by moving Auj closer to E g . 
At the CO laser frequency, the gain becomes 6 X 10 -4 / cm -1 . From these 
estimates, one expects that stimulated spin-flip Raman scattering should be 
observable in InSb of a few millimeters in length with a pump beam of - 10 6 
W /cm 2 at 10.6 pm or ~ 10 4 W/cnf at 5.3 pm. In practice, optical feedback at 
the air-sample interfaces can result in Raman oscillation. Patel and Shaw, 7 
using a (7-switched co 2 laser of 1 kW at 10.6 pm focused to a spot of 10" 3 
cm 2 in a 5 -mm n-InSb sample with N — lO 16 / 0 ™ 3 at T = 18 K, observed a 
Stokes output of 10 W. The output was tunable from 10.9 to 13.0 pm with B 
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varied from 15 to 100 kOrsted. The output linewidth was less than 0.03 cm^ 1 . 
Using a single-mode CW CO laser at 5.3 jxm focused to - 5 X 10 - 5 cm 2 in a 
4.8-mm «-InSb sample with n = 10 16 /cm 3 at T = 30 K, Brueck and 
Mooradian 36 obtained a Raman oscillation threshold at a pump power less 
than 50 mW, a power conversion efficiency of 50%, and a maximum Stokes 
output in excess of 1 W. The output linewidth can be as narrow as 1 kHz. With 
samples in a low magnetic field, a conversion efficiency of 80% has been 
achieved. 37 Anti-Stokes radiation and Stokes radiation up to the fourth order 
have also been observed. Detailed operation characteristics of InSb spin-flip 
Raman lasers are listed in Ref. 38. 

Stimulated spin-flip Raman scattering can also occur in other semiconduc- 
tors. Among those reported in the literatures are CdS pumped by a dye laser, 
InAs pumped by an HF laser, and Pb^Sn^Te, Hg^Cd^Te, and 
Hg^Mn^jTe pumped by a C0 2 TEA laser. 



-4 -2 0 2 4 


(u 3 -to 0 ) / r 

Fig. 10.18 Theoretical curves of the Raman gain g, and the ratios of the far-infrared 
output P(w 3 ) to the Raman output P(u 2 ) for the collinear phase-mismatched case and 
for the noncollinear phase-matched case. (After Ref. 37.) 
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Actually, the spin-flip transition can be excited by both the Raman process 
and the direct one-photon absorption process, although the latter is weak 
because it is a magnetic-dipole transition. Therefore, strictly speaking, stimu- 
lated spin-flip Raman scattering is a special case of stimulated polariton 
scattering, 39 and the theory developed in the previous section should apply 
here. In addition to the Stokes output, a far-infrared output at the spin-flip 
transition frequency is expected. In the present case, the calculation is, how- 
ever, relatively simple, because the free carrier absorption at w 3 is quite strong 
and we always have (y, + y 3 ) 2 » A in (10.38). As a result, the gain is almost 
exactly equal to the stimulated Raman gain with A = 0. We show in Fig. 10.18 
a calculated example of both the gain and the ratio of the far-infrared output 
to the Stokes output. Collinear phase matching is not possible in this example, 
so that the far-infrared output in the forward direction is relatively low. It 
becomes stronger in the noncollinear phase-matching direction. In fact, be- 
cause the direct excitation of the spin-flip transition is weak, the far- infrared 
output can be calculated through iteration by first finding the Stokes output 
from stimulated Raman scattering and then the difference-frequency output 
from the pump and Stokes mixing. 

Far-infrared output from a spin-flip Raman oscillator has not yet been 
reported. Only the collinear phase-mismatched case has been tried. Far-infrared 
generation by optical mixing of pump and Stokes waves in InSb has, however, 
been observed with its maximum appearing at the spin-flip resonance. 40 The 
results agree very well with the theory. This far-infrared output is, of course, 
tunable over the same range as the Stokes output, and constitutes a potential 
tunable coherent source in the far-infrared which can be both intense and 
narrow in linewidth. 


10.9 TRANSIENT STIMULATED RAMAN SCATTERING 

Pulsed lasers often are used in stimulated Raman scattering experiments. We 
must therefore consider the time dependence of the output. If the pulsewidth is 
much longer than the relaxation time of the Raman excitation and the tune 
required for light to traverse the medium, we can expect from physical 
argument that the output pulse will follow the temporal variation of the input 
pulse. This is the quasi- steady-state case. Otherwise, the output should exhibit 
a transient behavior. 

To describe the transient effect, we should, in general, use the coupled wave 
approach of Section 10.3. In this approach, the dynamic equation for the 
material excitation explicitly takes into account the possible transient response 
of the medium. Even in the case of strong Raman gam, the slowly varying 
amplitude approximation of the fields is usually still valid. For Stokes genera- 
tion in the forward direction along z, the set of coupled equations in (10.22), 


Transient Stimulated Raman Scattering 


177 


following the derivation of Section 3.5, can be written as 


(■| + 0 - jMfAp, ~ P/K*^ 


with £ y (Wj) = S x {z, fJexpO^* - iia t t) and p /t (o>i - to 2 ) = A(z, r)exp[/(/c : - 
k 2 )z - i(o> 1 - o> 2 )/] in (10.22). Here, <;* and v 2 are the group velocities at 
and u 2 , respectively, and we have neglected for simplicity the nonresonant 
driving terms in the equations of € x and <f 2 . 

Consider first the simpler case where the amplitude variations of and S 2 
are sufficiently slow so that \dA/8t\ is negligible compared to |Tj 4|. Then 
A( 2 , r)= iMjiipj - /HYfn and if we assume for simplicity t?j = v 2 , 

and use the transformation of variable z' - z and /' — t - z/v y (10.40) reduces 
to 


dz’ 


aT) 




d& 2 

dz r 



(10.41) 


where xi? = ^|W/il 2 (P, “ P/)/tAr. These equations are identical to (10.15) 
with a = 0 except that and <? 2 are now functions of z and t - z/v . In other 
words, i x and i 2 should obey the steady-state solution in the retarded time 
coordinate. Physically this result follows from the fact that a differential 
section of the laser pulse always interacts with one and the same differential 
section of the Stokes pulse throughout the medium. This is the quasi-steady- state 
solution. 

For backward scattering, we must replace o 2 in (10.40) by -v 2 , and (10.41) 
is no longer valid. The quasi-steady-state solution applies only when the 
amplitude variations of the input pulses are negligible in the time duration for 
light to traverse the entire length of the medium. However, the general solution 
for this case can still be found for jyj — 1i> 2 | as 41 


l - .2^, . i M |/ 2 | 2 (< + Vp,0) 

2 l ’ v) F 2 {t + z/v) + exp[ — F]{t ~ z/v)] ’ 

f,(< - Z ~ ) “ jT I 'Vi(0, y) I 2 dy , (10.42) 

+ v) = + / *l ,f 2(>’’ 0 )l ! dy - 
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It reduces to the quasi-steady-state solution when both the laser and the Stokes 
input pulses are so long that the integrands in F l and F 2 can be approximated 
by constants. On the other hand, if both input pulses are much shorter 
compared to the time for light to traverse the length of the medium, then the 
backward Raman amplification is greatly reduced in comparison with the 
forward Raman amplification due to the limited interaction range of the laser 
and the Stokes pulses. This is seen in (10.42) that F 2 {t - z/v) < - 

z/v)\ 2 l, where l is the length of the medium. Another case of interest is the 
amplification of a backward Stokes pulse in a long medium against a relatively 
long laser pulse. If the leading edge of the laser pulse is sufficiently steep, 
Stokes pulse sharpening may occur as the wavefront of the backward Stokes 
pulse continuously sees the fresh undepleted incoming laser beam and gets full 
amplification while the lagging part of the pulse does not. 41 An example is seen 
in Fig. 10.19. This pulse-sharpening phenomenon can be observed in some 
liquids when the initial Stokes pulse is generated by self-focusing near the end 
of the cell. 

We now consider the more general case where \dA/dt\ is no longer 
negligible compared with |IV1|. This happens when varies rapidly so that 
the material excitation cannot respond instantaneously, or more quantitatively, 
when the laser pulsewidth T p is smaller than or comparable with the dephasing 



Fig. 10.19 Calculated normalized Raman pulse intensity as a function of time for an 
initial condition |Ed = |£ j0 K' - 'o) h> r * > V The curves show ^ P uke development 
at length intervals of A/ = 2.77/ G, C is the Raman gain and was determined to be 0.7 
cm -1 in CS*. Lower scale is in dimensionless units; upper scale describes the experi- 
mental conditions. (After Ref. 39.) 
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time T 2 - 1/1}. of the Raman excitation (or more correctly, as we shall see 
later, 42 when T p < where (7^ is the steady-state Raman gain from 

(10.8) by assuming the laser intensity to be the peak intensity of the input pulse 
and l is the length of the medium). Although ^-switched pulses may be short 
enough for studying transient stimulated Raman scattering in gases, picosec- 
ond pulses are needed for liquids since T 2 is usually of the order of picosec- 
onds. With a picosecond pump pulse, the backward Raman scattering is hardly 
detectable because of the very limited length of interaction between the 
backward Raman and the incoming pump pulse. We discuss here only the 
forward Raman scattering. 

Consider the case where both the depletion of pump power and the induced 
population change are negligible. Then (assuming v l = u 2 ) (10.40) reduces to 


where 




(10.43) 




( 2 ™ I 

[ C 2 kj 


NM /it 


V2 


- p/) 

h 


and - z/u) is given by the initial condition. The solution of (10.43) 
describes the transient stimulated Raman scattering. Its derivation is somewhat 
long and tedious. We shall therefore only sketch the result here and refer the 
readers to Ref. 42 for details. 

With t' = t — z/d and z' = z, (10.43) can be transformed into a second-order 
partial differential equation 


B 2 

. dt'dz' 




(10.44) 


where U = Texp(r/') and F stands for either $ 2 or A*. The equation can be 
further simplified to 


d 2 \ 


(10.45) 


by defining r — dt". Equation (10.45) is in the standard form of a 

hyperbolic equation which can be solved with arbitrary initial conditions. In 
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the present case, the solution takes the form 


<? 2 (*', r') = <f 2 (°. >') +(viV2 2 ) ,/ 2 ' f i( 1 ') 

X f e -n.--r>U. (r )t 2 (0,rHr(t') - r(r)]- ,/2 

* — oc 

X/ 1 (2[m,(H<') - T(f"))2'] ,/2 )} df, (10.46) 

A'W, f) = ill! f e- r <'’-n{ ^( t »)/ 2 (0, t") 

' — 00 

” T ( t ")) Z, ] l/1 )} dt " > 

where the input conditions are A*(z') - 0 at t* -+ - oo andi? 2 (z', t') = t ) 
at t = z * = o, and /, is the /th order Bessel function of imaginary argument. 
The solution in (10.46) has the following characteristics: 

1 Since / 0 ( x) * 1 and I^x) = x for x « 1 and / y (*) - (27 tx) _ 5 exp(jc) for 
x » 1, the Stokes amplitude <? 2 first increases linearly with z and then, in 
the limit of large amplification, increases exponentially in the form 

<f 2 (z', O <r g,(f) f'jrWWO, r)[r(t’) - t(/")] _1 47) 

xexp{ — r(t' - t") + 2 [t)j 1 ) 2 (t(<') - r(l"))2'] 1/2 }- 


2 If the pump pulse is sufficiently long, then S 2 °n a quasi-steady- state 
exponential gain. This can be seen from (10.47) when (/ - t 0 ) > G R zT 2 for 
a rectangular pump pulse starting at / 0 . For this reason, T p < G^JT Z can 
be used as the condition for the observation of transient stimulated Raman 
scattering, as mentioned earlier. 

3 If T < r 2 , the factor exp[- T(r' - f")l can be approximated by 1 in the 
integrals of (10.46) and (10.47). The Stokes amplitude grows rapidly only 
toward the middle part of the pump pulse. It then drops off following the 
pump pulse at the tail. The Stokes pulse is therefore always narrower than 
the pump pulse. The material excitation A behaves in the similar manner 
but has an exponential decay tail exp(-T/) after the pump pulse is 
switched off or dropped to nearly zero, 

4 In the limit of large amplification, (10.47) gives 

(^nux^P^) 


(10.48) 
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where G T is a transient gain given by 

r TA l/1 

m-rwop*. 

J -GO 


(10.49) 


The transient gain here is independent of the laser pulseshape. For a pulse 
of the form - <f 1<M exp(-|/y7T), the peak of the Stokes pulse is 
delayed from the peak of the pump pulse by a time t D = T(}log G Km z) l/ft . 


Numerical calculations of transient stimulated Raman scattering have been 
carried out by Carmen et al. 42 for various pump shapes. The results confirm 
the characteristic features presented above. 

Transient behavior of stimulated Raman scattering was first noticed in gases 
by Hagenlocker et al 43 Later, with picosecond pulses, it was also observed in 
liquids. Quantitative measurements have shown good agreement with theoreti- 
cal predictions. 44 A better experiment yet to be carried out is to measure the 
temporal variation of Stokes amplification in an amplifier cell (see Section 
10.6C). The transient gain G T is different from the steady-state gain G R in the 
fact that the former depends only on the Raman cross section (cc while 
the latter is also inversely proportional to the halfwidth T. Therefore, it is 
possible to observe in transient stimulated Raman scattering some Raman 
modes which are suppressed in the steady-state case. More than one Raman 
mode can in fact simultaneously show up in transient Raman scattering. 45 


10.10 MEASUREMENTS OF EXCITATIONAL 
RELAXATION TIMES 

Relaxation of a material excitation can be measured directly by probing the 
decay of the excitation. In analogy to the magnetic resonance cases, two 
relaxation times are often used to characterize the relaxation process: the 
longitudinal relaxation time 7i, which governs the decay of the induced 
population change in the excited state, and the transverse relaxation time r 2 , 
which is the dephasing time of the excitational wave (see Section 2.1). In 
condensed matter, T l and T 2 are usually of the order of picoseconds, and 
therefore picosecond pulses are needed to excite and to probe the material 
excitation in the measurements of T x and T 2 . We consider here only Raman- 
allowed excitations, with both excitation and probing achieved through Raman 
transitions. The general principle, however, is applicable to other types of 
transitions. We also note that only in the limit of homogeneous broadening is 
r 2 equal to the inverse halfwidth, but even then T 2 can be very different from 
Tv 
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In the preceding section, it was seen that transient stimulated Raman 
scattering yields a material excitational wave A which decays exponentially as 
exp (-t/T 2 ) even after the pump pulse is switched off. This material excita- 
tional wave at («! - w 2 ) s Wcx can be probed by mixing A with a probe pulse 
£, at k 3 and « 3 to generate a coherent anti-Stokes wave E a = # a exp(rk a * r — 
i* Q t) with k, - k t - k 2 + k 3 and " "2 + w 3 . The equation govern- 

ing the forward anti-Stokes pulse amplitude is 

O0 '*” 


from which we find, with the help of transformation of variables z’ - 2 and 
f = t - z/v a > the solution 

J o 


The time-integrated coherent anti-Stokes signal is therefore given by 


ccf K,(/.0i 2 <* 

-00 

af°° '')*'! dt - 


(10.51) 


This signal is, of course, a function of the time delay t D between the exciting 
and the probing pulses. If t D » T 2 > pulsewidth T p> then it is clear from 
(10.51) that a exp(-2 t D /T 2 ). Therefore, T 2 can be easily deduced from 

the result of versus t D . More rigorously, the effect of the finite pulsewidth 

T should be taken into account in the time convolution in deducing Ty 
P The longitudinal relaxation time Tj describes the decay of the induced 
population change Ap as governed by (10.23) or, more explicitly, 


(^ + ^-) a p i H - w^lftf ~ p °) < 10 - 52 ) 

with Ap - Kft - p/- P? + P/) « (P? - P/)- ^ equation shows that after 
the pump pulse is over Ap should decay exponentially as exp( - t/T x ). Incoher- 
ent (spontaneous) anti-Stokes scattering is directly proportional to Ap and 
therefore can be used to probe the decay of Ap. With a probe pulse E 2 at o> 2 , 
the time-integrated signal at <*> 3 - <j 2 + * s £ ven by 


S^ol J\<? 2 (z,t)\ 2 bp(z,t)dzdt, 


(10.53) 
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which is a function of the time delay t D between the exciting and the probing 
pulses. When t D » T x > T pt this signal is proportional to exp(~r 0 /r 1 ) so that 
T t can be deduced from 5' inc versus t D . 

The method was first used by DeMartini and Ducuing 4 * to measure T x of 
the 4155 cm -1 vibrational excitation of gaseous H v At 0.03 atmospheric 
pressure, T x = 30 jisec, so that ^-switched laser pulses are short enough to 



Fig. 10.20 Schematic of the experimental system for photon lifetime measurement. 
The pump beam B1 at X = 1.06 fim and the probe beam B2 at A = 0.53 jim interact in 
the Raman sample RS. Glass rod for fixed optical delay, FD; glass prisms for variable 
delay, VD; filter, F; photodetector, P; two-photon fluorescence system, TPF. [After A. 
Laubereau, D. von der Linde, and W. Kaiser, Phys. Rev. Lett. 28, 1162 (1972).] 



Delay time t D (psec) 

Fig. 10.21 Measured incoherent scattering S inc (/ D )/S inCni?ji , (closed circles) and coher- 
ent scattering (open circles) versus delay time t D for ethyl alcohol. The 

solid and dashed curves are calculated. [After A. Laubereau, D, von der Linde, and W. 
Kaiser, Phys . Rev. Lett. 28, 1162 (1972).] 
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carry out the measurements. In condensed matter, however, T x and T 2 are in 
the picosecond range, and picosecond mode-locked laser pulses must be used, 
as pioneered by Alfano and Shapiro and by Kaiser and associates. 9 Figure 
10.20 is a typical experimental arrangement. The mode-locked pulse from an 
Nd laser is used to excite the material excitation by stimulated Raman 
scattering, and the second harmonic of the mode-locked pulse, after an 
adjustable time delay, is used to probe the excitation. The results on ethyl 
alcohol in Figure 10.21 is an example. The exponential tails of the S^(i D ) and 
S. nc (f £) ) curves in the figure yield T x and T 2 readily. The technique can be 
extended to the study of decay routes of an excitation, and the dephasing 
dynamics of an excitation in large molecules or condensed matter. 47 

Note, however, that this discussion of dephasing time measurements applies 
only to a homogeneously broadened Raman transition. 48 In the case of 
inhomogeneous broadening, the material excitation has a distribution of reso- 
nant frequencies < 0 ^, and A(z, t) in (10.50) and (10.51) should be replaced by 
an integration of the excitational waves over the distribution of oi ex . The decay 
of S ^ with time is no longer in the form of exp( - 2 t D /T 2 ). If the width of the 
inhomogeneous broadening is considerably larger than 1/7^, the decay time of 
S ^ will be dominated by T p \ then no information about T 2 can be obtained. It 
is, however, possible that when the pump pulse is so intense as to cause 
coherent saturation in the Raman transition, the T 2 value can still be deduced 
from the decay of S^. 49 More details on theory and experiments of vibrational 
relaxation studied by ultrashort pulses can be found in Refs. 47 and 48. 
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Stimulated 
Light Scattering 


In Chapter 10 stimulated Raman scattering was treated as a result of paramet- 
ric interaction between light and material excitation. Examples were given in 
which the material excitation was either electronic or vibrational. The Raman 
shift involved could in principle range from zero to a frequency as large as the 
pump laser frequency. Some material excitations have very low frequencies, of 
the order of <1 cm -1 . They are usually related to atomic or molecular 
motion. Light scattering by such material excitations frequently is called 
something other than Raman scattering. For example, Brillouin scattering 
involves acoustic wave excitation, Rayleigh scattering deals with entropy wave 
excitation, and Rayleigh- wing scattering relates to molecular orientational 
excitation. 1 With sufficiently high pump laser intensity, all these spontaneous 
light scattering processes could become stimulated. Some of them are discussed 
briefly in this chapter. 


1 1.1 STIMULATED BRILLOUIN SCATTERING 


Stimulated Brillouin scattering results from parametric coupling between light 
and acoustic waves. The theory follows the general formalism given in Section 
10.3 for stimulated Raman scattering, with the material excitation al wave here 
referring to the acoustic wave. We consider only Brillouin scattering in liquid. 
The coupled wave equations, similar to (10.22), are 


v X(v x) + ^ 


d 2 
c 2 dt' 


El -^p™w 

c 2 


and 


(u.i) 


vx(vx) + if|ik = ^p-(u, 2 ) 

c 1 dt \ C l 
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together with the driven acoustic wave equation 

- 2r B jy - u 2 v 2 Ap= -v-f. (11-2) 

We use the density variation Ap to describe the acoustic wave; v is the acoustic 
velocity, and r B is the acoustic damping coefficient or the halfwidth of the 
Brillouin line in spontaneous scattering. The driving force / and the nonlinear 
polarizations P NL arise from the nonlinear coupling of the three waves and can 
be obtained as follows: 

pNL ^> = ^S E ‘ Ap *’ < uj) 

f = Vp = v(^yE!-Ej) 

where p is the electrostrictive pressure, y = p 0 de/dp is the electrostrictive 
coefficient, and p 0 is the mass density of the liquid. 

The problem is just another example of parametric wave interaction, and 
the solution of the coupled wave equations (11.1) and (11.2) follows those 
described repeatedly in Chapters 9 and 10. We consider here only backward 
stimulated Brillouin scattering in the steady-state case. The forward Brillouin 
scattering does not occur as it has a zero frequency shift. Let E x - 
exp OV - E 2 = e 2 S 2 exp (-ik 2 z - io 2 and Ap - A exp (ik a z - 

iic u t) % with - w 2 -I- and k a = u a /v. Following the slowly varying ampli- 
tude approximation, (11.1) and (11.2) reduce to 


(s- 


where A k = + k 2 - k a . This is analogous to the backward parametric 

amplification case described in Section 9.6. If the damping constants <x and T g 
are sufficiently small, the amplification can in principle go into oscillation. For 
the acoustic waves involved in backward Brillouin scattering in liquids, how- 
ever, ujlit is typically of the order of 5 GHz and the corresponding T b /2tt is 
around 0.1 GHz (see Table 11.1). the attenuation coefficient T B /v is - 10 4 
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Table 1 U 

Frequency Shift v s , Urn 1 width r fl) and Maximum Steady-State Gain Factor of 
Stimulated Brillouin Scattering, (gj)™** oc p|, for a Number of Liquids* 


Substance 

Frequency 

shift 

''if 

(MHz) 

Linewidth 

r* 

(spont.) 

(MHz) 

Gain Factor 

Calculated 

gp(max) 

(cm/MW) 

Measured 

gs(max) 

(cm/MW) 

cs 2 

5850 

52.3 

0.197 

0.13 

Acetone 

4600 

224 

0.017 

0.020 

n-Hexane 


222 

0.027 

0.026 

Toluene 

5910 

579 

0.013 

0.013 

CC1 4 

4390 

520 

0.0084 

0.006 

Methanol 

4250 

250 

0.013 

0.013 

Benzene 

6470 

289 

0.024 

0.018 

H 2 0 

5690 

317 

0.0066 

0.0048 

Cyclohexane 

5550 

774 

0.007 

0.0068 


'“After I. L. Fabellinskii, Molecular Scattering of Light {Plenum, New York, 1968). 


cm" 1 with v ~ 10 5 cm/sec. This is often much larger than the gain coefficient 
of stimulated Brillouin scattering estimated below. Consequently, the acoustic 
wave excitation here can be considered as highly damped, and (11.4) can be 
solved by first eliminating A using the approximation dA/dz = iAkA. We 
then have 


where 


(I* 


(11.5) 


xg’ = 


(3e/gp)(f l-<i) 

4 irv 


2 *aPo 
Afr - iT s /u ' 


Equation (11-5) looks exactly the same as (10.15) in the stimulated Raman 
scattering case except that the Brillouin susceptibility xS* now replaces the 
Raman susceptibility ™ (10.15). Since Imxa 1 > 0, (11.5) shows that <^ 2 
would grow in the backward (- z ) direction if (27rw 1 /A: 1 c 2 )Imx^ > > «/2, 
while would decay in the forward direction. In the case of negligible pump 
depletion, the solution of (11.5) is 

Ki(z)l 2 - |<* , 2 (0lV c *"‘ ,)</ ~' > 


( 11 . 6 ) 
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where the Brillouin gain G B is given by 

O 1 - 7 ) 

\k z \e 

Calculated values of G B for a number of liquids are listed in Table ll.l. 2 It is 
seen that with 100 MW/cm 2 pump intensity in a 10-cm cell, the exponential 
gain GJ can be of the order of 10 (much larger in CS* because of the narrower 
Brillouin width), and therefore stimulated Brillouin scattering should be easily 


observable. 

The solution of (11.5) including the pump depletion, but with a - 0, can 
also be obtained readily. 3 One finds the following algebraic relations between 
the inputs jf^O)! 2 , |£ 2 (/)[ 2 and the outputs | Ei(0l l . : 

^(0)1* - IM0I 2 - \e 2 (0)\ 2 - \e 2 U)\ 2 

and < U ' 8 > 


l£ 2 (0l 2 t - |£,(0)/£ 1 (0)| 2 

” exp[ [I - |£ 2 (0)/£ 1 (0)! 2 K|£,(0)| 2 /] " |£ 2 (0)/E,(0)| J 



TIME [nsec 3 


Fig. 11.1 Oscilloscope traces of the incident 
pulse P 8 , and the transmitted laser pulse P T in 
166, 113 (1968)1 


laser pulse P L , the backward Brillouin 
ethyl ether. [After M. Maier, Phys . Rev. 
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Significant pump depletion in stimulated Brillouin scattering is in fact a 
common phenomenon. A typical example is seen in Fig. 11.1, where depletion 
of the pump pulse into a backscattered Brillouin pulse is clearly demonstrated. 4 
Energy conversion as high as 90% has been reported. 

The lifetime of acoustic waves is t b = l/2r fl1 which is of the order of 1 nsec 
for u> a /2* - 5 GHz. Transient stimulated Brillouin scattering is expected if 
the pump pulse has a width comparable to 1 nsec or less. The transient 
solution again resembles that of the Raman case. However, we do not dwell on 
it here, but refer the readers to Kroll. 5 Experiments actually found strong 
dependence of the gain on the lifetime of the acoustic wave for pulsewidth less 
than - 100 x p . This is especially so near the threshold for stimulated scatter- 
ing. Careful measurements have shown quantitative agreement between theory 
and experiment. 6 

Stimulated Brillouin scattering was first observed by Chiao et al. 7 in quartz 
and sapphire using a ^-switched ruby laser. They analyzed the reflected light 
from the medium with a Fabry- Perot interferometer and found the Brillouin- 
shifted component. Because of the high conversion efficiency, the backscattered 
Brillouin pulse frequently is so intense that it can be detected by eye. Without 
proper isolation between the sample and the laser system, the backscattered 
Brillouin pulse will propagate into the laser medium and be further amplified. 
The result is that a Brillouin-shifted component will now appear in the laser 
output. Such a process can repeat a number of times, and the laser output will 
then have a spectrum containing several orders of Brillouin-shifted compo- 
nents. 8 This is what one would avoid in experiments requiring a single-mode 
laser beam. 


— 1 1 
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Fig. 11.2 Experimental Brillouin gain factor, g r B oc versus frequency shift &u/2<n 
for a nonabsorbing liquid <6d% CS^ and 34% CC1 4 ). The theoretical fit is a Lorentzian 
curve. {After Ref. 15.) 
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As in the Raman case, the best way to test the theory of stimulated Brillouin 
scattering is to conduct gain measurements with an oscillator-amplifier 
arrangement similar to that in Fig. 10.9. An example is shown in Fig. 11.2. A 
theoretical fit to the data using (10.7) allows the deduction of T e> which 
compares well with T B obtained from spontaneous scattering. 

Comparison of the Brillouin gains in Table 11.1 with the Raman gains in 
Table 10.1 shows that stimulated Brillouin scattering should usually dominate 
over stimulated Raman scattering in most liquids in the steady-state case. With 
a strong pump laser beam, especially one that is focused, stimulated Brihoutn 
scattering can actually have enough gain to occur in all directions. Experimen- 
tally, acoustic waves of various frequencies are generated at the focal point in 
different directions. An audible sound can be heard when it happens. It is 
likely that a shock wave is initiated at the focal point. Cell windows often are 
shattered by the strong pressure waves generated, but the detailed mechanism 
involved is not yet understood. 

1 1 2 STIMULATED THERMAL BRILLOUIN AND RAYLEIGH 
SCATTERING 

We have assumed that the acoustic wave is described by the density vanation 
Ap. This is, however, only an approximation first used by Einstein and 
Brillouin 11 to describe spontaneous light scattering by low-frequency thermo- 
dynamic fluctuations in a single-component medium. Actually, p is a function 
of pressure p and entropy S , and one can write Ap - (dp/dp) 5 kp + 

( dp/dS ) A S. Then Ap(0 describes the acoustic wave, while A S(t) describes 
the entropy wave at zero frequency with a diffusion-type equation of motion. 
In spontaneous scattering, Ap is responsible for the Brillouin doublet of the 
spectrum, and AS for the central Rayleigh component. 1 Therefore, for the 
stimulated Brillouin scattering discussed in the previous section, a more correct 
formalism will have to replace Ap by A p and de/dp by (de/dp) s . In some 
cases however, it is more convenient to use the independent thermodynamic 
variables p and T instead of p and S. This is particularly true when the 
temperature T varies in direct response to the external heating of the medium. 
In the equations of motion, we expect that A p(t) and A T(t) are coupled since 
both, being linear combinations of A p(t) and A S(t\ are mixtures of acoustic 
and entropy waves. Light scattering under the effect of heating due to optical 
absorption is known as thermal light scattering. 12 

The equations of motion for Ap and A T are, respectively, the N a vier- Stokes 
equation in conjunction with the equation of continuity, 12 

Po^^v(M + ^v{ir)-,v 2 v 

“^v(E 1 .Ef)-^(#) p (E 1 -E ! )v(Ar ) . 

|lp + PbV'» = o 


(11.9) 
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and the energy transport equation 


Lcf ■ 


\ T V‘ 


c„(s - 1) a . 
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(11.10) 


where t; is the acoustic wave velocity, 8 = C p /C v is the ratio of heat capacities 
at constant pressure and at constant volume, & T is the isothermal compressibil- 
ity, 7 } characterizes the acoustic damping, y = p 0 (de/ 3p) T , is the thermal 
conductivity, and a is the linear absorption coefficient. The two equations in 
(11.9) can be combined to yield 


4 + t^ + j ^ 2 

dt 2 $ p 0 3t 


Ap + ^ vW) 


= X vHEl . E!) -^(^v.[E 1 .E ! v( 4 r)l. 


(n.11) 


2 v\8T 


We notice that if the approximations 8 - 1, a ^ 0, and (3e/dT) p - 0 are 
used, (1L10) gives AT = 0 and (1111) reduces to the acoustic wave equation in 
(11.2). Stimulated thermal Brillouin and Rayleigh scattering is now described 
by the coupling of (11 TO) and (1111) with the wave equations for E 1 and E 2 in 
(11.1) having 

pN ^)=4^ £ ^ + ^(lf)^ 4r 

and (11.12) 

The solution of the coupled wave equations is similar to those of stimulated 
Raman and Brillouin scattering. We consider only the steady-state solution for 
backward scattering here, and assume that both excitations Ap and AT are 
highly damped. We can then replace d/dt by — io> a = - i(u>i - ^ 2 ) an ^ 
V = 3/ dz by i{k x + k 2 ) in (11.10) and (11.11) and solve for Ap and AT. 
Substituting the expressions of Ap and A T into (1112) and then into 
(111), and using the slowly varying amplitude approximation for E L and Ef, 
we again find the amplitude equations for S x and i* 1 the ^ orm of (11.5), or 

(! + «)k,i 2 = -^iaiViI 2 

(^-o)k 2 | 2 = -/3K,|Vzl 2 - 


(11.13) 
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With the approximation (3 e/ dp) 7 -P ^ (9£/dT) p T, we have 


1 

p +(An/r a f 


r 2(Afl/r B ) 

+ iT(Aa/r^ 


+ (0RL + ^Rl-) 


i +(w a /r RL ) 


where 


Afl » 


(*L±M^ -K - *> 2 ), 


fi l/2 


47rc 2 p 0 Pr fl 


to^Y a 


and 


Uc 2 p 0 vT B 
a< .■ 

4«V r RL 

fa>2?Y a 

^ 4»cV r w. 

eti>c 2 0 r 

y 

_ { 5 - l)qr RL 

T •= 4^ ’ 

r?(/c L + fc 2 ) 2 

Po 

r * L ~ Po C, 


(11.14) 


In the linnt of negligible puntp ^oM^ grows exponent in «. 

scattering, and the last ’ er "’ ™ * tlering . j t leads to the same Brillouin gain 
for normal stimulated Bnll ■ i s centered at AG = 0 or 

denved m the .heTeqnency of the acoustic wave 

w i ” "2 ~^ kl , + n { h backward BriUouin scattering. The ^ term corre " 

srfsa » ■**“ “ “ “™“ 
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Fig. 113 Experimental thermal Brillouin gain factor, a fig, versus frequency shift 
Au/2ir for an absorbing liquid (66% CS 2 and 34% CG 4 with a small amount of 1 2 ) 
with an absorption coefficient a - 0.83 cm -1 . The theoretical curve is the dispersive 
counterpart of a Lorentzian. (After Ref. 15.) 


coefficient a is zero. Its gain spectrum is antisymmetric about 48 = 0. The 0 RL 
term also vanishes when a - 0, and corresponds to thermal Rayleigh scattering 
with a gain maximum at = Wj - w 2 = T RL . Finally, the 0 RL term corre- 
sponds to ordinary Rayleigh scattering with the same gain spectrum as 0 RL . 

Experimentally, stimulated Rayleigh scattering is most difficult to observe 
because of the small 0 RL , but has actually been observed. 13 The maximum 
Rayleigh gain in liquids is estimated to be two orders of magnitude lower than 
the Brillouin gain. 2 With absorption, Rayleigh scattering can be greatly en- 
hanced through the /?£ L term. Indeed, stimulated thermal Rayleigh scattering 
can be readily observed in absorbing gases and liquids. 14 Stimulated thermal 
Brillouin scattering in absorbing media is also easily observable. 15 Its occur- 
rence is evidenced by a small upshift of the Brilloum-shifted frequency, since 
the combined gain spectrum exhibited by the fig and fig terms in (11.14) has a 
maximum at 48 > 0. The best way to study the effect of thermal Brillouin 
scattering is to measure the Brillouin gain as described in Section 11.1. The 
measured gain spectrum can then be compared directly with the theoretical 
spectrum in (11.14). An example is presented in Fig. 11.3, which shows a good 
agreement between theory and experiment. 


113 STIMULATED RAYLEIGH-WING SCATTERING 

Fluctuations of molecular orientation and distribution in a fluid medium result 
in fluctuations of the dielectric constant and lead to spontaneous light scatter- 
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ing. 1 This is known as Rayleigh-wing scattering, which has a spectrum similar 
to Rayleigh scattering but much broader in width. Stimulated Rayleigh-wing 
scattering can also be expected at high pump intensity. The physical picture is 
as follows: mixing of E l and E 2 reorient and redistributes the molecules; the 
molecular reorientation and redistribution, which vary in space and time, in 
turn beat with E, to enforce E 2 . Stimulated Rayleigh-wing scattering is then 
simply the result of coupling between E u E 2 , and the induced variation in 
molecular reorientation and redistribution. For quantitative description, we 
must find the equation of motion for molecular reorientation and redistribu- 
tion. We consider here only the reorientation mechanism. 

We assume anisotropic molecules with cylindrical symmetry. The optical 
polarizabilities parallel and perpendicular to the molecular axis are denoted by 
a., and , respectively. Let the molecular axis tilt at an angle 6 from the x-axis 
(Fig. 11.4). Then a linearly polarized E field along x induces a dipole p on the 
molecule with p x = a xx E and 

a xx - c^cos 2 # + a ± sin 2 0 ^ ^ 

= o + Aa(cos 2 0 - j) 


where 


a = + 2ot x ) and A a = a,, - a x . 

The applied field E now interacts with the induced dipole and tends to align 
the molecule along x against the thermal randomization. Let us assume a 
collection of noninteracting molecules with a density N and a random orienta- 
tional distribution in the absence of E. With the applied E, the orientational 



Fig. 11.4 Sketch showing a uniaxial molecule lying at an angle 
9 from the electric field E along x. 
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distribution function at equilibrium becomes 


m = 


txp(-2a xx \E\ 2 /k B T) 

Z 
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where 


Z “ J f eXP (" Z %T L ) Sill ^ tf ' 

k B is the Boltzmann constant, and the factor 2 instead of 1/2 appears in the 
exponential because of our convention on the amplitude of E (Section 2.9). 
Then the tensor component x xx of the optical susceptibility, following (11.15) 
and (11.16), is given by 


X** = X + 3 *a«e 


with 


X - 

0 = |{cos 2 0-}) 

= f i(cos 2 0 - j)ecp[-2Aa|£] 2 (cos 2 0 - h)/k B T] 

J o 


(11.17) 
sin0 d6 


f exp[-2Aa|£| 2 (cos 2 0 - \)/k B T\$mQ dd 


where { ) denotes the orientational average. Similarly, we find 

x„-x„ = x-y*A«e. (11.18) 

Physically, the quantity Q , which describes the degree of molecular alignment, 
often is known as the orientational order parameter. For random distribution, 
Q = 0, and for perfect alignment 0 = 1. The polarization induced by E takes 
the form 


p = *x„£ 

( 2 \ (11.19) 

-*[X* + jAaa0ff). 

Since Q is also a function of £, the second term in (11.19) represents a 
nonlinear polarization P NL 


P NL = x^NbaQE 


( 11 . 20 ) 
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For relatively weak fields, we have Q oc | £| 2 , and then P NL is a third-order 
nonlinear polarization. 

In stimulated Rayleigh-wing scattering, the molecular orientational distribu- 
tion changes in response to the beating of two optical fields Ej and E 2 . The 
equation of motion for molecular reorientation by this combined action of E x 
and E 2 is provided by the Debye rotational diffusion equation for the distribu- 
tion function f(0)\ 16 

Equation (11.21) can be reduced to a simple equation of motion for Q by 
multiplying both sides by $(cos 2 tf - }) followed by an integration over 0, and 
neglecting the field-dependent terms of higher orders than \E\ 2 /k B T: 

4 2 ( 11 . 22 ) 

dt t d 3v 

where t d = v/5 k B T is the Debye relaxation time and v is a viscosity coefficient 
for an individual molecule. Now that E = E t + E 2 = xi^ I exp(/k 1 *r — 

+ xd > 2 «xp(ik 2 t - ito 2 /) and we are interested in the orientational redistribu- 
tion excited by the beating of E l and E 2 , the |£| 2 term in (11.22) should be 
replaced by Ej «E£. Equation (11.22) is then coupled to the wave equations 
(11.1) for Ej and E 2 via (11.20). In the steady-state case, one finds 

4t d A aE x E* 

^ 3f(1 - io3T D ) 

( n - 23 ) 

_ SNrotMl 

9^(1 + 103 Tp) 

with w = w i “ w 2 . The Rayleigh-wing susceptibihty x$v has a negative imag- 
inary part. In analogy to the other stimulated light scattering cases, this 
indicates that E 2 can experience an exponential gain exp(C RW - u)z with 

U, y(A«) 2 MT p |^|| 2 ( u - 24 ) 

e» 4Sk B T(l + w 2 to) ’ 


which has its maximum at « = 1/t d . 
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For a liquid with t d —■ 10“ 11 sec and 16*?r V(Aa) 2 / 45 k B T — 10 11 cm 3 /erg 
in a typical case, we have (<? R w)^ ' 10 -3 cm/MW, comparable to Raman 
gains in many liquids. 2 Stimulated Rayleigh- wing scattering is therefore ex- 
pected to be easily observable, as is indeed the case. 17 * 18 In fact, it is very much 
analogous to stimulated Raman scattering by vibration: the material excitation 
|g| is independent of the wavevector so that the stimulated gain is isotropic. 
Consequently, Stokes-anti-Stokes coupling (see Section 10.4) that leads to the 
generation of anti- Stokes radiation in the near forward direction in stimulated 
Raman scattering also occurs in stimulated Rayleigh-wing scattering. 1 * The 
results are somewhat different because of the difference in the resonant 
frequencies of the material excitations. Unlike the Raman case, the maximum 
gain with Stokes- anti-Stokes coupling in stimulated Rayleigh-wing scattering 
appears at «, — = <t) aj - = 0 with k J and k fll making an angle with 

k { } 9 In other words, the laser beam, generates through stimulated Rayleigh-wing 
scattering a cone of radiation of the same frequency at an angle 0^, from the 
laser beam. In reality, a laser beam of finite cross section has a spread of k f . 
The effect of stimulated Rayleigh-wing scattering is to broaden this spread of 
k ; or, equivalently, to reduce the laser beam cross section. The laser beam 
therefore appears to self-focus as it propagates in the medium. This is an 
unconventional way of describing self-focusing of light. The conventional way 
will be discussed in Chapter 19. We note that it is amplification of the existing 
off-axis k, components that leads to self- focusing. If stimulated Raman scatter- 
ing also occurs in the medium, it is initiated by amplification of noise. Since 
the Raman gain and Rayleigh-wing gain are comparable in many liquids, we 
can expect that the occurrence of self-focusing often precedes that of stimu- 
lated Raman scattering. 


11.4 OTHER STIMULATED LIGHT SCATTERING 

In a multicomponent system, local concentrations of the components can 
fluctuate, causing variation in the dielectric constant and scattering of light, 
known as concentration scattering. 1 In thermodynamics, concentrations to- 
gether with p, T or p, S form a set of thermodynamic variables. Variation of 
the dielectric constant of a two-component system can be written for example, 


Ae ” 



AT + 

Cyp 



(11.25) 


where C is the relative concentration. In stimulated concentration scattering, 
AC is excited by the beating of E T and E 2 . It obeys a driven diffusion 
equation 20 


(l-H 40 -- 


Djdt/dC^T v^VEf) 
8jrp 0 (a(i/ac)„.r 


(11.26) 
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In (11.26) we neglected the coupling of AC to Ap and A T; D is the diffusion 
coefficient and p is the chemical potential. In a more rigorous treatment, the 
coupling between AC, Ap, and A T can be taken into account. 20 Analogous to 
the other stimulated light scattering cases, stimulated concentration scattering 
is then described by the solution of the coupled equations (11.26) and (11.1) 
with P NL («i) - (dt/dC) p T E 2 bC/4TT and P NL (w 2 ) = (de/dC^^AC V 
4 it. The stimulated gain has a spectrum proportional to wr c (l + u 2 t}) with 

1 = Dk 2 and k - k x — k 2 . Details of theory and experiment of stimulated 
concentration scattering can be found in Ref. 20. 

There are, of course, many other types of light scattering: light scattering by 
molecular libration (rotational oscillation), by sheer waves, by spin waves, by 
surface waves, etc. 1 In principle, with sufficient pump intensity, they can all 
become stimulated: knowing the dynamic equation for the material excitation, 
the theoretical treatment again follows the coupled-wave approach. However, 
the threshold for a certain stimulated scattering may be higher than the optical 
damage threshold; if so, such stimulated scattering will not be observable. 

A very different type of stimulated light scattering is stimulated Compton 
scattering, first proposed by Pan tell et al. 21 By backscattering microwaves from 
a relativistic electron beam, tunable far-infrared radiation could be generated. 
Tunability could be achieved by varying the electron energy. Sukhamte and 
Wolff 22 showed that stimulated Compton scattering could be greatly enhanced 
in a magnetic field if the microwave frequency is equal to the cyclotron 
resonance frequency. Experiments on stimulated Compton scattering have not 
yet been reported. However, in a related problem, tunable microwave and 
far-infrared radiation have been generated by relativistic electrons performing 
cyclotron motion in a magnetic field. 23 Also, intense microwave emission with 
peak power > 500 MW and conversion efficiency ~ 17% has been observed in 
coherent Cherenkov radiation from a relativistic electron beam interacting with 
a slow wave structure. 24 
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Two-Photon Absorption 


One- photon and two-photon transitions follow different selection rules. They 
are therefore complementary to each other as spectroscopic tools. A well-known 
example is infrared absorption versus Raman scattering. In a two-photon 
absorption process, two photons are simultaneously absorbed to excite a 
material system. Being a higher-order process, its absorption cross section 
often is many orders of magnitude smaller than that of a one-photon absorp- 
tion. Even so, two-photon absorption is readily observable with lasers and has 
become a valuable spectroscopic technique complimentary to linear absorption 
spectroscopy. This chapter briefly describes the basic theory, measuring tech- 
niques, and various applications of two-photon absorption. 


12.1 THEORY 


The transition probability of a two-photon process was first derived by 
Goppert-Mayer using second-order perturbation theory. 1 The derivation was 
given in Section 10.2 for the case of Raman scattering. For two-photon 
absorption, the transition probability per unit time per unit volume per unit 
energy interval closely resembles that of (10.2) and is given by 


dW fi _ dW fl ^ 
d{hu x ) d{h w 2 ) h £ 2 


s 


er - |^)<s|er - 

/*(«! - to,.) 


K/!WI0l 2 l< a /l a 2^l«/)l 2 g(^ M’ 


+ eT-e 1 \s)(3\eT-e 2 


( 12 . 1 ) 


(see Fig. 12.1). Notation here follows Section 10.2, with = to x + to 2 - v fi . 
In the semiclassical approximation, \{a^ 2 a i\ a i)\ 2 ~ "i ”2 can replaced by 

<e 1 c 2 )|£ 1 | z |£ 2 |VC2v> x CA»iX*"2> " Vi(V2> l/1 A 2 (* M jXAwi). where h 

and 1 2 are the beam intensities at and <o 2 > respectively. The two beams 
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Fig. 12.1 Two-photon excitation of a system from 
|») to |/) via the virtual intermediate state \s ). 


propagating along z in such a nonlinear absorbing medium have their attenua- 
tions governed by the equation 

-^=-w 1 y/,/ 2 , (12.2) 


with 


hh 


8tt 3 JV 


l^/,| 2 «(*4“)(P, -P/)- 


As in the Raman case, the above equation for y can also be derived from the 
coupled wave approach. It is easily shown, following a derivation similar to 
that of Section 10.3, that the two-photon absorption coefficient y is linearly 
proportional to the imaginary part of the third-order nonlinear susceptibility 
X (3) for the two-photon absorption process: 


Y = 


8 7T 2 

c’eJ'V/ 2 


Im x (3) 


lmx (3) = Nit\M fi \ 2 g(h A w)(p, - p f ). 


(12.3) 


The same result can of course be obtained by treating two-photon absorption 
as a wave-mixing process in which the two optical waves at and o> 2 jointly 
excite the material excitational wave + «*)• The derivation follows that 

in Section 10.3. 
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The coupled equations in Q2.2) can be solved analytically, noting that 
w 1 dz dz 


which is the consequence of having equal numbers of photons absorbed at 
and « 2 in a two-photon absorption process. If / 10 and 1 20 are the beam 
intensities at the entrance of the medium, we have 

Ao A = Ao ~ A (12.4) 

w 2 


The solution of (12.2) can then be obtained by first eliminating either 1 X or I 2 . 
Assuming / 10 > Ao, we find 


_ (AoAh) "(Ao/^i) 

1 10 ( Ao/ W l ) _ ( ^ 2fl/ w 2 ) ex p( " Kz ) 

, _ . [(Ao/^i)-(W^)lexp(-^) 

2 20 ( Ao/« l) ( Ao/ W 2 ) ex p( — Kz ) 


(12.5) 


If / 10 :» / 20 , then the attenuation of A is negligible, and the solution reduces 
to 


A _ Ao* 

A ~ A^p^/fr). 


( 12 . 6 ) 


A special case of interest is when = w 2 - The conventions of Section 2.9 
should be used in dealing with the two-photon absorption coefficients in this 
case. Equation (12.2) becomes 


f*A 

dz 


“«iYA 2 


(12.7) 


and the solution takes the form 


A - 


Ao 

1 + I^yz ‘ 


( 12 . 8 ) 


In the case of weak absorption, it reduces to 

/, “ /lot 1 - 


(12.9) 
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The two-photon absorption coefficient y and the corresponding third-order 
susceptibility x (3) are in general tensor quantities. Analogous to Raman scatter- 
ing, the selection rules can be derived from group theory. They have been 
obtained by Inoue and Toy ozawa 2 for the 32 crystal point groups and by 
McClain? for molecular fluids. Spin-orbit coupling has been included by Bader 
and Gold 4 in an extension of Inoue and Toyozawa’s calculation. 


12.2 EXPERIMENTAL TECHNIQUES 

Two-photon absorption can be measured directly from beam attenuation if the 
absorption is sufficiently strong. Let us assume, as an example, a typical 
two-photon absorption coefficient with Imx <3> “ 10 12 e$u for a condensed 
medium. Then, from (12.3) and (12.5), the induced attenuation coefficient K is 
of the order of 10“ 2 for l x ~ few MW/cm 2 . This corresponds to a - 1% 
attenuation of the u 2 beam in traversing through a medium 1 cm long, and it 
should be easily measurable. Direct attenuation measurement of two-photon 
absorption is therefore fairly straightforward with pulsed lasers unless x (3) is 
orders of magnitude smaller than 10" 12 esu. 

For two-photon spectroscopic work, one of the two input beams must be 
tunable. In the early days, only fixed-frequency lasers were available. The 
tunable beam was provided by an incandescent or arc lamp in conjunction 
with a monochromator. A two-photon absorption spectrum was obtained by 
measuring the laser-induced attenuation as a function of the frequency of the 
tunable beam in the medium. A typical experimental arrangement is shown in 
Fig. 12.2. 5 Over the years, several research groups have constructed more 
sophisticated, automated versions of the setup. 6 The incoherent lamp can now 
be replaced by a tunable laser with great improvement on the signal- to- noise 
ratio. Unfortunately, the tunability of a laser is still limited. Replacement of 
the lamp by a tunable laser is preferable only if a narrow spectral range is of 
interest. 

Weak beam attenuation is generally difficult to measure. One would like to 
find other methods of higher sensitivity for two-photon absorption measure- 
ment. In many media, luminescence may appear following excitation. This is 
nearly always the case in gases, and is also fairly common in condensed matter 
although the quantum yield could be small. Since luminescence is easily 
detectable, it provides a means to monitor two-photon absorption with a 
sensitivity many orders of magnitude higher than the beam attenuation mea- 
surement. The first two-photon absorption experiment was actually done with 
this technique. 7 However, in two-photon absorption spectroscopy, one must be 
sure that the quantum yield of luminescence does not depend strongly on the 
excitation frequency; otherwise, the spectrum will appear distorted. 

Two-photon excitation near or above the ionization level of an atom or 
molecule may lead to ionization, and the resulting electrons and ions are easily 
detectable. 8 Therefore, photoionization can also be a sensitive method for 
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Fig. 12.2 Schematic diagram of an experimental set-up for two-photon absorption 
spectroscopy. (After Ref. 5.) 


detecting two-photon absorption. Its application, however, is limited to the 
case where the final excited state is near or above the ionization level. 
The observed spectrum is the two-photon absorption spectrum weighted by the 
ionization rate, which generally depends on the energy of the final excited 
state. 

By the same token, photoconductivity can also be used to detect two-photon 
absorption in a solid. If heat released through relaxation after the two- 
photon excitation can be monitored, it can also be used to measure two- photon 
absorption. An example is photoacoustic spectroscopy, in which heal released 
appears as an acoustic signal detectable by either a microphone or a trans- 
ducer. Less conventional methods of detecting two-photon absorption include 
photoemission, photodissociation, photochemical reaction, and optogalvanic 
effect. 


123 TWO-PHOTON ABSORPTION SPECTROSCOPY 
Solids 

The first spectroscopic measurements of two-photon absorption were carried 
out by Hopfield et al. s on alkali halides near the band edges, using the setup 
shown in Fig. 12.2. Since the crystals have inversion symmetry, the states near 
the band edges have more or less definite parities. Thus one-photon and 
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Fig. 123 One- and two-photon absorption spectra of KBr and RbBr. [After D. 
Frbhlich and B. Staginmis, Phys . Rev. Lea. 19, 496 (1967).] 


two-photon absorption spectra are expected to be different, as seen in Fig. 
12.3. In particular, no exciton peak is present in the two-photon absorption 
spectrum. The result was used by Hopfield et al. to test the validity of the 
various exciton models for the alkali halides. 

Two-photon absorption in semiconductors is the subject of numerous 
studies. 9 It was hoped that the technique would lead to new information about 
the band structures. Thus far, the results have been disappointing mainly 
because, first, the band structures of those semiconductors are already very 
well known; second, the two-photon absorption data are not very accurate due 
to laser fluctuations; and third, the spectral ranges covered by two-photon 
absorption are very limited. Two-photon absorption is, however, a useful tool 
to study excitions and exciton-polaritons in a semiconductor. With one-photon 
absorption, only the existence of the exciton-polaritons can be shown by the 
observation of the reststrahlung band. With two-photon absorption, the disper- 
sion curve of the exciton-polaritons can be measured. 10 An example is given in 
Fig. 12.4. In this case the excitons can be excited by both one- and two-photon 
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Fig. 12.4 (a) Two-photon absorption peaks near the first excitonic excitation of CuG 
for different angles 6 between the two incoming beams at 1.5 K, (b) Dispersion curves 
of the transverse exciton polariton (TP) and the longitudinal exciton (LE) of CuCL The 
lines are theoretical curves calculated from reflectivity data. The open squares and closed 
circles are measured results from too- photon absorption, (and the crosses are from second 
harmonic generation.) [After D. Frbhlich, Festkorperprobleme XXI , 363 (1981).] 


transitions. The observed two-photon absorption is due partly to excitation of 
excilons and partly to sum-frequency (or second harmonic) generation. 11 The 
correct theoretical treatment of the problem follows closely the derivation in 
Section 10.7 . 12 

Two-photon absorption has also been used to probe the states of excitonic 
molecules 13 that cannot be reached by one-photon excitation. In other applica- 
tions, two-photon absorption can be used to yield a uniform excitation of 
carriers in the bulk. This could be useful in both physics and device studies. 
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Two-photon absorption can be used to probe excited states that cannot be 
reached by one-photon excitation. In molecules with centers of symmetry, the 
electronic states can be divided into gerade (g) and ungerade (k) states. 
One-photon transitions from g to g or from u to u are forbidden, but 
two-photon transitions are allowed. Thus with two-photon absorption, it is 
now possible to study a new set of electronic, vibrational, and rotational states 
which cannot be reached by one-photon absorption. Numerous examples are 
cited in Ref. 14. McClain 3 has pointed out that even though the molecules are 
randomly oriented in a gas or liquid, two-photon absorption with Wj * u 2 still 
shows polarization properties that allow us to determine the symmetry of the 
excited states of the molecules. Therefore, two-photon absorption has become 
an important tool in the field of molecular spectroscopy, as evidenced by the 
large number of references cited in Ref. 14. 

Atoms 

Two-photon absorption also can be used to study excited electronic states of 
an atom that cannot be probed by one-photon absorption. Examples are the ns 
and nd states of an alkali atom. Because of the large transition matrix elements 
between the atomic states, two-photon absorption in atomic gases is generally 
much stronger than in molecular gases. Yet it is still too weak to be observed 
by the measurement of beam attenuation, Fortunately, other methods, such as 
photoluminescence and photoionization, can be used. They are sensitive enough 
to detect two-photon absorption in a vapor of less than 1 torr pressure. With 
counterpropagating beams of the same frequency, two-photon absorption in 
gases can yield Doppler-free spectral lines. This is described in Chapter 13. 
Applications of two-photon absorption to the atomic studies of high Rydberg 
states, quantum defect theory, and autoionizations are discussed in Chapter 18. 
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High-Resolution Nonlinear 
Optical Spectroscopy 


Lasers arc known to have extremely narrow intrinsic linewidths. They are thus 
ideal tools for high-resolution spectroscopic studies. For a He-Ne laser at 3.39 
jim, a linewidth as narrow as 3 Hz has been reported. 1 This represents a 
resolving power of 2 X 10 13 , which is only two orders of magnitude less than 
the Mftssbauer effect. In ordinary spectroscopy, however, the studies of spec- 
troscopic details often are limited by inhomogeneous broadening rather than 
by instrument resolution. The Doppler width of the sodium D lines at room 
temperature is ~ 1.3 GHz, while the hyperfine splittings of the lines are only 
several hundred megahertz. In solids, the inhomogeneous width of a line can 
be even much higher. Thus for high-resolution spectroscopy it is of prime 
importance to find ways to reduce the effect of inhomogeneous broadening. 
This chapter introduces a number of nonlinear optical spectroscopic tech- 
niques which serve the purpose. These methods have, in recent years, revo- 
lutionized the field of atomic and molecular spectroscopy and stimulated a 
great deal of interest in the area of high-resolution solid-state spectroscopy. 


13.1 GENERAL DESCRIPTION 

Inhomogeneous broadening of a spectral transition arises because atoms, 
molecules, or ions in an ensemble do not all have the same local environment. 
Consider a transition between two states |n) and |n') with a resonance 
frequency w rtV In general, is a function of a number of parameters, «, 0, 
y,... describing the local environment. These local parameters are random 
variables and should obey a certain statistical distribution function, say, 
g(ct, 0, y, * • • ) with fs da dfidy - ■ • = 1. A physical quantity X, which is a 
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function of should then have its average value given by 




For example, a Lorentzian absorption line with inhomogeneous broadening 
has the expression 


s(u) = f - 




dadfl ■ 


(13.2) 


The number of local parameters necessary to characterize the local environ- 
ment can be many. For impurity ions in a solid, each ion has its own local 
environment, and sees a local crystal field resulting from the Coulomb force of 
neighboring atoms or ions. 2 The crystal field can be described by a set of local 
parameters, and the distribution of ions over the local sites therefore, can be 
characterized by the distribution function of these local parameters. The total 
number of such local parameters depends on the local symmetry of the ion site. 
It can be very large for a low-symmetry site, for example, larger than 10 for a 
C 2 symmetry. The inhomogeneous broadening of the impurity ion spectrum is 
in principle determined by the statistical variation of the many local parame- 
ters characterizing the ion site. In practice, however, one or a few parameters 
describing the high-symmetry components of the crystal field may dominate 
the rest. 

In gases, the situation is most fortunate, since the velocity of atoms or 
molecules is the only local parameter contributing to the inhomogeneous 
broadening, which is just the Doppler broadening. The thermal velocity obeys 
the Maxwellian distribution 

(13.3) 

V ITU 

where u 2 - 2 kT/m, and m is the mass of a single atom or molecule. The 
Doppler width is then given by the well-known expression 

(A» d )„.„ = 2 <v„[( 2 *r/mc> 2 ] l/2 (134) 

= 7.163 x 10" ' \T/A) vl o> n .„ 


where T is in degrees Kelvin and A is the atomic or molecular weight. For 
A - 100, we find Aw D ~ 0.02 cm" 1 (0.6 GHz) in the green, and Aw*, - 10 3 
cm" 1 (30 MHz) in the infrared around 10 m. These inhomogeneous broaden- 
ings may seem to be narrow by the standard of ordinary spectroscopy, but they 
often are much broader than homogeneous linewidths. The natural lifetime 
broadening is 10 5 to 10 7 Hz for atomic transitions, and 10 to 10 3 Hz for 
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molecular vibrational transitions. The pressure broadening due to atomic or 
molecular collisions is around 10 4 Hz at 1 mtorr, and broadening due to 
collisions with walls of a container of a few centimeters in dimension is 10 3 to 
10 4 Hz. The power broadening (or saturation broadening) of an atomic 
transition can be - 10 MHz/mW/cm 2 . If a spectroscopic technique has 
sufficient resolution, then elimination of the Doppler broadening allows us to 
measure the homogeneous line width and lineshape and to probe the various 
physical mechanisms for the homogeneous broadening. Furthermore, level 
shifts and splittings smaller than the Doppler width but larger than or 
comparable to the homogeneous width can also be studied. These include 
many interesting problems such as Zeeman and Stark effects, collisional effects, 
hyperfine splittings, isotope shifts, Lamb shifts, quantum defects of Rydberg 
states, measurements of rotational splittings, and the like. 

To eliminate Doppler broadening, the classical approach is to use a mono- 
energetic atomic or molecular beam. For a small beam divergence of 2<j>, the 
residual Doppler width seen by a perpendicular probe beam is (5w 0 ) r . fl = 
(2u/c) where u is the forward beam velocity. With - 10" 2 rad, 
can be more than onc or<ler of magnitude smaller than (bv D ) H . H . 

High-resolution nonlinear optical spectroscopy, however, uses nonlinear 
optical methods to reduce the effect of inhomogeneous broadening. There exist 
a number of such techniques. They generally follow the basic idea of either 
using a resonant effect that is independent of inhomogeneous broadening or 
selectively studying only a group of molecules with the same resonant frequency. 
Most of the techniques discussed in the following sections are applicable, in 
principle, to both gases and condensed matter, although the spectral lines in 
condensed matter frequently are too broad to require high-resolution spectro- 
scopic measurements. 


13.2 QUANTUM BEATS 3 

Consider a system with two closely spaced excited states as seen in Fig. 13.1. If 
a laser pulse with an inverse pulsewidth larger than the spacing between the 
two excited states is used to resonantly excite the system, then after the pulse 


<21 

<H 


L>— A< W, ° < w + A 

w 2o Fig. 13.1 A three-level system having two closely 

spaced upper levels coherently excited by a laser 
pulse with a spectral width 2 A larger than the 
<0| spacing « 21 between the upper levels. 
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excitation, the system is in a coherent superposition state 

<*| = <+,| + fl.O.le-""'- 1 '*' + a2<+ 2 |e""»" r! ' (13-5) 

where (i(/ 0 |, and (^ 2 | are the ground and excited eigenstates, respectively, 
and a i and a 2 are coefficients depending on the pulse excitation. The system in 
the coherent superposition state will radiate to go back to the ground state. 
The radiation power is given by 

&(t) a K*(0ki'W , o>l 2 

- K<^il«l^o>^ iWlo+ri)f + <* 2 (h\e r \M eHiUm + rt)t \ 2 ( 13 ‘ 6 ) 

- A x e~ 1T ' f + A 2 e~ 2rit + 5 e^ ri + rj), cos[(u> 20 - to LO )r + <*>], 

F = 



Fig. 13.2 (a) Hyperfine structure of the 6 2 S l/2 and 1 2 P levels of cesium. The sets of 
quantum beat frequencies expected for the a and b excitations are indicated. (6) 
Observed oscilloscope traces of the quantum beats in fluorescence resulting from the a 
and b excitations, respectively. The corresponding theoretical plots of the beats are 
shown under the experimental traces, (c) Time recording and frequency analysis of the 
I n - I „ signal in (fr). (After Ref. 4.) 
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Fig. 3.2 ( Continued ). 


which shows a damped oscillation with a beat frequency - w 10 ). 

For an ensemble of such systems, each system may have slightly different 
u 10 and lo^ due to the Doppler effect or other inhomogeneous effects, but the 
oscillation frequency - w 10 ) should be the same for all systems. Conse- 
quently, the spontaneous radiation power from the ensemble after the pulse 
excitation is still given by (13.6). The oscillation is observable as long as 
l w 20 - w iol ~ + r 2 ). The oscillation frequency yields directly the level 

spacing co 21 «= ^ - w 10 « 
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This quantum beat technique can be extended to systems with several 
closely spaced transitions. The time-varying signal becomes more complicated, 
but if the level spacings are much larger than the damping coefficients T, the 
spectrum can be obtained readily from a Fourier transform of the time- varying 
signal. The technique is most useful for finding small level splittings, so that 
the signal can be accurately measured using the conventional transient detec- 
tion system. Both the time-varying signal and its Fourier spectrum can be 
directly displayed on the oscilloscope. Figure 13.2 is an example of the results 
from a quantum beat experiment. 4 


133 SATURATION SPECTROSCOPY 

The basic idea of saturation spectroscopy is as follows. A monochromatic light 
beam resonantly excites only a small group of atoms or molecules under the 
inhomogeneously broadened profile and induces in them a population change. 
This group of atoms or molecules, marked by the population change, can then 
be selectively studied by either absorption or luminescence. The effect of 
inhomogeneous broadening is thus suppressed. 

Saturation in Excitation 

Consider first the induced population change due to resonant excitation in a 
two-level system shown in Fig. 13.3. The rate equation for the population 
change is 

(! + i)(Ap - Ap“) « -2W n ^ (13.7) 

where Ap = p 21 - p u is the population difference between the two levels, Ap° 
is the corresponding thermal equilibrium value, W l2 = 27rft~g(w) is the transi- 
tion rate, ft = (l/ft)|(ljer ■ E|2>| is the Rabi frequency for the transition, and 
g(w) is the lineshape function of the transition. We assume that g(<o) - 


<21 




cj 21 


Fig. 133 A two-level system with a resonant excita- 
< 1 tion. 


Saturation Spectroscopy 


217 


r/i7[(u - « 2I ) 2 + r 2 ]. The Steady-Slate solution of (13.7) can be written as 
*. ,.C -{W/I.W r,3.g 


Ap - Ap° = 


( w -<0 21 ) +r 2 (i + ///,) 


with I/I, = 4S2 2 T 1 /T. Here / = c\E\ 2 /2*n is the intensity and I s = 
cV\E\ 2 /8 iraQ 2 ?, is defined as the saturation intensity. Physically, ^(Ap - Ap ) 
of the population is resonantly pumped from the lower state into the excited 
state. When I /I t approaches infinity, Ap approaches Ap 0 . This is known as the 
pump saturation effect. The absorption of the pump beam is proportional to 
W n A p and can be described by an absorption coefficient 


«o r 2 

(* - « 21 ) 2 + r 2 (i + ///,) 


(13.9) 


where a 0 is the peak value at w = and I/I, -* 0. Equation (13.9) shows 
that for nonneghgible ///„ the absorption fine is broadened by a factor of 
(1 + I/I///*, This is the well-known power broadening effect. 

In the weak saturation limit of I/I s 1> (13.8) and (13.9) reduce, respec- 
tively, to 


Ap 


Ap° = 


(r 2 ///,)Ap° 

(w - w 21 ) 2 + r 2 


(13.10) 


air 1 l r H/I, 

(fc) — W 2 l) 2 + ( W - <J 2l) + 


The change in the absorption coefficient a then is proportional to I or |£| 2 and 
can be regarded as a third-order nonlinear optical effect. 

With inhomogeneous broadening, a monochromatic laser beam can reso- 
nantly excite only a small fraction of the atoms or molecules. Consider a gas 
medium in which the Doppler effect dominates the inhomogeneous broaden- 
ing. For the group of atoms or molecules with a velocity component u z along 
the laser beam propagation, the resonant frequency in the laboratory frame is 
w 2 i “ to,, where « 2 i is the resonant frequency in the rest frame. Then, 
following (13.8), the population excitation in this group of atoms or molecules 
is given by 
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Ap 



Fig. 13.4 Hole burning in the Maxwellian distribution resulting from resonant excita- 
tion. 

Here Ap°(t; 7 ) = (A/> w /i/jr u)e~^ /uI and Ap 00 is the thermal population 
difference between the two levels ]1) and |2). Clearly, appreciable pumping of 
the population, Ap(^) ^ Ap°(« 7 ), can occur only in those atoms or molecules 
with u z - (ip - w 21 )/k, as shown by the dip in the population distribution in 
Fig. 13.4. This is the hole-burning effect. 6 The pump excitation hai modified 
Ap°(t)J in such a way that it creates a hole with a halfwidth T(1 + I/l s ) l ^ 2 /k 
in the Maxwellian distribution. 

Absorption of a Weak Probe in the Presence of a Strong Pump Beam 

One would t hink that the hole-burning effect can be probed by a weak beam 
with a frequency w scanned across the hole. The absorption coefficient of the 
probe beam would be dominated by those atoms or molecules with v z ~ (w' - 
u lx )/k for co-propagating pump and probe beams, and therefore as to" » to the 
probe beam should feel the presence of the hole in Ap(u r ). This simple 
description, however, neglects the coherent interaction between the pump and 
probe beams. As we shall see below, the coherent interaction can significantly 
modify the absorption spectrum, especially in the strong saturation limit when 
///, ^ 1 « 

The calculation of probe absorption can begin with the density matrix 
element p 2l (w'), knowing that the absorption coefficient is given by 

«(<*>') “ (~-)lmx(^) 


with 


£(<■>) 


(13.13) 
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and p n = (l|er|2>. In the presence of the strong pumping field £(«), we want 
to find p 2 i(w') to all orders of £(to), but linear in the probe field £(<*>')- 5 This 
is possible for a two-level system. Directly from the Liouville equation (2.6) for 
the density matrix, we can obtain the following set of couple equations (see 
Section 2.1): 

- w 2i + * r )p2i( w 0 

= "/>2i£( w ')IPii(°) — P22(°)] 

-p 2l E(<j)[p n (^ - «) - P22( w ' - W )] * 
h |<o' - « + iy-J[pii( w ' - «) - P 22 ( ^ ” w )] 

= -2/> 12 £*(<o)p 21 (<»') + 2p 2l E(u3')p l2 (-») 

+ 2 /> 21 £(o>)p 12 (w'- 2 to), 
h(o3' -2 to ~ w 12 + iT)p 12 (<o' - 2w) 

= -p u E*(u)[p2i(u' - w ) “ Pn( w ' “ W )1 > 


lp.i( 0 )-fe( 0 )]-Ap = V/ 


1 + 


r 2 i/i s 


(«-« 2 ir + r 2 


Pl2( _w ) = 


-ft V 12 £(-<j)Ap 

W - «21 — /T 


(13.14) 


We ignore p u (2to) and p^u) in (13.14) because they are small in compari- 
son. The solution of p 21 (to') from (13.14) is 


P2i( w ') = I “ TP2i £ ("0 A P 


(*' - « 21 + iT) - 


2fl 2 


' _ M 2Q 2 

k T, / — 2tt) + w 21 + if 



w)£(w')p 12 (-u) 

j 

to - to' + i 

2K 2 

^ to' - 2to + to 21 + iT / 


(13.15) 
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which can be written as 


) = ; 7 "7F 

u — to 2l + /T 

-(1 /h)pn E {<*>')(o)' — 2to + io 2 i + /r)(<0 + <*>' — 2w 2I )2Q 2 Ap 
(« - w 2 i - iT)(u' - to 21 + iT)D 

D = ( w' - o>2i + co' - w + jr j(«' - 2o> + w 21 + iT) - 2S2 2 
— 2Q 2 (u' — 2w + <o 2l + iT), 

q2 = (13.16) 

h 1 

The first term in p 21 (w') of (13.16) arises from the hole-burning effect, while the 
second term comes from the coherent interference of the pump and probe 
beams. Physically, this interference sets up an oscillation in the populations 
p u (w' - w) and p 22 (u' “ “)> which in turn scatters the pump beam to yield a 
coherent output at The denominator of p 21 (<i/) now has three zeroes, 
corresponding to three distinct resonances when E(<a) is sufficiently strong. 
This result of strong interaction of light with a resonant two-level system can 
also be understood from the picture of dynamic (or ac) Stark splitting, or the 
dressed atom picture, which will be described in Chapter 22. 

In the presence of Doppler broadening, there is a p 2 i(0 for each velocity 
group of atoms or molecules. (We assume, for simplicity, that the Doppler 
broadening is much larger than the homogeneous broadening.) The expression 
of p 21 (w', v z ) can be obtained from (13.15) or (13.16) by replacing « and «' by 
o - k*v I and u' - k-v 2> respectively. To find the absorption coefficient seen 
by the probe beam in this case, we must integrate p 2l («', u 2 ) over the Doppler 
profile. In other words, p 21 (w') in (13.16) should be replaced by 
j- oa dv I p 2 i(^\ u z ). For counterpropagating pump and probe beams, the hole- 
burning term in (13.16) yields an absorption coefficient 


«hb( w )= 




iy (■>,)<*>, 


[(<■>' - "2i - **.) 2 + p2 ] 


1 + 


r 2 ///, 


(« - co 21 + ku z f + r 2 J 


1 - 


(1 + 

t 1 


[(«' — w) + 2 (*o — w 2 ,)] 2 + r 2 


(13.17) 
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where 



and 

k' = k. 

The above result shows that over the entire Doppler profile, a HB (w') is 
approximately equal to a 0 («') a = W “ ^ 2 ;)/^ ! except around u — 

2 w 21 - «, where it exhibits a dip with a halfwidth T. Both the amplitude and 
the halfwidth of the dip increase as I/I s increases. This resonant dip seen by 
the probe beam at w' = 2w 21 - originates from the hole at w' - kv t = w 2l 
created by the pump beam with frequency u - « 21 “ kv z . 

The weak saturation limit (///, « 1) is of particular interest. Equation 
(13.17) reduces to 


«hb(« 0 s «o("') 


2r 2 ///, _ 

[(«' — w) + 2 (« — «2l)] 2 + 


(13.18) 


which shows that the absorption dip now has a halfwidth equal to the natural 
width 2T of the individual atoms. For co-prop agating pump and probe beams, 
the formulation and results are essentially the same except that the probe beam 
sees a hole = was expected. 

The term in (13*16) due to the coherent effect is more com- 

plicated. It can modify the absorption spectrum significantly. Only a qualita- 
tive discussion is presented here; Ref. 7 provides mathematical details. For 
eounterpropagating pump and probe beams, the coherent part of p 2 i(i*>', y *) 
has three poles, but in the contour integration over v z the integration path 
should be closed in the upper plane that contains only one pole. It gives a 
contribution superimposed on the hole caused by the saturation effect to form 
a broader but shallower dip in the absorption spectrum. This is seen in Fig. 
13.5. It is seen that when I/I s is large, the coherent effect can drastically 
change the absorption spectrum seen by the probe beam. However, if I/l s < 1, 
the coherent effect is not very significant, and the saturation effect alone gives a 
good description of the absorption spectrum. For co-prop agating pump and 
probe beams, the contour integral of the coherent part over v : should be closed 
in the lower plane that contains two poles. The coherent effect again broadens 
the saturation hole. For I/I s 1, the hole is composed of two Loren tzi an dips 
at the same resonant frequency 0 )' = <*>, one with a half width 2T and a depth 
\I/I f and the other with a halfwidth \/T x and a depth \I/l s - [If the two levels 
have different lifetimes yf 1 and y 2 _1 in the more general case, then the 
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Fig. 13 5 Absorption spectra with a saturation dip seen by a weak probe beam in the 
presence of a strong counterpropagating pump wave of different strengths l/I s . The 
solid curves include the coherent effect, but the dashed curves do not. (After Ref. 7.) 


absorption dip is a superposition of three Lorentzian dips, with halfwidths 2I\ 
Y lt y 2 and depths \I/I si J(///,)V(Yi + Y 2 ), i(*A)Yi/(Yi + Yi). respec- 
tively.] By analyzing the shape of the overall dip it is possible to deduce T and 

(or T, y lt and y 2 ). 

As mentioned earlier, the coherent effect is caused by coherent scattering of 
the pump wave at a by the population modulation at (a> — «') resulting from 
the beating of the pump and probe waves at oj and The coherently scattered 
output at «' can constructively or destructively interfere with the incoming 
probe wave causing a decrease or increase in the absorption of the probe beam. 
Then it is obvious that if pulsed lasers are used, the coherent effect can be 
eliminated by delaying the probe pulse from the pump pulse. 

The preceding discussion shows that one can deduce the homogeneous 
line width of a transition from the observed saturation dip, but the main 
purpose of saturation spectroscopy is to resolve the closely spaced lines 
normally hidden under the inhomogeneously broadened profile. This can not 
be achieved with co-propagating pump and probe beams since the saturation 
dip always appears at a>' = to. With counterpropagating pump and probe 
beams, however, the dip appears at «' = 2w 21 - w; different transitions with 
different resonant frequencies w 21 then show up as different dips and can be 
well resolved as long as the frequency separation is larger than the dip width. 


Absorption of the Probe Beam in the Presence of a Counterpropagating 
Pump Beam of the Same Frequency 

The spectroscopic method described above requires two tunable lasers of high 
monochromaticity, which is seldom affordable. The saturation spectroscopy 
can, however, be carried out with counterpropagating pump and probe beams 
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of the same frequency. This can be seen from the fact that the counterpropa- 
gating pump and probe waves interact with the same velocity group of atoms 
under the Doppler profile when u - kv z = « + kv z = « 21 or v z = 0, that is, 
when hi is tuned to the center of the Doppler-broadened transition line. 

In the case of a strong pump and a weak probe, the calculation is similar to 
that in the previous section. In (13.14), for the sake of simplicity, the wavevec- 
tor dependence in the density matrix components is not explicitly shown. 
Actually, for counterpropagating waves we have p /y (w' - <o, k' + k). Then 
even when w = the coherent effect is still present because the pump and 
probe waves can interfere and yield a spatial modulation in the population 
difference, kp(k' + k ). However, as pointed out earlier, the coherent effect is 
relatively unimportant when I /l s «1, We therefore assume I/l 5 « 1 and 
neglect the coherent effect in the following discussion. The absorption coeffi- 
cient of the weak probe beam is then given by (13.18) with u - 

A typical experimental arrangement is seen in Fig. 13.6.® The error arising 
from the beams being not exactly antiparallel is not significant for most 
applications. As an example. Fig. 13.7 compares the saturation spectrum of the 
Balmer a-line of atomic deuterium with the emission line profile of a cooled 
deuterium gas discharge. 8 The Lamb shift is resolved in the saturation spec- 
trum. Note that the spectrum in Fig. 13.7 was obtained by subtraction of the 
saturation spectrum from the original Doppler-broadened spectrum. Each 
resonant peak here corresponds to an absorption dip in the saturation spec- 
trum. 



Fig. 13.6 Experimental arrangement of saturation spectroscopy with two counterprop- 
agating waves of the same frequency. (After Ref. 8.) 
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More generally, the pump and probe beams can be of comparable intensi- 
ties. We consider the special case of two beams of equal intensities and neglect 
the coherent effect. Under the resonant excitation, the population difference 
between the two levels of an atom with a velocity component v z is obtained 
from the usual saturation formula 


Ap(u,) = Ap°(t> ; ) 


1 

T 2 ///, + T 2 I/I S 

(w - « 21 + kv z f + r 2 (« - fc> 21 - kv z f + r 2 

(13,19) 


where I is the intensity of each beam. The absorption coefficient for each beam 
is given by 



w 21 + /m,) 2 + r 2 ] 


(13.20) 


where a 0 - (47rw'/c)(tf |p n | 2 /r>. In the weak saturation limit, //A « 1. we 
find 


«(») 


a 0 (to) 



+ 


r 2 

(« - « 21 ) 2 + r 2 


(13.21) 


with 



The result shows that when - w 21 [ 3 > T, the absorption coefficient is a(u) 
= a 0 (w)(l ~ //2/,), but when |u - « 21 [ - I\ additional absorption appears 
in the form of a dip, with a depth (^//A)a 0 (w) and a halfwidth equal to the 
homogeneous halfwidth T. This is sketched in Fig. 13.8a. 

In practice, the two counterpropagating waves of equal intensities can be 
provided by the field in a laser cavity. The medium in this case can be the laser 
medium with a negative Ap corresponding to an inverted population. A 
reduction in |Ap| decreases the gain and hence the laser output. Thus the 
hole-burning effect appears here as a dip in the gain spectrum or a dip in the 
laser output spectrum. This was first proposed by Lamb, and is known as 
the Lamb dip. 9 It was the observation of the Lamb dip that opened the field of 
high-resolution laser spectroscopy. 

One can, of course, also insert an absorbing medium into a laser cavity. In 
this case, the absorption generally reduces the laser gain and decreases the laser 


( b ) 

Fig. 13.8 (a) Lamb dip and ( b ) inverted Lamb dip in saturation spectroscopy with 
two counterpropagating waves of the same frequency and intensity. 
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Fig. 13.9 Dip width as a function of pumping strength ///,. Curve A is exact 
calculation; B is an approximation ignoring the coherent effect. (After Ref. 7.) 


226 


227 


Saturation Spectroscopy 

output. Then a dip (decrease) in the absorption arising from hole burning 
should lead to an inverted dip in the laser gain spectrum, as in Fig. 13.86. This 
is known as an inverted Lamb dip. The Lamb-dip experiment requires the 
coincidence of the laser frequency with the transition frequency. It is therefore 
more limited than the general absorption spectroscopic technique described 
earlier. 

We have neglected the coherent effect here. To see that it is indeed 
negligible for I /l s 1, Fig. 13.9 shows the dependence of the dip width as a 

function of I /I, with and without the coherent contribution. 7 The difference 
clearly is appreciable only when I /J f » 1. 


Multilevel Saturation Spectroscopy 

The preceding discussion can be extended to a three-level system with two 
transitions sharing a common level (Fig. 13.10). 10 A strong monochromatic 
beam with frequency w = |« 10 | is used to induce a population change in levels 
0 and 1 for a selected group of atoms or molecules. A weak beam at to' = |<*) 20 | 
is used to probe the induced population change. Since only a selected group of 
atoms or molecules is seen by the probe beam, the inhomogeneous broadening 
of the {0j -> (2 1 transition is greatly reduced. For this case, the calculation is 
fairly straightforward. The induced population change has already been de- 
rived, so that the absorption or gain spectrum obtained by the probe beam can 
be calculated readily. The coherent effect is negligible when a and 0 ' are very 
different. When 0 ~ 0 ', it is still negligible for counterpropagating pump and 
probe waves in the weak saturation limit, I/I s <*: 1. The technique is most 
useful for resolving transitions between two sets of closely spaced multilevels. 

If the difference of the two resonant frequencies |« 10 | and |w 20 | is smaller 
than or comparable to the Doppler width in a gas medium, saturation 
spectroscopy can also be carried out with two counterpropagating waves of the 
same frequency (u - «'). 10 They interact with the same velocity group of 
atoms when u and v z satisfy the relations 0 - kv z = |w 10 | and u + kv z = lu^l. 
The saturation dip appears at « = j(j<a 10 | + |t«> 2 oD- The experiment can be 
performed in either an absorption cavity or a laser cavity as in the Lamb-dip 
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Fig. 13.10 Three-level systems with two transitions sharing a common level. 
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(b) 


Fig. 13.12 Four-level systems with two transitions involving two coupled levels. 

case discussed previously. An example is shown in Fig. 13.11. 11 The three 
strong structures on the right and two weak ones on the left all result from 
two-level saturation dips. They correspond to the three t±F= and two 
&F - 0 single transitions, respectively. Only the middle structure in the 
spectrum originates from three-level saturation. It results from superposition of 
the four saturation dips arising from the double transitions labeled “crossings 
in the energy level diagram of Fig. 13.11b. 

The technique can also be extended to two transitions with no common 
level, but coupled through atomic or molecular collisions. 1 " As seen in Fig. 
13.12, collisions may tend to equalize the populations in nearby energy levels 
for atoms or molecules of the same velocity group. If the saturation pumping 
induces a population change in JO), there will be a corresponding populauon 
change in P'). A scan of u' about wjo' should exhibit a saturation dip at 
to' = ± k\ - ± *'(«u> - «)/*. **ere + and - rcfer to counler - 

and co-propagating pump and probe beams, respectively. 

In three- or four-level saturation spectroscopy, if spontaneous emission 
exists between |2> and p>, then the emitted light can be used to play the role of 
the probe beam. 13 The pump beam at a induces a population change in <0| 
(and <0'D for a selected velocity group of atoms, and thus modifies the 
emission between <0| (or <0'D and <2| for that group of atoms. Clearly, 
the induced emission spectrum is Doppler-free (to the first order). Because the 
detection of emission often is far more sensitive than the measurement of 
absorption or amplification, this technique can be used to study gases of very 
low pressure. The same technique can be extended to condensed matter. 
Laser-induced fluorescence line-nanowing has recently become a very popular 
technique for high-resolution spectroscopic study of ions in solids. 14 


13.4 TWO-PHOTON DOPPLER-FREE ABSORPTION 
SPECTROSCOPY 

For gas media, two-photon absorption of two counterprop agating waves of the 
same frequency can also yield a first-order Doppler-free spectrum. The 
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two-photon transition probability for an atom moving with a velocity v is, 
following (12.1) with w, replaced by w, + k.-v, 


dW fl _ dW fi 
dihu^) d(hu 2 ) 


8it 3 1V 

(ei£ 2 ) 1 / 2 c 2 


\M fi \ 2 g(tiku){pi 


- Pf)hh 


l^l 2 - E 

5 


<f\er- easier- e x \i) <f\er-e L \s)(s\efe 2 \i) 

A(« 2 + k 2 *v - w,,) 


(13.22) 


If no intermediate resonance is involved, the v dependence in \M fi \ 2 can be 
neglected. Then the only dependence of W fi on v is through the lmeshape 
function 

g(h Aw) = g[A(«i + k! -v + ( 0 2 + k 2 *v - «„)]. (13.23) 


It is readily seen that if u, - and k, -i -k 2 , then the first-order Doppler 
effect of g{h Aw) is completely eliminated, with g(^Aw) reduced to g[fi 
(2« - u fi )\. In the case of a Lorentzian lineshape, we have 


g(AAw) - 


T/tt 

(2w - to,,) 2 + T 2 


(13.24) 


With g(h Aw) independent of v to the first order of v, the two-photon 
absorption spectrum of a gas medium is then the same as that of stationary 
atoms or molecules. Here, unlike saturation spectroscopy, all molecules con- 
tribute equally to two-photon absorption. The absorption coefficient is there- 



Fi£ 13 13 A two-photon absorption line obtained by counterpropagating waves in a 
gJS* medium. The sharp peak is the Doppler-free line and the broad background is the 
Doppler-broadened spectrum. 
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fore proportional to the density of molecules, but the observed spectral width 
corresponds to the homogeneous linewidth. 

However, with counterpropagating beams, the two participating photons in 
the two-photon absorption process may come in the maimer of either one from 
each beam or both from the same beam. While the former gives a Doppler-free 
line, the latter still leads to a Doppler-broadened peak. The spectrum should 
appear as a sharp line sitting on a broad background, as in Fig. 13.13. If the 
intensities of the two counterpropagating beams are the same, the integrated 
strength of the background should be equal to that of the Doppler- free line. 
Fortunately, the Doppler width is ( ku/T ) times larger than the homogeneous 
width. In the visible range, {ku/T) can be 10 3 to 10 5 . Therefore, the back- 
ground appears to be fairly weak and does not hurt the quality of the 
Doppler- free spectrum. In some cases the background can also be completely 
eliminated by using appropriate pump polarizations. 

Two-photon Doppler-free spectroscopy, is attractive because of its simplic- 
ity. 16 An example is shown in Fig. 13.14, where the hyperfine structure and the 
Zeeman splittings of the 3S-4D transition in sodium are clearly resolved. 17 
The technique allows the use of a single laser to probe a transition at twice the 
laser frequency. The sensitivity of the technique is good, since all the atoms or 
molecules in the beam participate in the absorption. It can be further improved 
with the fluorescence or ionization detection schemes mentioned in Section 
12.2. In general, however, two-photon absorption spectroscopy is still less 
sensitive than saturation spectroscopy because of the lack of an intermediate 
resonance. Pulsed lasers with high peak power must then be used, and the 
resolution often is limited by the laser linewidth. If a close intermediate 
resonance exists, then a CW laser can be intense enough to be used to obtain a 
high-resolution two-photon absorption spectrum. Figure 13.14 is a good exam- 
ple. 


13.5 HIGH-RESOLUTION POLARIZATION SPECTROSCOPY 

A polarized pump beam, resonantly exciting a transition in a medium, is 
expected to induce a dichroism and a corresponding birefringence in the 
medium through the induced population change. Both the dichroism and the 
birefringence should exhibit a resonant behavior at transitions involving levels 
with the induced population change, and can be measured by the polarization 
variation of a probe beam through the medium. This is the underlying 
principle of polarization spectroscopy. 18 We consider it here as a modification 
of the saturation spectroscopy discussed in Section 13.3. Only a qualitative 
discussion is attempted; quantitative details can be found in Ref. 19. 

Consider a circularly polarized monochromatic laser beam which resonantly 
excites a transition of a selected velocity group of atoms to saturation. 18 This 
group of atoms will then preferentially absorb the oppositely polarized compo- 
nent of a probe beam probing the saturation. In addition, there is an induced 
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circular birefringence since, as a result of the selective excitation, the refractive 
indices for the two circularly polarized components are no longer the same. 
Consequently, in traversing the medium, a linearly polarized probe beam, with 
frequency in the region of the saturation dip, becomes elliptically polarized 
along with a rotation of the major polarization axis. If the probe frequency is 
away from the saturation dip, then the polarization of the probe remains 
essentially unchanged. The transmitted probe beam can now be analyzed by a 
crossed analyzer. Only at the saturation dip in the Doppler-broadened peak 
will the probe light leak through the analyzer. Unlike the absorption saturation 
spectroscopy, the polarization spectroscopy here yields a Doppler-free spec- 
trum with no inhomogeneous background. This is certainly an advantage since 
the sensitivity can be greatly improved without the strong background. It 
allows the use of lower laser power and lower gas pressure. In general, an 
elliptically polarized pump beam can also be used as long as the analyzer is set 
correspondingly. 1 8 

The technique applies to both two- and three-leveL systems. In the latter 
case, there should be a common level for the pump and probe transitions as 
described in Fig. 13.10. With a system of many closely spaced transitions, as in 
the case of a molecule, the polarization spectroscopy also has the advantage of 
being able to greatly simplify the spectrum. 20, 21 The polarized pump beam 
modifies the population of the common level with a particular molecular 
orientation. The probe beam monitoring transitions from this common level to 
other levels should experience a dichroism and a birefringence. Then, with a 
crossed analyzer, these transitions can be easily distinguished from the others. 
The resulting spectrum seen by the probe beam through the analyzer is usually 
far simpler and better characterized than the ordinary absorption spectrum. In 
this technique, the common level is labeled through saturation pumping by the 
polarized pump beam. It is therefore known as polarization labeling spectros- 
copy. 20,21 

Figure 13.15 shows the polarization labeled spectra of Na 2 as an example. 20 
The pump laser beam was circularly polarized and tuned to a -* ATI,, 

transition of Na 2 near 4825 A. The first row of spectrum in Fig. 13.15 was 
obtained with the pump frequency adjusted to the (u = 0, J = 49) -*■ (4, 50) 
transition. Transitions from (0, 49) to the various (v\ J') states were monitored 
by the polarization change of the probe light induced by the population change 
in (0, 49). For each v -* v' transition, three spectral lines are expected accord- 
ing to the selection rules A/ = ±1,0. The signal intensity for A 7 = ±1 is, to 
the first order, proportional to aj, and for A / — 0, proportional to 1 /J 2 , 
where « 0 is the absorption coefficient in the absence of pumping. Therefore, for 
large J, the A J = 0 transitions are much weaker and may not show up in the 
spectrum. We can then identify the successive doublets in the first row of the 
spectrum in Fig. 13.15 as (0, 49) 1(0, 48), (0,50)], ((1,48), (1,50)], ((2,48), 

(2,50)},..., [(6,48), (6,50)], respectively. Similarly, the successive rows of 
spectra in Fig. 13.15 were obtained with pumping transitions (1, 25) -> (5, 24), 
(0,42) -> (4,41), (1, 29) - (5, 29) and (1, 33) - (5, 34), respectively. The v = 1 



Fie 13 15 (a) Experimental arrangement of polarization labeling spectroscopy. ( b ) 
Polarization-labeled spectra of Na 2 B>H U band. For the top five spectra, the. pmnplasj 
was circularly polarized. For the bottom spectrum, the pump was linearly polarized. 
(After Ref. 21.) 
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-> o* = 3 transilions in the second and fourth rows are missing because of the 
small Franck-Condon factors. The upper-state vibrational quantum numbers 
in the observed transitions can be assigned here easily because each row of 
spectrum should end up at the low-frequency side with av' = 0 doublet. The 
spectrum in Fig. 13.15 is much simpler than the ordinary absorption spectrum, 
where the transitions from many rotational states of the lower v = 0 and u — 1 
vibrational states will create a nearly intangible forest of lines in the spectrum. 

The polarization labeling technique can also be extended to the effective 
four-level systems described in Fig. 13.12. The polarized pumping partially 
orients the molecules in the )0> level, Through molecular collision, the orienta- 
tion is transferred from P) to |0'). The probe beam probing the transition from 
|0'> to |2) should again experience an induced dichroism and birefringence. 20 

Polarization spectroscopy also can be used to study two-photon transitions. 
Instead of absorption, the polarization variation of the incoming beams is 
measured. We consider this in more detail in Chapter 15 under the rubric of 
Raman-induced Kerr effect, recognizing that Raman- transitions are just a 
special case of two-photon transitions. 


13.6 OPTICAL RAMSEY FRINGES 

In radio atomic spectroscopy, an ingenious high- resolution technique was 
invented in the late 1940s by Ramsey using an atomic beam. 22 As seen in Fig. 
13.16, an atomic beam interacts with the applied radio fields in two regions. 
Atoms passing through the first region are coherently excited. If the coherence 
persists when the excited atoms reach the second region, they may absorb or 
emit, depending on whether the atomic coherence is in phase or out of phase 
with the exciting radio field. The absorption in the second region therefore 
appears as interference fringes as the radio frequency scans through the atomic 
resonance. These are known as Ramsey fringes. The fringe pattern depends on 
the coherent lifetime (dephasing time) of the atomic excitation from which the 
high-resolution spectrum can be deduced. 

The technique can be extended to optical spectroscopy. 23 Since the dephas- 
ing time of an optical transition is usually very short, a modification of the 
technique is necessary. Instead of the em fields exciting an atomic beam at two 
separate spatial points, one can use two laser pulses separated in time to excite 
the same group of atoms in a vapor cell. 24,25 The effect is the same. The 
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Fig. 13.16 Schematic describing the interaction of an atomic beam with two radio 
frequency fields leading to the observation of Ramsey fringes. 
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absorption spectrum seen by the second pulse or the emission spectrum after 
the second pulse exhibits the Ramsey fringes. 

It is interesting to note that the spectroscopic resolution of the Ramsey-fringe 
technique is not limited by the pulsed laser linewidth, which, by the uncer- 
tainty principle, is given by the inverse of the pulsewidth. This can be seen as 
follows. For two identical coherent pulses separated by time T, the field can be 
written as 


£(/) = J^cj[<^(w)sin ut + <f(u)sin(w* + «T)] 



with <o = « 0 + Au. As seen in Fig. 13.17, it has a sawtooth spectrum whose 
envelope is the spectrum of a single pulse. Then, in tuning the laser over a 
resonance, it is the sawtooth spectral profile of the laser scanning over the 
resonance. Therefore, the spectral resolution is now limited by the width of the 
sawtooth instead of the width of the envelope. In scanning w 0 over a 6-function 
resonance, the linear transmission spectrum should reproduce the sawtooth 
spectrum of the laser excitation. If the resonance has a finite linewidth, then 
the sawteeth in the transmission spectrum are broadened with a decreased 
contrast of peaks to background. 

The Ramsey fringes depend on the phase correlation of the two pulse 
excitations. If the pulses are not phase-correlated, no fringes can be seen. Also, 
if the coherent excitation imposed on the atoms by the first pulse dephases 
before the second pulse arrives, the fringe pattern will disappear. The dephas- 




Fig. 13.17 Single and double coherent laser pulses with their corresponding frequency 
spectra. 
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mg effect on the observed spectrum is in broadening the sawteeth and 
decreasing the contrast of the fringes. 

In an actual experiment, atomic motion also may cause dephasing. This, 
however, can be eliminated if two-photon excitation is used. 24 As discussed in 
Section 13.4, the former is independent of atomic velocity and has all atoms 
participate in the absorption. In the following discussion, we use this case as an 
example to give a simple mathematical derivation of the Ramsey fringes. 26 

Consider a two-level system excited via two-photon transitions by two 
square pulses of duration r; one is switched on at t = 0 and the other at t = T. 
At t < 0 the system is in stale jl), and at t > 0 the system is in a coherent state 

|*) = *(0P> + *(i)12>. (13.26) 

Assume that the perturbation theory is valid. Then a(t) = 1, and b(t ) can be 
obtained from the Schrodinger equation or 

ij'b(t) = (13.27) 

where A is a coupling coefficient proportional to the square root of the 
two-photon transition probability. We find, for t > r, 

HO = 2u - a 2 , (13.28) 

and for t > T + r, 

b(l) = T— : [e-<P— ■j.xr+rt _ + <,(,) 

lu> — w 21 

(13.29) 

= — f e -*(2«-«ai)T — + 1 1 

2 6) - to 21 1 Jl J ‘ 

If fluorescence from (2j is detected, the signal should be proportional to 
[h(/)| 2 , which, after the second pulse, is given by 

|fr(r + t)| 2 - 4A 2 t 2 — - Ml ‘* T C os 2 ( 2<0 ~“ M r). (13.30) 

- « 21 )t \ t } 

The spectrum of \b(T + t )| 2 versus (2w - w 21 ) is seen to be a fringe pattern 
shown in Fig. 13.18. The periodic spacing of the fringes is 1/271 In the 
presence of a dephasing rate T with r ^ T _1 , (13.29) should be modified by 
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Aw = it IT 



Fig. 13.18 Ramsey fringes resulting from two-photon excitation of a transition by two 
square pulses of duration t, one switched on at t — 0 and the other at t = T. 


replacing 6(7) by b(T)e~ rr . We then find 

\b(T + T > |J = «" rr ]f- 

(13.31) 

The fringe contrast is given by 

lfr(r+ T )iL,-l*>(r + T)iL„ 

iMr + OlLx + lMr + OiL, ( 13 . 32 ) 

2r rT 

i +<r 2rr ’ 

which is 1 for T = 0 and decreases rapidly as T increases. 

Figure 13.19 is an example of the optical Ramsey fringes obtained by 
two-pulse two-photon excitation in sodium together with the experimental 
arrangement. 26 On each spectral line, the interference fringes are clearly visible. 
The observed periodic spacing of the fringes is indeed given by 1/27 and 
decreases with increase of 7. 

An obvious improvement of the Ramsey fringes can be achieved by using a 
series of many equally spaced pulses. 27 It can be obtained from either a 
mode-locked laser or a pulse through a resonant cavity with partially transmit- 
ting mirrors. If the pulses are phase-correlated, the frequency spectrum will 
appear as a series of equally spaced spikes, as in Fig. 13.20. The spectral 
resolution is now limited by the width of each spike. With N pulses coherently 
exciting the atoms within the dephasing time, the width of the spikes is 




I Fig. 13.19 (a) Arrangement of the Ramsey fringe experiment in Na. (6) Observed 

! spectra of the 3 7 S - 4 I 2 D two-photon transitions in Na; the lower trace, showing the 
| Ramsey fringes on each peak, was obtained with a delay of 25 nsec between the two 
| excitation pulses. (After Ref. 27.) 
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Fig. 13.20 A series of equally spaced laser pulses and the corresponding frequency 
spectrum. 

inversely proportional to N, while the signal intensity is proportional to N 2 . 
This technique has been demonstrated by Teets et al. 27 

13.7 OTHER HIGH RESOLUTION SPECTROSCOPIC 
TECHNIQUES 

There are a number of other high-resolution spectroscopic techniques. Most of 
them are variations of the techniques we have already discussed, including 
multiphoton Doppler-free absorption and multiphoton saturation spectros- 
copy. Coherent transient spectroscopy and four-wave mixing spectroscopy, 
however, are unique and deserve a more detailed discussion. The former is 
discussed in Chapter 21 on coherent transient effects, and the latter in Chapter 
15. 
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Four- Wave Mixing 


Four- wave mixing refers to the nonlinear process with four interacting electro- 
magnetic waves. In the weak interaction limit, it is a third-order process and is 
governed by the third-order nonlinear susceptibility. Unlike second-order 
processes, a third-order process is allowed in all media, with or without 
inversion symmetry. Yet it is generally much weaker than an allowed second- 
order process because of disparity in the susceptibilities, |x <3) l lx Wlth 
high-intensityjasers, however, it is still easily observable, as first demonstrated 
by Maker and Terhune. 1 This is particularly true if |x (3) | shows resonant 
enhancement. When more than one tunable laser is used for pumping, even 
multiple resonances of x (3> am be excited. 

Being flexible and easily observable in all media, four-wave mixing has 
many interesting applications. It extends the frequency range of tunable 
coherent sources to the infrared and ultraviolet. 2 In the degenerate case (i.e., 
four waves having the same frequency) it is used for wavefront reconstruction 
in adaptive optics. 3 With resonances, it can be adopted as a powerful spectro- 
scopic and analytical tool for material studies. We consider the fundamentals 
as well as some applications of four- wave mixing in this chapter, and leave the 
discussion of four-wave mixing spectroscopy to Chapter 15. 


14.1 THIRD-ORDER NONLINEAR SUSCEPTIBILITIES 

In media with inversion symmetry, third-order nonlinearity is the lowest-order 
nonlinearity allowed under electric-dipole approximation. 4 The microscopic 
expression of a third-order nonlinear susceptibility x (3) can be derived from a 
perturbation calculation using, for example, the diagrammatic technique out- 
lined in Section 2.3. In general, it consists of 48 terms, explicitly shown in Ref. 
5 While X (3) is governed by the overall symmetry of the bulk medium, each 
term of x (3) is governed by the selection rules on its matrix elements. 
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Near resonances, a few terms of x <3) arc resonantly enhanced through the 
resonant denominators. The resonant part of x (3) can be separated from the 
nonresonant part through resonant dispersion. The former is a complex 
quantity as the damping coefficients in the resonant denominators become 
nonnegligible. A few examples are discussed here. 


Singly Resonant Cases 

Assume three input pump frequencies « 1 , w 2 > and u 3 . Single resonance of x {3) 
occurs when any of the three frequencies or their algebraic sums approach a 
transition frequency of the medium. Consider as an example the case seen in 
Fig. 14.1 where - « 2 is at resonance. The third-order susceptibility can be 
written as the sum of a resonant part xi? and a nonresonant part x$i 

X®-X& + xP. (14.1) 

The expression of Xi? can be obtained either from the general expression of 
X (3) or from the derivation in Section 2.3 or 10.4. We find 


[xg>(«. 


« 3 - W, + «i )] ,j k , - 


*("l - "2 - "(T J - lT rt ) 


(14.2) 


where 


(MS \ =y <gVJ*X”kolg) 

[ g,g)ki r[ *(«.-«!.*) a(w 2 + « njf ) 


n 


<glgQl«X”I^U) 

ft ( u a ^ng ) 


(g'ler^nXnjerjlg) 


The resonant xi? of other singly resonant cases can be similarly derived. 


<n\ 


w. 


W2 


<jTI 


^3 




Fig. 14.1 Schematic showing a four- wave mixing process 
with - w 2 at resonance. 
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Doubly Resonant Cases 


We assume here two input pump frequencies a>j and u> 2 , and consider the 
various doubly resonant cases seen in Fig. 14.2. 6 The expressions for c ^ n 
be derived following the diagrammatic technique of Section 2.3. For the cases 
of Fig. 14.2u-df, the diagrams are shown explicitly, with resonant transitions 
denoted by the heavy dots. They yield, respectively, 


[x ( r 3) (“3 = wj - u 2 + wj 


I ijkl 


Ne 4 y 

hj L 
' m 


(8\ r i\ m )( rn \ r j\8'} 

2u>! - to 2 - u mg 2« 1 - + U mg ' 

(g'K\ n)<x[r t \g)$g 


(14.3a) 


(«i " <•>«* + ' r „*)(«t ~ W 2 “ <*gg + iT g'g) 

+ terms with j and / interchanged 
[xi?(<*>3 ~ «1 “ w 2 + "l)] ijkt 


Ne y 


isvy) 


f , 3 2u), — COn — CO > -f jT . 

« rti 1 2 “ny 

- <o 2 - 26 Jj - 

+ terms with _/ and l interchanged 
[XR ) (« 3 = W 1- W 2 + W i)]i#/ 


(14.3b) 
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+ terms with j and / interchanged. 


(14.3d) 
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(e) (f) £9) £h) 



Fig. 14.2 Schematics describing the various cases of doubly resonant four-wave 
mixing. The double Feymann diagrams for cases (o )-(</) are explicitly shown. 

Resonances are explicity shown in these expressions by the frequency de- 
nominators with damping constants. Similarly, the expressions of xi ?( w 4 = “2 
— Wj + u 2 ) for Fig. 14.2 e-h at the output frequency 2w 2 - u> lP and those of 
xi?( w i = - w 2 + « 2 ) f° r Fig* 14.2/ and j at the output frequency ta L can 

also be derived. 

Triply Resonant Cases 

We assume here three input frequencies, coj, «' t , and w 2 , and consider the x (3) 
terms in which all the three frequency denominators are near resonances. 6 
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Fig. 143 Schematics showing two cases of triply resonant four-wave mixing. 


They are schematically shown in Fig. 14.3. The expressions of xi ?( w 2 “\ 
a' + « 2 ) for the cases of Fig. 14.3 a and b are, respectively, 

[xSH w 2 = “i “ + " 2 )] r/*/ 

x{[("2 “ W «'g' + '^vX^i - - u g , & - iT^) 

_t . _ i (14.4a) 

X (u>; - *Vg - iT n'g)\ +( w 2 - “nr + iT »r) 

x(w 1 — a»j + i/T in /) |(&>j — o)„> g 

-("I -*Vs + /r «'J 1} 

[xS > ( W 2 ■ «2 - “i + w t)]iy« 

- ~ (gMnXntygXgfoln'Xn V,\g)p° gg 
x /( ^ - u ng + /r ng ) l (»i - «2 - <•>„'„ - <IVJ 
X [(w 2 - u„ g + iT nJf ) 1 -(< - &v g - iT^ g ) ] 

+ («2-W^+iT„i) - «i + */r #f ) 

x[(«i - ««g “ '^ng) ~( W 1 "" Hrg + '*»*) ]}■ 


These expressions are for isolated molecules or ions. As discussed in Section 
13.1, the resonant frequencies of molecules or ions often depend on the local 
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environment. The effective xi? of an ensemble of molecules or ions should be a 
weighted average of xtf 1 over the distribution of the resonant frequencies. 


14.2 GENERAL THEORY OF FOUR-WAVE MIXING 

The theory of four-wave mixing follows closely the general theory of optical 
mixing. We assume here, for simplicity, a cubic or isotropic medium. Three 
different cases are considered in this section. 


Three Pump Fields 


Let the pump fields be E m (wJ = /jexp(/k w - r - iu m t) with m = 1, 2, 3 (Fig. 
14.4a). The output field, E,(w,) = ^cxp(/k,*r - io3 s t) with u, «- wj + w 2 + 
w 3 , is governed by the wave equation 


V 2 + ^*(«,) 


Ej= _!^P<3> K) 


(14.5) 


where P^(«,) = X <3) ( w * = + u 2 + <*> 3 ) : E(w l )E(<o 2 )E(u> 3 ). The solution of 

(14.5) follows that described in Chapter 6. With the usual slowly varying 
amplitude approximation, negligible pump depletion, and the simplifying 
boundary condition, it yields 


<?,/(*) = - 


2ma. 2 


(Ak • z)k s c‘ 


- e‘^‘)e-^ (14.6) 



E, 


(a) 




( b) 


Fig. 14.4 



Three different types of four-wave mixing discussed in Section 14.2, 
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where 

Ak = 4k' + iAk" = (k; + k' 2 + k' 3 - K) + i5 («i 1 + “2* + “3' ■ a “ ) ’ 

Ak' is the wavevectoc mismatch, and the are the attenuation coefficients of 

ESsSSSi '£ 30 =: 

against scattering background. 

Output Field iu the Same Mode as One of the Input Fields 

. , „ f - F CFie 14 4b). The input field E 2l should then 

xpUenTgl or loss' md,^d by the nonlinear wav, ^ntemetion Snce 


2ir<o? 


Si( z ) 


(Ak • 2)k s c 




(14.7) 


The real part of *<«) represents a gain. For the special ease of £,/»,) - 
£**(to 2 ) and Afc" = 0, we find 


Re[ft(0] -Y^Mx8l(]Kt/ 


(14.8) 


which can be compared with the result of Raman gain discussed in Section 
10.3. 

Backward Parametric Amplification and Oscillation 

This is a special case of four-wave mixing in which two strong waves act as the 

me) 
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the derivation in Section 9.6, for the signal and idler fields, E, and E„ 
propagating along Ti. respectively, 

(14.9) 

C(z - 0) - + C(0)/cosf 


where 




(14.10) 


K “ -ye, ‘X <3 H“j ’ 
c l 


-W, + «i +-^2) * 


an output even m the absence of any in P« » r J j d ^,( z ) = ^(0), the 
process with three pump fields. 
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We now consider a special 

three components with different wavevectors: 


P (3)( w ) , pt»(k, + kj - k,, w) + PfKki K + k -’ ‘ 
+ p(»(-k! + kj + k,,u) 


(14.11) 


where 


p,»( kl + k; - k„ ») = X®(-) iEt(kt)E[(kOE,*(k,). 
p<«(k 1 - k; + k„ w) = x <3) (“) : E,(k,)E; (ki)E,(k,). 

pO»(- kl + k( + k,.w) = x <’>( B ):Ef(k l )E;(k;)E 1 (k j ). 


E,(kt), E«k(), Md “ e de'r the' deSncdfptt 5 ’appro^lado ( n W We" no« 

at least a singly resonant term aristng from * 
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two- photon zero-frequency resonance, i.e., a term with (« - w + i/T x ) in the 
denominator. It may also have a two-photon resonant term if « + u is in 
resonance with a transition of the medium. Finally, x (3) can be triply resonant 
if « is near a resonance. Because of the strong resonant enhancement, x (3> for 
degenerate four-wave mixing can be very large in some media. As a result, such 
a third-order process is even observable with CW laser beams. 

The output of degenerate four-wave mixing can be calculated using the 
theory in Section 14.2, but it can also be easily understood from the following 
physical picture. Two of the three input waves interfere and form either a static 
grating or a moving grating with an oscillation frequency 2y; the third input 
wave is scattered by the grating to yield the output wave. In many cases where 
2w is away from resonance, the contribution from the static gratings should 
dominate. With three input waves, three different static gratings are formed. 
The grating formed by the k x and k, waves scatters the k[ wave to yield 
outputs at k, = k( ± (ki - k,). The one formed by the k{ and k, waves 
scatters the k x wave to yield the outputs at k f = k x ± (k{ - ky). The one 
formed by the k x and k[ waves scatters the k, wave to yield the outputs at 
k s - k, ± (k t - kj), They are illustrated in Fig. 14.5 for the special case of 
k{ = -kj. Altogether, three output waves with different wavevectors, k, = k x 
+ k{ - k y> kj - + ky, and -k t + k[ 4- k ( , are expected. However, we 

realize that since |kj, in general, is not equal to v£ /2 /c, the generation of the 
three output waves may not be all phase matched. Consider, for example, the 
case with k{ - -kj. The output waves are expected to have k, = -ky and 
k, ± 2^. While the generation of the output at k, = -k, is always phase 
matched, that of the other two is not. Thus usually only the output at 
k^ - -k t needs to be considered. It is interesting to see the connection 
between this case and holography. In both cases, the output wave (k,), arising 
from scattering of one of the pump waves or k{) off the interferogram 
formed by the object wave (k,) and the other pump wave (kj or kj), retraces 
back the path of the object wave (k, = — k, ). Now that an object can be 
represented by a group of ky waves, we see that an image of the object can be 
reconstructed by the corresponding output waves. 

In an isotropic medium, if we require the output of degenerate four-wave 
mixing not to be in the same mode as one of the pump waves, then for 
phase-matched output we must have k[ = -k : and k s = -k,. The effective 
nonlinear polarization can be written, from symmetry consideration, as 

P/ 3 >(k, = -k j> «)-x (J, (»):E 1 (k l )Ei(-k l )Ef(k i ) 

= /j(E,-E*)E; + fl(E;-E*)E, + c(e,-e;)e* 

(14.12) 

where A , B, and C all depend on the angle $ between Ej and E,, and 
B($) = A(tt - $). The brackets (E, • Ef ) and (E' t *Ef ) in the A and B terms 
in (14.12) describe the static gratings formed by the wave interference, while 
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k f = k;-2k, 

X 



Fig. 14.5 Degenerate four*wave mixing resulting from scattering of an incident wave 
by the static grating formed by the other two incident waves: (a) grating formed by the 
1^ and k; waves, (6) grating formed by the kj and k, waves, and (c) gratmg formed by 
the k, and waves. 


(E t - E[) in the C term is a moving grating with an oscillation frequency 2w. By 
properly arranging the polarizations of the three incoming waves, it is possible 
to have only one particular term in (14.12) nonvanishing. The output is 
polarized along P, (3) . Being in the backward direction with respect to the 
incoming k, wave, it can be described by the solution of (14.9). 7 We then notice 
that with^ f (/) ~ 0, the output field <^(0) has a magnitude proportional to that 
of the input field <^(0), and a phase complex conjugate to that of <^(0). 


14.4 PHASE CONJUGATION BY FOUR- WAVE MIXING 

Phase conjugation 8 is defined as the process in which the phase of the output 
wave is complex conjugate to the phase of an input wave. In other words, the 
process reverses the phase of the input. This happens, for example, in 
difference-frequency generation, parametric amplification, and four- wave mix- 
ing. If the phase-conjugated output propagates in the backward direction with 
respect to the corresponding input wave, then it can be used to correct 
abberation due to phase distortion experienced by the input wave. As il- 
lustrated in Fig. 14.6, the input beam in passing through a medium suffers a 



Phase — conjugate 
mirror 



Fig. 14.6 Sketches showing how the wavefront of a beam changes in passing through a 
distorting medium back and fourth: (a) an ordinary mirror is used, and (b) a 
phase- conjugate mirror is used to reflect the beam. 



Fig. 14.7 Photographs showing correction of aberration; (o) an unperturbed laser 
beam, (b) the same laser beam after passing through an etched glass plate, and (c) the 
same beam after a phase-conjugate reflection and a second pass through the etched 
plate. (After Ref. 9.) 
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wavefront distortion. Unlike an ordinary mirror, the phase-conjugate mirror 
reverses the wavefront distortion of the input beam upon reflection. Then, as 
the phase-conjugated wave reflects back through the medium again, the wave- 
front distortion is completely removed (as long as diffraction is negligible). An 
example is seen in Fig. 14.7. 

In the previous section, we saw that the output of degenerate four- wave 
mixing is a reflected phase-conjugate wave with respect to one of the input 
waves [<^(0) cc ^*{0)]. Thus a nonlinear medium for degenerate four- wave 
mixing can be used as a phase-conjugate mirror. 3 According to (14.9) with 
^r(0 = the phase-conjugated output |^(0)| 2 can even be more intense than 
the input |^(0)| 2 if g Q l/ 2 > tt/ 4, and the amplifications approaches the 
oscillation limit as g Q i/2 tt/2. 




Fig. 14.8 Wavefront reconstruction applied to laser fusion. The sequence of events is 
(a) illumination of the target with a probe beam, ( b ) reflection and ampli flea lion 
resulting in a distorted wave, ( c) phase conjugation, and (d) a second pass through the 
distorting amplifying medium, producing a correct focusing of the beam on the target. 
(After Ref. 9.) 
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There are many interesting and potentially important applications of phase 
conjugation based on its ability to remove wavefront distortion. 9 One is for 
correction of distorted images. As an example, consider the amplification of a 
laser beam in an amplifier. The beam quality may be seriously deteriorated 
after the beam traverses the amplifying medium. If, however, a phase-con- 
jugate mirror is used to send the beam back through the amplifier once again, 
then the amplifier output can have its input beam quality restored. This allows 
the construction of high-power laser systems with beam quality comparable to 
that of a single- mode oscillator. One can also have a laser oscillator with one of 
its mirrors replaced by a phase-conjugate mirror, which tends to help in 
establishing a better beam quality, improve the mode stability, and possibly 
provide additional gain to the oscillator. In laser fusion work, beam focusing 
on the target may be impaired by wavefront distortion of the beam in its 
propagation from the laser to the target. This can be remedied by the scheme 
of Fig. 14.8. The target is first illuminated; the wave radiated from the target is 
then amplified by the amplifier, reflected by a phase-conjugate mirror, amplified 
again, and finally automatically focused onto the target with no net distortion 
of its wavefront. The scheme can actually be used on any target, not necessary 
in laser fusion work. In principle, it can also be applied to a moving target at a 
distance as the beam automatically tracks the target. This may have great 
potential in military applications. With sufficient gain in the amplifier, it is 
even possible to have laser oscillation with the target and the phase-conjugate 
mirror forming the cavity, so that no external illumination on the target is 
necessary. 

Phase conjugation can also be obtained from stimulated scattering of a 
highly multimode pump beam. 10 In this case, the output is phase conjugated to 
the input pump field. This has been observed experimentally. Theoretically, 
however, it is shown that only approximate phase conjugation can be achieved, 
but the approximation becomes better when the number of pump modes 
increases. 11 A better physical understanding of the effect is still needed. 


14.5 TUNABLE INFRARED AND ULTRAVIOLET 
GENERATION 2 

Four- wave mixing can be used to extend the frequency range of coherent 
radiation to infrared and ultraviolet. The process is again governed by the 
general theory of optical mixing. It is the third-order susceptibility x (3 H w i = 
< 0 , + + u> 3 ) that determines how efficient the frequency conversion process 

can be with given pump intensities. As shown in Section 7.4, x f3) for third 
harmonic generation can be greatly enhanced by resonances. In alkali vapor, 
for example, it increases from less than 10" esu/atom to ~ 10“ 31 esu/atom 
near a single resonance. Now, in four- wave mixing, w 1( w 2 , « 3 are not 
necessarily equal; it is even possible to have x ( 31 doubly or triply resonant. A 
few examples are schematically shown in Fig. 14.9 using potassium vapor as 
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Fig, 14,9 Energy level diagram of a potassium atom and schematics for a number of 
resonant third-order optical mixing processes: (a) third-harmonic generation, (ft) sum 
frequency generation with toj, o> l + w 2 , and u, + w 2 -I- w 3 near resonances, (c) in- 
frared generation with and - w 2 near resonances, and {d) infrared generation 

with taj and w, + u 2 near resonances. 


the nonlinear medium. As one would expect, x <3) doubly or triply resonant can 
be orders of magnitude larger than that of the singly resonant case. We use 
here the process of Fig. 14.9c for illustration. 

Let us assume that in Fig. 14.9c, is near the 4 s -* 5 p resonance, u l - <o 2 
is exactly on the 4s -► 5s resonance, and « 3 is not too far from the 4s -* 4p 
resonance. The dominating resonant term of \ (3) in this case is 

(xS%w = (^jjjr) E ^ v <4j|fj|4i>>(4/»|r ( |5J>(5j|r*|5^><5/>tr,|4f). 

A sp = [(“>1 - <*>5,-4, + *r 5 ,)(«i - "2 - <*>5,-4; + iT 5y) ( 14 * 13 ) 
X («3 “ « 4 ,- 4 ,)] 


where TL s p sums over the fine structures in the s and p levels. With w L - w 5/ ,_ 4 * 
= 50 cm' 1 , r 5j = 0.1 cm' 1 , and w 3 - « 4 4j = 5000 cm -1 , we find x <3i “ 6 
x 10“ 27 esu/atom. 12 For an atomic density of 10 17 atoms/cm 2 , the value of 
X (3) = 6 X 10“ 10 esu is already larger than the nonresonant x <3) of a typical 
condensed matter. We notice that since « 3 is still far away from resonance, x (3> 
does not vary appreciably with w 3 . This, together with the large value of x <3 \ 
means that efficient generation of tunable output over a broad range of 
infrared frequency = Wj - w 2 - w 3 is possible as long as collinear phase 
matching can be achieved. If w 3 is tuned toward the 4s -*■ 4p resonance, then 
X <3) is further enhanced. For « 3 — - 50 cm' 1 , we have x (3) = 6 X 10” 25 

esu/atom. 
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Collinear phase matching is essential for high conversion efficiency. In the 
above infrared generation, it may be achievable using anomalous dispersion ot 
the alkali vapor. The collinear phase matching relation k l = k 2 + k 3 + k t tor 
the process of Fig. 14.9c can be written in the form 


< 0 j«, = u 2 n 2 + oi ,n, + a s tt,. 


(14.14) 


Since both w, and w s are very far from resonances involving the ground level, 
the normally dispersive refractive indices n 2 and n s do not vary appreciaby 
with and For a prescribed output frequency <o 5 , the frequency u a is fixed 
from the relation o, Sj _„ «* and hence both », and « 3 are 

fixed Now that «, has an anomalous dispersion while n 2 is nearly independent 
of oi„ it is possible to satisfy (14.14) by adjusting u, and <a 2 properly. For 
smaller we must have oi, closer to to achieve phase matching. This 

unfortunately increases the absorption of the pump field at u, and decreases 
drastically the efficiency of infrared generation. The problem may be alleviated 
bv mixing foreign gas into the vapor, for example, sodium m P ot “ s ' u ™> a ™ 
utilizing the additional dispersion in the refractive index provided by the 

TunaMe infrared generation using the process of Fig. 14.9c was actually 
demonstrated by Sorokin et al. 12 - 13 In their experiment, only two pump beams, 
at to, and to,, were used, while the to, beam was automatically generated in the 
cell bv stimulated Raman scattering of the to, beam. With peak powers o 
kW at to, and 10 kW at to, and an active length of 30 cm in potassium vapor, 
they observed a tunable infrared output from 2 to 25 pm having peak powers 
of 100 mW at 2 pm and 0.1 mW at 25 pm. Extension to a broader timing 
ranee may be possible. The theoretical analysis of this experiment is not yet 
complete. Strictly speaking, it is a four-wave parametric amplification process 
with waves at to, and to, being the signal and idler waves. The calculation 
should be a straightforward extension of that given in Chapter 9, including a 
Raman resonant transition. __ 

As a variation of the process, the Raman transition - w 2 - w 5j -4i 
be replaced by a two-photon transition Wj + « 2 - * 5 ,- 4 ,- ^ process should 
be at least equally efficient if ^ is also near the w 4/r _ 4j resonance, as m Fig. 
14 9 d Then, for infrared generation, <o 3 can be either larger or smaller than 
co ’ ' in both Fig. 14.9c and Fig. 14.9* A reverse four-wave mixing process is, 

of "course, also possible. Thus, by using w 2 , and w, as pump frequencies m 
Fig. 14.9* the w } wave is generated. The process can therefore be used to 
construct an infrared-to-visible converter. 14 . 

With laser powers much higher than 10 kW, the conversion efficiency of 
infrared generation by four-wave mixing can, in principle be hi£ It may, 
however, be limited by other simultaneously occurring nonlinear effects, such 
as self-focusing, saturation, and ionization. A thorough study of how the 
conversion efficiency can be improved has not yet been reported. 
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Four- wave mixing can also be used to generate tunable ultraviolet 
radiation . 215 In comparison with third-harmonic generation, the four- wave 
mixing process has the advantage that x <3) {«, = + w 2 + W 3 ) can be greatly 

enhanced through multiple resonances. An example appears in Fig. 14.9 b. 
Alkali vapor, however, is not very good for vacuum uv generation because its 
ionization energy is too low and there is no discrete state in the ionization 
continuum to resonantly enhance x (3) at the uv output frequency. Alkali earth 
vapor appears to be much better. The process of Fig. 14.10 is used in Sr vapor 
for an example. The pump frequencies and w 2 are adjusted so that is 
near the (5s ) 2 -> (5s)(5p) resonance and w 1 + <o 2 is on the (5s ) 2 -> (5 p) 2 
resonance. The other pump frequency is near the (5 p) 2 -> ( 6 s)(6p) reso- 
nance, and can be tuned to yield tunable uv output at c *> 5 = + o> 2 + 

Note that (6s)(6p) is a discrete autoionization state in the ionization con- 
tinuum. Because of the multiple resonances, can be greatly enhanced. 



Fig. 14.10 Energy level diagram of Sr with arrows showing a resonant four- wave 
mixing process for tunable uv generation at 2«j + w 3 . 
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To avoid strong attenuation of the pump beams, the pump frequencies should 
be sufficiently far away from resonant absorption. Then, with phase matching, 
the conversion efficiency for uv generation can be significant. 

Molecular gases, such as CO and NO, also can be used as effective media 
for tunable uv generation by four-wave mixing. 16 Their resonantly enhanced 
nonlinear susceptibilities are lower in comparison with those of metal vapors 
because of the weaker resonances, but the gases are much easier to handle. The 
medium can be in the form of a molecular beam, which, for vacuum uv 
spectroscopy, has the advantage of requiring no window between the uv source 
and the sample in the vacuum. 17 

Phase matching for uv generation can be achieved by using the anomalous 
dispersion of the refractive index as in the case of infrared generation. It can 
also be achieved by mixing of foreign gas into the vapor. In the actual 
experiment of Hodgson et al. on Sr, 15 only two pump beams were used with 
ojj - w 2 , and 2w! was tuned to the resonant transition from (5s) 2 to an 
even-parity excited state. By varying w 3 to have the resonant enhancement of 
various autoionization states successively coming into play, the uv output was 
observed to have a tuning range from 1578 to 1957 A. By using Mg, Hg, and 
Zn, the tunable uv generation can be extended to the 1060 A region. 18 With 
optimal focusing of - 1 MW pump beams into a metal vapor of - 10 torr, 
conversion efficiency of — 1% is possible but is limited by the usual detrimen- 
tal effects — self-focusing, saturation, ionization, and so on. 

In principle, one can also use condensed matter as the nonlinear medium 
for efficient infrared and ultraviolet generation by four-wave mixing. In 
practice, however, a condensed matter is often strongly absorbing in the uv 
below 2000 A, and has rather broad absorption bands in the visible and 
infrared. Therefore, the output cannot be in the vacuum uv or in any of the 
absorption bands. If alt the four frequencies should stay out of the absorption 
region, then the resonant enhancement may not be strong enough to make x <3) 
larger than the multiply resonant x (3> of a metal vapor at - 10 ton. 

To conclude this section, consider an interesting application of four-wave 
mixing to time-resolved infrared spectroscopy. 19 Figure 14.11 is the schematic 
of the experimental arrangement. A pulsed broadband infrared beam («? R ) is 
first generated by a stimulated electronic Raman process in a metal vapor cell 
using a pulsed broadband dye laser. This infrared beam, in passing through a 
sample, carries the spectral information of the sample absorption. It then 
interacts with a narrow-band laser beam (<*>,) in a second metal vapor cell. The 
latter generates a narrow-band Stokes beam («,) in the cell, and through 
four- wave mixing (w£, t = up-converts to a broadband 

visible output which can be recorded on a spectrograph. With this 
technique, the infrared absorption spectrum of the sample is displayed as a 
corresponding visible spectrum, and hence the detection sensitivity is greatly 
improved. Moreover, since nanosecond or picosecond laser pulses can be used, 
the technique has a time-resolving capability in the nanosecond or picosecond 
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<*>„ <uf R ) 



Fig. 14.11 Schematic of an experimental arrangement using four-wave mixing for 
time-resolved infrared spectroscopy. 


regime. It may therefore find important applications in studies of chemical 
reactions and radical spectra. 


14.6 TRANSIENT FOUR- WAVE MIXING 

We have thus far considered four-wave mixing only in the steady state. With 
pulsed resonant excitation, however, transient effect in four-wave mixing may 
become important. As in the steady-state case, transient four-wave mixing is 
also governed by the third-order polarization P p> . The only difference is that 
P <3) is now a time-varying function of excitation and relaxation of the medium. 
Here we discuss the derivation of P <3) , leaving the actual solution of the wave 
equation with P 0) as the driving source to Chapter 21. 

Using the density matrix formalism of Section 2.1, we can write 

prt>= Tr(-JVerp^), (14.15) 


Then, to find P <3) , it is necessary only to find the density matrix p (3) . We adopt 
here again the diagrammatic technique of Yee and Gustafson 20 for the deriva- 
tion of p (3) , The notation here follows Section 2.3. Consider the general case 
where three successive fields, ^(« 1( /Jexp^kj * r - w^)], <f 2 (o> 2 , Oexp[/(k 2 ■ r 
- « 2 0]> and «f 3 (« 3 , / )exp[f(k 3 • r - « 3 f)j interact with a material system at q, 
q, and / 3 with q < t 2 < t y In this given time order, p (3) (to = uq + « 2 + « 3 , r) 
has eight terms derived from the eight diagrams in Fig. 14.12. In comparison, 
p <3> (<*>) for the steady-state case has 48 terms from 48 diagrams as mentioned 
in Section 2.3. The rules for deriving an expression from a diagram are the 
same as those given in Section 2.3 expect that the propagation from one vertex 
at q to the next at q is now represented by the phase factor 




(14.16) 
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where |o) is the ket state on the left between t, and I and (fe| is the b« statt «« 
the right and y „ is the damping constant. The final express, on has integration 
overffip^.ble time separations between vertices and summahon over all 

possible initial, intermediate, and final states. 

Two terms of p< 3 >(<) corresponding to the diagrams with Figs. 14.12a and 
: 14.12ft aroused here as exlples 3 ' From F,g 14.12c._we have, w„h the 

1 interaction Hamiltonian given by (<•>) p 


[p°’(0U= - E 

m, r,p, 3 ' ™ 


(14.17) 

x<rt-/s(* - t, - r 2 - r 3 )>.— '>-n-n-n), m> 
- t 2 - 

X(r|p-d}(< - T s )e ,k >" r_ Tl, |s )( | P>pJ,m<4 1) j 


With the substitution of variables £, = < - T i h T i> ia 1 T i T3 ’ 

£ 3 -= i - T;J> this equation becomes 

[p‘”(<)], 0 ,= I {e^^),(y 3 (|p> p o„<s | ) 

m,r,p,s \ 

(14.18) 

•' - QO 
^ — 00 

'-(M ’ 
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Similarly, we find, from Fig. 14.12 ft, 

[p <3) (0](»)= - £ (|j»>p!L<*i) 

m, r, p,s \ 


X<p|p ■ h\ r K r Ip ■ ^ilw)<m|p ■ e^s) 




- oo 

x/ {! (14.19) 

* - 00 > 


The full expression of p <3) (/) is the sum of all eight terms derived from the 
eight diagrams in Fig. 14.12. In an actual case of transient four- wave mixing, 
however, resonant or near-resonant excitations are involved, and terms in p (3) 
which are nonresonant can often be neglected. The effective number of terms 
of p <3) then is greatly reduced. 

As in the steady-state case, transient four-wave mixing yields a coherent 
output. It belongs to the category of coherent transient optical effects, which 
will be discussed in more detail in Chapter 21. Here we consider only some 
general characteristics of transient four-wave mixing. 21 First, as is explicitly 
shown in (14.18) and (14.19), the nonlinear polarization P (3) <x p (3 > has a 
wavevector k 3 = kj + kj + k 3 . For the mixing process to be efficie nt, the 
phase-matching condition should be satisfied, that is, k(u) = (u/e(w) /c]k = 
k r This is the same as in the steady-state case, as one would expect. Second, 
the transient behavior of p (3) (0 arises from resonant or near-resonant excita- 
tion of the medium and is governed by the time-dependent phase factors in 
p (3) . For illustration, we discuss the case of a molecular gas excited by three 
resonant pulses. 

In a gas, molecules with different velocities should interact with different 
fields at different times. Let i<0 be the position of a molecule at time / moving 
with a velocity v. The field seen by the molecule at an earlier time is 
<f,.(£,)exp(iVr(£ ( ) - ) at r (* f ). Since rtf,) = r (/) - (/ - £)v, we have 


^(£.)exp[/k ( t(£,)] = ^(£>xp[iVr(f) - ik^v(r - ft)]. (14.20) 

As a result, p (3> (r) for the molecules is a function of v. For example, from 
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(14.18) we find 

U (3) (v, o] w - E (^‘“'' + *"> , (^) 3 (^> p ”"< i i) e ' k ‘ l '"" ) 

m,r,p,s 1 

X</?(p‘e 1 |m><m|p*c 2 |r)(/-lP*e 3 |j) 

x r (14.21) 

- OQ 



X f h d(,e W-^-i> + ^ +fl, .-’W , / l ({ 1 )}. 

•'-ca ' 

The overall p (3) for the gas system is then given by an average of p (3) (v, 0 over 
the velocity distribution n(v): 

p <»(,)= (" n(v)p™(v,t)dv. (14.22) 

Equation (14.21) shows explicitly that p (3) has a wavevector k, - k t + k 2 + k 3 . 
The transient behavior of p (3> (v, t) as governed by the time-dependent phase 
factor is now also a function of v. If we assume that the exciting pulses are 

resonant with = w pm > <o 2 - and w 3 = and the P uls ^ s are short 
compared to the relaxation time 1 and the velocity dephasing nme 
|k, • vp\ then (14.21) reduces to 

lP CT (v.o],.,= (^) 3 ip><*k-'“^' k -- r 

*v [k J (f-f3o)+ + tio)] 

(14,23) 

X <p|p • Ci|m)<w|p • e 2 k)< r lP '^3l J > 

where £, 0 is the time when the center of the /th pulse arrives at r(r). It is seen 
that the only phase factor in p (3) (>, 0 depending on v is 

+ (14.24) 

If 0 (y) = 0 for all v, then molecules with different v will radiate in phase, and 
the transient four- wave mixing output will be a maximum. This happens at 
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t = t e provided i e > £ 30 . where 

t. - k, [k,i 10 + M 20 + k 3 f 30 ]/lfc I | J . (W-25) 

This result shows that the coherent output from transient four-wave mixing is 
expected to last only for a short duration during which 0 (v) is small for all v. 
This is generally true for all coherent transient effects. The other factors in 
(14 23) determine the intensity of the four-wave mixing output, with 

expl-<M' - «»> - V«» - «*>> ' - 4io)l bribing «•* decay of 

molecule excitation due to random perturbation, and hence the decay of the 
coherent output signal. We do not dwell on the details of transient four-wave 
mixing here but postpone the discussion to Chapter 21 in conjunction with 
other coherent transient optical effects. 
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15 


Four- Wave Mixing 
Spectroscopy 


Four- wave mixing with resonant excitations can be a versatile spectroscopic 
technique. 1, 2 It has already found important applications in many areas, such 
as analytical chemistry, combustion, and material studies. Its advantages over 
other techniques are in the capabilities for high resolution, for elimination of 
strong fluorescence background, and for time-resolving measurements of ultra- 
fast dynamic properties. In this chapter we discuss four-wave mixing spectros- 
copy in its various forms. Note that most of the high-resolution nonlinear 
spectroscopic techniques discussed in Chapter 13 can be regarded as four-wave 
mixing spectroscopy when the nonlinearity is limited to the third order. 


15.1 GENERAL DESCRIPTION 

As shown in Chapter 14, the signal in a four-wave mixing process is directly 
related to the third-order nonlinear susceptibility x (3> , which exhibits reso- 
nances characteristic of the nonlinear medium. Therefore, from x (3) as a 
function of pump frequencies, one can obtain spectroscopic information about 
the medium. 

The expressions of x (3) ( w = <*> 1 + w 2 + <*> 3 ) at the beginning of Section 14.1 
show that it can have single, double, or triple resonances. Singly resonant 
four- wave mixing has the merit of a relatively simple experimental arrange- 
ment since only one pump frequency needs to be tuned. The corresponding 
theoretical analysis is also straightforward. The process can yield information 
one normally obtains from ordinary one-photon or two-photon transition 
measurements. Doubly and triply resonant four-wave mixing may require more 
than one tunable pump frequency and hence a more complicated experimental 
set-up. It can, however, give more selective spectroscopic information about 
the medium. Doppler-free spectra, for instance, can be obtained with double or 
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triple resonances. The high- resolution nonlinear spectroscopic techniques dis- 
cussed in Chapter 13 are good examples. 

The two general types of four-wave mixing processes discussed in Section 
14.2 can lead to two different kinds of four-wave mixing spectroscopic tech- 
niques. In the first case, the output is in a mode different from the input 
modes. The signal is proportional to [x (3) [ 2 and can be selectively detected 
through filtering against the transmitted pump beams. The technique is most 
commonly used in singly resonant cases where the analysis is relatively simple. 
In the second case, the output is in the same mode as one of the input waves. 
The signal appears in the form of gain or Loss of that particular input wave and 
is proportional to Im(x (3> ) (see Section 14.2, “Output Field in the Same Mode 
as One of the Input Fields”). This then allows a simple interpretation of the 
observed spectrum. 

In the following sections, we discuss the few well-known four- wave mixing 
spectroscopic methods in detail. While in most cases we consider - « 2 near 
resonance (the Raman case), keep in mind that the same description applies to 
cases with <jj + w 2 near resonance. 


15.2 COHERENT RAMAN SCATTERING SPECTROSCOPY 


Coherent Anti-Stokes Raman Scattering (CARS) 


As shown schematically in Fig. 15.1, CARS refers to the Raman scattering 
process in which the material excitational wave at wj - w 2 - is first 
coherently excited by the beating of two incoming waves at < 0 j and o> 2 and then 
mixed with the wave at w l to yield a coherent output at the anti-Stokes 
frequency = 2<o 2 - u 2 . It is therefore a coherent version of the spontaneous 
Raman scattering process. Because of its numerous important applications, 
CARS is perhaps the best known four- wave mixing spectroscopic method. A 
large number of review articles already exist on the subject. 2 The theory of 
CARS is simple, as it follows the general theory of optical mixing discussed 
earlier in Chapters 6 and 14. With the input pump beams at and w 2 , the 
output field is governed by the wave equation (assuming an isotropic medium) 


V 2 + -KK) 




p ( 3) K) 


(15.1) 


where P <3) (&> fl ) = x {3) ( w « “ w i + ” w 2 ) : E l (w 1 )E 1 (w 1 )Ef(w 2 ). The solu- 

tion of (15.1) with negligible pump depletion and damping gives an output 
intensity l a from a slab medium of length /: 


L - 




_ sin 2 ' A k,l 


(15.2) 
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Fig. 15 .1 Schematic diagrams describing the CARS process. 


where 

x£ = * a ’ X <3) : 

A*,= Ak-J, 

Ak- k a -(2k! - k 2 ). 


We note that the anti-Stokes output is proportional to IxSi 2 - If the 
frequency scan is limited to a sufficiently narrow range, the variation of I a 
versus the pump frequencies is entirely dominated by the resonant dispersion 
of Xai' As discussed in Section 14.1, x$ can be decomposed into a resonant 
part x^ and a nonresonant part xSk- Here, xS > is singly resonant at 
cjj - u> 2 = and can be written in the form 


xk 3) = 


a 

((*)! - £J 2 — W„) + /T 


(15.3) 


where, from (14.2), a = -N(M*, g )*(M* g , g )(p g - p g .)/h is essentially indepen- 
dent of «! and w 2 35 w i ” w 2 scans over the R aman resonance. Therefore, the 
anti-Stokes output has a spectrum given by 


Ixffl 2 = 


x8k + 


a ( «! — w 2 — « u ) 

(o>! - «2 “ w v) 2 + r 2 


n 2 T 2 


(<*>! - w 2 - « t ,) 2 + r 2 


(15.4) 


Figure 15.2 is an example. Because of the presence of the nonresonant part 
xflk m xff. die spectrum appears asymmetric with respect to the resonant 
point wj - « 2 - Uy, and has a peak and a dip at 



(15.5) 


»0 

ltd, )' OJ R (CM 1 ) — - 

” 2wC 


Fig. 15.2 A CARS spectral line around the 1088-cm 1 resonance in caldte. (After 
M. D. Levenson, IEEEJ. Quant . Electron. QE-10, 110 (1974).] 

We find 


(«i “ +(<*>! ' 


2 to,, 


[("l - “2)+-(«l 



( 15 . 6 ) 


Measurements of ( Wj - to 2 ) ± together with the output intensities at ( w : - w 2 ) 
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can in principle determine all the four quantities o> ul T, a , and xSk- In practice, 
however, the accuracy of intensity measurements is usually poor but that of 
frequency measurements can be very good. Then, we note from (15.6) that if 
or T is known from other measurements, a/xii can be obtained simply from 
the frequency measurement of (t>i - fa> 2 ) ± ±(wi - If a is also known 
from spontaneous Raman scattering, then x(& can be deduced very accurately. 3 
This contrasts with the inaccurate determination of x% by the intensity 
measurements. 

Although («! - w 2 ) ± alone cannot determine the resonant frequency 03 o , 
they do give an approximate value for and therefore can be used to 
characterize the resonant medium, In many cases the Raman resonance is 
strong, while the nonresonant background xSk * 5 weak > so that ^ r - 

This often occurs, for example, in pure gas media, where, one finds - 
u 2 ) o) v and ( Wl - w 2 )_ = - a/x8k- Th« resonant frequency w t , can be 

directly obtained from the peak position of the CARS spectrum. In other cases 
where |a/xSJkl < I\ both the peak and the dip of the spectrum appear around 
w, within a range of the order of I\ However, if \x%\ is much larger than a/T , 
then the peak and dip will not be prominent in the spectrum. This is clearly a 
drawback of CARS as a spectroscopic technique because weak Raman reso- 
nances are not easily observable. The sensitivity of CARS can be greatly 
improved if the non resonant background due to xfik can be suppressed. As we 
shall see later, this can be done by selectively detecting the proper polarization 
component of the output. 

Maker and Terhune 4 first demonstrated the CARS process. Later, Wynne, 5 
Bloembergen and his associates, 6 and Akhmanov et al. 7 used the method for 
spectroscopic studies in a large number of liquids and solids. A typical 
experimental arrangement is presented in Fig. 15.3. Dye lasers pumped by 
either a nitrogen laser or a frequency-doubled Nd : YAG laser are often used 
as tunable pump sources. The signal strength can be estimated from (15.2). 
Assume Ix^lmax = \ a / T \ > IxSkl and perfect phase matching A* = 0. Then,jf 
input beams of 10 kW peak power at - 5000 A are focused to a spot of 10 5 
cm 2 into a medium 1 mm long with 1x^1 max ~ W -12 esu, we find that the 
output can have a peak power of 5 W. If the medium is 2 cm long with 
Ix^lmax ” 10” 15 esu, the output can still have a peak power of 2 mW, which is 
readily detectable. The last example actually corresponds to the case of CARS 
in a gas medium at nearly the atmospheric pressure. In fact, while initial CARS 
work was on condensed matter, the more recent applications of CARS to 
material studies have been on gases. Even CARS from molecules in molecular 
beams has been observed. 8 

Because the spectral resolution of CARS is basically limited by the laser 
linewidths, it can be used to obtain high-resolution Raman spectra of gases. 9 
Conventional Raman scattering, in comparison, suffers not only poor spectral 
resolution limited by the spectrometer but also low signal intensity. The high 
sensitivity of CARS allows the method to be used for detecting trace molecules 
in gases. In particular, it has found applications in combustion studies as a 
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Fig. 153 A CARS spectroscopy system. Laser beam 1 (— ) and laser beam 2 ( • ) 

are blocked after the samples, and the output due to frequency mixing is collected into 
the double monochromators. The signal from the reference arm and the ratioing system 
are used for nonnalizadon in order to reduce the effect from laser fluctuations. [After 
M. D. Levenson, IEEE J. Quant. Electron . QErlO, 110 (1974).] 


means to monitor the temporal and spatial distributions of various species and 
to find the internal energy distribution of the species . 10 Because the output is 
coherent and highly directional, temporal, spatial, and spectral filtering can be 
used to suppress the strong luminescence background from the combustion 
process. In fact, its ability to discriminate against luminescence makes coherent 
Raman spectroscopy in general a unique technique for combustion studies. 
Similarly, CARS can be used to probe the reaction products and their internal 
energy distribution from a chemical reaction, and to obtain Raman spectra of 
fluorescent materials. That CARS is capable of probing materials in an 
enclosed, hostile environment with good space and time resolution has 
prompted the suggestion of using CARS to study high-temperature plasmas 11 
and to monitor target implosion in laser fusion . 12 

Although the foregoing discussion is focused on Raman resonances, the 
theoretical treatment applies equally well to two-photon resonances with 
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+ « 2 = to 0 , or 2w 1 = w 0 , or 2« 2 = w 0 . The coherent output is at either 
« 0 ± W 1 0r W 0 ± ^2' 

Polarization CARS 


It is easy to see from (15.4) that if Ix^l™ = l<*/r| « x‘nr. U» resonant 
structure sitting on the nonresonant background in the CARS spectrum will be 
easily lost in the presence of background fluctuations. With an appropriate 
polarization arrangement in the detection scheme, however, the nonresonant 
background can be largely suppressed, and hence the sensitivity of CARS is 
greatly improved. 13, 14 The basic principle of the polarization CARS is described 
below. 

The solution of (15.1) shows that the output field E a is proportional to the 
nonlinear polarization P (3) (w fl )* which ^ be written as 

P< 3 > = Pgi + Pi 3 > (15.7) 


with Pffi = x& : E^.EJ and PJ?> = xt? : E,E,E 2 *. If P& is in the direction 
e , then since P£> and P$ are generally not in the same direction, the output 
field has the form 


E„ - [ ' X& : E.E.EJ) + ■ xPMt*l) (1J g) 

+ M R (^-xk ,, :E l E,E 2 *)] 

where A™ and A R are coefficients, and e, is orthonormal to e y. With an 
analyzer in front of the detector to block out the e M component, the output 
signal is then given by 

/. oc|^-x8 , :E 1 EiE?| 2 (15-9) 


which is proportional to only \e ¥ ■ : MAI 2 * The nonresonant background 

can in principle be completely suppressed. In practice, because the analyzer is 
not perfect, a residual nonresonant background still shows up but is certainly 
greatly reduced from the original magnitude. For spectroscopic studies, one is 
interested in the dispersion of and not in the absolute value of Then, 
with weak resonances such that A*xg } : MAI ^ IVXnI : MAI* ^ 15 
most convenient to record the ratio |R| 2 of the and e v components of the 
output, which is given by 


i*l 2 = 


MA) 

^"(Vx&sVA) 


(15.10) 


Note that |R| 2 is independent of the pump intensities, and therefore is little 
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affected by laser intensity fluctuations. Since the dispersion of x£r is negligible 
in the resonant region, \R\ 2 versus - co 2 essentially reproduces the spectrum 

of!xk 3> 1 2 - 

A possible experimental arrangement for this polarization CARS is sche- 
matically shown in Fig. 15.4. The e M and e p components, corresponding to the 
transmitted and rejected components from the analyzer, are simultaneously 
recorded by the two photodetectors, and their ratio is taken by the divider. The 
polarization CARS spectrum of benzene in CC1 4 is shown in Fig. 15.5 as an 
example. 14 The same spectral line would hardly be visible in ordinary CARS 
because of the enormous nonresonant background. 

In some cases, one would like to obtain the spectra of Re(x^) and Im(x^) 
separately. This can be achieved with a simple modification of the polarization 
arrangement in Fig. 15.4. If we rotate the analyzer by a small angle 6 from the 
null point, then R is replaced by R Y = tan# + R, and the ratio of the two 
output components by 


IRjj 2 - |tan<? + R\ 2 . (15.11) 

Let us choose tan 2 !? » Then the output ratio can be approximated, with 
R = R’ + iR u , by 


j/^l 2 = tan 2 0 + 2i?'tan0. (15.12) 


Since xfife is generally real, R' is directly proportional to : ^i^)- 

The spectrum of therefore yields the resonant spectrum of Re(e,» 
x£ >: on t0 P of a constant background. The relative strength of the 

resonant structure versus the background in this case is 2/C/tan 0, which is 
certainly much larger than that in ordinary CARS. In actual experiments, it is 
more convenient to use a polarization rotator in front of the analyzer than to 
rotate the analyzer. This is to avoid problems that may arise because of 
sensitivity of the photodetection system to the variation of beam polarization. 14 

If, in addition, a quarter wave plate is also inserted before the polarization 
rotator to change the relative phase of the i F component by ±90°, then the 



Fig. 15.4 An experimental arrangement for polarization CARS. (After Ref. 15.) 
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Fig. 15.5 Polarization CARS spectra of 0.011 
M benzene in carbon tetrachloride: (a) with 
suppression of the nonresonant background, ( b ) 
with Im superimposed on a weak nonreso- 
nant background, and (c) with Re superim- 
posed on a weak nonresonant background. 
(After Ref. 14.) 


ratio of the two output components becomes 

|K 2 | 2 -|tan#±,*| 2 

= tan 2 # T 2/!" tan #, 

which yields the resonant spectrum of Im(e„ * xk 3> : *1*1*2) on t0 P of a constant 
background. An example of IRJ 2 and |/? 2 | 2 versus — w 2 * s shown in Fig. 
15.5 for 0.01 M benzene dissolved in CC1 4 . 14 The small value of IxSVxfikl due 
to the small amount of benzene in this case would make the detection of the 
Raman resonance of benzene very difficult with ordinary CARS. The technique 
of measuring R' and R" described here is essentially the same as the well-known 
heterodyne technique. The uncrossed coherent background signal here plays 
the role of the local oscillator. 

We realize that even in detecting \R \ 2 , the resonant spectrum is not 
completely free of background because of the finite extinction coefficient of the 
analyzer. Fluctuations of the background still limit the sensitivity of the 
polarization CARS. Even though the background in the measurements of R' 
and R" is higher than that in the measurement of |R| 2 , a signal-to- noise ratio 
analysis shows that the former can be orders of magnitude more sensitive. 15 
This is because heterodyning effectively increases the signal-to-background 
ratio. The greatly improved sensitivity of the polarization CARS makes it 
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particularly useful for probing trace molecules, as in combustion studies. 16 


Other Coherent Raman Spectroscopic Techniques 

As a variation of CARS, one can detect, with the same input pump beams, the 
coherent output at the frequency 2« 2 ~~ This is known as coherent Stokes 
Raman scattering (CSRS). The theory of CSRS is the same as CARS, except 
that the values of xSk and a are somewhat different because of dispersion. The 
polarization arrangement can also be used to improve the sensitivity of CSRS. 

Raman gain and inverse Raman spectroscopic techniques have already been 
discussed in Section 10.6. They can be considered four-wave mixing processes 
with the output in the same mode as one of the inputs. The gain or loss, which 
is directly proportional to Imxfi 1 , shows a resonant spectrum without the 
nonresonant background. The techniques are particularly suitable for obtain- 
ing high-resolution Raman spectra of gases. With sufficiently strong imput 
laser intensities, the Raman transition can even be saturated. Saturation 
Raman spectroscopy, similar in principle to saturation spectroscopy discussed 
in Section 13.3, can be used to obtain sub- Doppler Raman spectra. 17 

Although the discussion in this section has been focused on Raman reso- 
nances, the theoretical treatment applies equally well to general two-photon 
resonances with ^ + « 2 = w o> or = w o* or ” w O’ where « 0 is the 
resonant frequency. The coherent output can be detected at either |w x ± w 0 | or 
|« 2 ± w 0 |. Interference may show up if the output exhibits Raman and two- 
photon resonances at the same time. 1 * 


153 RAMAN-INDUCED KERR EFFECT SPECTROSCOPY 
(RJKES) 

A gain or loss is always accompanied by a corresponding resonant birefrin- 
gence. Thus for an induced Raman gain or loss, there should be a correspond- 
ing induced birefringence seen by the probe beam. This is known as the 
Raman-induced Kerr effect, 19 where the Kerr effect is used indiscriminantly to 
denote the field-induced birefringence phenomenon. (The optical Kerr effect is 
discussed in more detail in Chapter 16.) 

We consider here the same experimental geometry as in the Raman gain 
spectroscopy with a pump beam at and a probe beam at u 2 , both 
propagating along z. The frequency — u> 2 is scanned over the Raman 

resonance at For simplicity, let the probe beam be linearly polarized along 
jc. In propagating through the medium, the polarization of the probe beam 
becomes elliptical as a result of the Raman-induced birefringence. When the 
birefringence is small, the polarization change can be treated as creation of a 
new polarization component at <o 2 along y through the four-wave mixing 
process as follows. The incoming fields induce a third-order polarization with a 
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y component 

= >"X (3) ( w 2 = w t " *°i + " 2 ) ’ WE.E^. (15.14) 

In a medium of length /, this nonlinear polarization component generates a 
field component along y 

(15.15) 

Measurement of the output / y (w 2 ) « |£ > (« 2 )| 2 versus Wj - u> 2 should there- 
fore yield the spectrum of \y • x <3) : Vi*t 2 > which exhibits Raman resonance. 

In many media, if the collinearly propagating beams are along some 
symmetry direction, the subindices of Xfji/ must appear in like pairs from 
symmetry consideration. We then have 

P^M = X% x E u E* y E 2x + X f yxx E ly Et x E 2x . (15.16) 

With the pump beam linearly polarized in the direction bisecting x and y, so 
that |£ u | = 1Ei y |, we find 

I y M « \ X % x + xf y M x \*\E 2x \'. (15.17) 

The phase-matching condition is automatically satisfied in this case. Since 
X <3) ~ xSk + X?’ the observed spectrum has the resonant structure superim- 
posed on the nonresonant background, similar to that obtained by CARS. If 
the pump beam is circularly polarized, then E lx - ± iE ly , and we have 

/,(•*) « \x%, - xg,,l 2 l*.l 4 l^l 2 - (i5 i«) 

In an isotropic medium, the nonresonant part has the symmetry relation 

(*aw - (xBk W but (xg>w * <xg> w “d we and 

/,(«.) « l(xk”),,,, - (xP) w ..lVil 4 l« l l*- (15.19) 

The observed spectrum therefore shows no nonresonant background and is 
similar to that obtained in polarization CARS (Fig. 15.5n). In experiments, 
/ (w 2 )// x (fc> 2 ) should be recorded to minimize the effect of probe beam 
fluctuations. This can be done by simultaneously recording the transmitted and 
rejected components of /(u 2 ) from an analyzer in front of the detector. 

One can also use the heterodyne scheme to obtain Rexi? and Imx^ 
separately. 20 Again, by rotating the analyzer a small angle $ away from y, the 
ratio of the transmitted and rejected components becomes 


|R 1 | J = |tanff + y{(xk’ ) ) yxyx ~(xk 5> ) yyxx } I 


(15.20) 
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where y is a real coefficient proportional to |Ej| 2 . If tan 2 0 » |y{(xS > “ 

(xk 2, W)l 2 * then we have 

l*il 2 « tan 2 0 + 2y(tan0)Re((xR > ) yxyx “ ( xi? ) yyxx } » ( 15 - 21 ) 

which yields a spectrum of Rexi?- On the other hand, with a quarter-wave 
plate inserted in the path, the ratio of the transmitted and rejected components 
becomes 


\R 2 \ 2 = |tan0 + - (xP)^}l 2 

(15.22) 

= tao 2 tf + 2Y(tan«)Ini{(x l R 1 )^ “(xi?)//..} 
which yields a spectrum of Imx§*. 

Again, while the discussion here is on RIKES, it can be applied equally well 
to other two-photon resonances with 03 1 ± w 2 = <o 0 , where w 0 is the resonant 
frequency. 


15.4 MULTIPLY RESONANT FOUR- WAVE MIXING 

The resonant nonlinear susceptibility xjp can be further enhanced with double 
and triple resonances. It should give more selective spectroscopic information 
than in the singly resonant case. In general, multiply resonant four- wave 
mixing can provide more specific details about a particular one-photon reso- 
nant transition. A few interesting applications of such resonant processes are 
described here. 


High-Resolution Doppler- Free Spectroscopy 

Resonant four-wave mixing with appropriate input beams can yield Doppler- 
free spectra. A few examples were discussed in Chapter 13. The Doppler-free 
saturation and polarization spectroscopy with the lo west-order saturation is a 
triply resonant four- wave mixing process in which the pump field £(«) creates 
a population change proportional to £(»)£*(«) and then the probe field 
E(v') detects the change through the nonlinear polarization E <3) («') a 
E(«)£*(a))£(«') with o}' and 0 either on the same or different resonant 
transitions. The two-photon Doppler-free absorption spectroscopy, on the 
other hand, is based on a singly resonant four-wave mixing process. 

In general, multiply resonant four-wave mixing can yield a Doppler- free 
spectrum if the damping coefficients of the resonant denominators of x (3) 
satisfy a certain condition. This is seen from the following mathematical 
derivation. 21 
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Consider first a doubly resonant case. The resonant nonlinear susceptibility ; 
xS? has the general form (see Section 2.2) ; 

y(3) — - A (15.23) ] 

k (« a - ay ± iT u )(u b - a ki ± iT kl ) 

where A is a coefficient with negligible frequency dependence in the present j 
discussion. In a gas medium, xP should be an average over the Doppler profile : 
(see Section 13.1), while a fJ and u kl should be replaced by « 0 -(l - vk a /c) ■ 
and (jJ,(l - v • k b /c\ respectively: ] 


/ OO „ . 

[»„ - to® (1 - V - k a /c) ± ir fy ] [ w* - w !fc/(l “ v ' k b/ c ) ± *r kl ] 

(15.24) 

where g(v) = (1/ ^»)exp(-u 2 /« 2 ) and « = lkT / m - Equation (15.24) can 
be written in the form 

, p(- y2 ) (15.25) 


. OK , *exp(-r z ) 


with r = u/u, - [c/(0 • - •■/«& T * >’ a ““J" “ preS ‘ , 

sion for £ b . Then the integral can be evaluated m terms of the plasma . 

dispersion function 

Z( 4 = { ' + ,r) = .-/_^ tOrf " >0 (15.26) 

z(i*)= -Z*(-£) 

and (xii”) behaves differently near the double resonance £' = £*. depending 
on the relative signs of and {J'. If and £, are of the same sign, we have 

<xg>« i z( y:f (U 1 . ( is - 27) 

which shows no singularity as i'„ -» «, and as a function of £' (orwj, has a 
resonant width more than twice the Doppler width. If, however, £' and 
have opposite signs, we find, as -*• $ b , 


<XP> a 


ia - tb 
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where + and — refer to the cases of > 0 and £" <0, respectively. The last 
term in (15.28) has a Lorentzian resonant lineshape with a halfwidth + £' b ' 
= [c/(v ■ hulUTt/aJj + T A , /«£,). In other words, as at 

double resonance, (xi?) versus has a Lorentzian linewidth given by the 
sum of the normalized natural linewidths, + r^/coj,). Therefore, 

measurement of (x^)> or l(x^)l 2 in this case, can yield a Doppler- free 
spectrum. For the various doubly resonance cases shown in Fig. 14.2, spectra 
obtained with 14.2*/, g , and h are Doppler-free. 13 Note that Fig. 14.2 g 
describes a CSRS process, while d and h are CARS and CSRS, respectively, 
probing a resonant transition between excited states, 

A similar result is obtained for the triply resonant case. We can write 


<xi?> a / dw 

J - 00 


exp(-»- 2 ) 

O' -{.Xft- «*)('“ O' 


(15.29) 


At triple resonance, one the £ " has a different sign from the 

two others, then (15.29) gives a Doppler-free spectrum. In general, (x^) 
versus u a shows two Lorentzian peaks. They merge into one when t' b -* £'. All 
the triply resonant processes in Fig. 14.3 should yield Doppler-free spectra. 

The discussion here can of course be extended to the reduction of inhomo- 
geneous broadening in solids. 15 However, because of the many crystal-field 
parameters governing the broadening (see Section 13.1), the elimination of 
crystal- field broadening is never perfect. 


Measurement of Longitudinal Relaxation Times 

If the relaxation of an excess population in a state can be approximated by 



j damping 


(«., - p«.) 

T u 


(15.30) 


the resonant four-wave mixing spectroscopy can also be used to deduce the 
longitudinal relaxation time 7^. 15 The physical idea is fairly simple. Two 
imput beams at and near a resonance can beat in the medium and induce 
a time- varying population change oscillating at the frequency «! - w'j with an 
amplitude inversely proportional to the zero-frequency resonant denominator 
[(w 1 — o>j) -f i/T^ n \. The induced population change in the particular state is 
then probed by a resonant transition from that state. The output spectrum of 
(Xr 1 ) versus - t 0 | has a half width 1 /T ln , although the half widths of the 
one-photon transitions involved are much larger than 1 /T lm . 
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Consider the process in Fig. 14.3 a described by (14.4a) as an example. For 
a gas medium, the average Xr ] with » Y~ l is 


<X ( r’> « 


1 


-f*- ^ 

J <oi + k^, • v - 


g(g) 


w, - J «2 + k 2 * v “ 

1 1 


<*>i + k i ' V - «v, - *1^ «' + kj • V - + iT,., 


(15.31) 


Since r ln - » Y~^, the integral in (15.31) is practically independent of 
in the range of |wj - «{| ~ T^ 1 , and therefore we have the spectrum of <xi?) 
versus Wj — as 

<xk 5) > « («, - «5 + >/T w y\ ( 15 . 32 ) 

Yajima et al. 22 proposed and demonstrated a method for measurements of T x 
and T 2 using four-wave mixing with two laser beams. It was also mentioned in 
Section 13.3 that T x and T 2 can be deduced simultaneously from the saturation 
spectroscopy. Unlike the case described above, however, the lack of a third 
adjustable input frequency in the latter cases for selective resonant probing 
makes the interpretation of the results less straight-forward. 

Coherent Raman Spectroscopy of Excited States 

The doubly resonant case of Fig. 14.2 d described by (14.3<f ) with an output at 
2b) x - u 2 shows a resonance at — w 2 = <•>„•«• Thus the four- wave mixing 
process can be used to probe a Raman transition between the two excited 
states |n) and | w'). 23 We, notice however, that the bracket in (14.3d) is 


l «i " + 'X.'* "2 - J 

= - <a 2 - + i(r n - n - r ^ - r ng ) 

(«t “ *v f + “ *r ng ) 

(15.33) 

which nearly vanishes at Wj - <*> 2 = if and co 2 are far away from 
resonances so that r„ f and Y n . g are negligible. Yet, even with the double 
resonance w 1 = u n , g and w 2 - <o ng , no Raman resonance can be observed if 
T„.„ - T n g - - 0 because the resonant denominator (wj - w 2 - + 

/T^) in of (14.3d) is canceled by the numerator in (15.33). This actually 
happens when the damping is dominated by spontaneous emission, since 
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I'n'g + = T rtV 23 In the presence of collisions, this relation no longer holds, 

and we usually have T.y = T/J + y iy p, where T/J is due to spontaneous emis- 
sion, p is the gas pressure, and y is the coefficient describing the collision al 
broadening. The relevant frequency factor in x£ J of (14,3 d) then becomes 


1 


( W 1 “ W 2 “ + ' r * 


_ ' 1 _ 


1 


4* w 2 w »g 

1 

("l - «V, + ~ <■>„* - fr,,) 

*( tv „ - y n' g -y„ g )p 


-l + 


«i - + '( r *,+ V1./O. 

(15.34) 


which clearly shows a Raman resonance between |n) and ]n') with an 
amplitude proportional to p. This is called the pressure-induced extra reso- 
nance in four-wave mixing (PIER-4) by Bloembergen et al. 23 They observed 
the PIER-4 signal between the 3 P i/2 and 3P 1/2 states of sodium vapor. The 
signal strength is proportional to 


Ix'rY a N 2 \ 


y»'g y^g ) p 

• «2 - <*V„ + i( r "n + y*’nP) 


(15.35) 


With buffer gas, y u p should be replaced by y if p + y' u p bu(Ter . The linewidth of 
the resonance should increase linearly with the pressures. The experimental 
results agree with these predictions. It shows that PIER-4 can be used as a 
spectroscopic method not only to probe the Raman resonance between excited 
states, but also to study molecular collisions. 

The PIER-4 process is, of course, not restricted to gases. In condensed 
matter, the relation = Y„>- + T ng . usually does not hold, so that the PIER-4 
signal should be observable. 4 Note that the case of Fig. \42d can yield a 
Doppler-free spectrum. Among the other processes in Fig, 14.2, case h with the 
output at 2w 2 — w 1 also probes the Raman resonance between excited states. 
The theoretical discussion is essentially the same as case d. 


15.5 FORCED LIGHT-SCATTERING SPECTROSCOPY 

As described in Section 10.3, a transverse excitation, denoted by the density 
matrix p„„< with n * n\ can be treated as a materia! excitational wave governed 
by a characteristic wave equation. Thus CARS can be considered a process in 
which the material excitation wave at <*>j - u 2 = w cx is resonantly excited by 
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optical mixing of two incoming waves at o L and w 2 , and then the material 
excitational wave coherently scatters the incoming wave at coj and yields the 
anti-Stokes output. Theoretically, therefore, the process can be described by 
coupling of light waves at «j, « 2 * and w ith the material excitational 

wave at ^ - u 2 . In the steady-state case, elimination of the material excita- 
tional wave in the coupled equations leads to the same result given in Section 
15.2. 

We realize that the material excitational wave is not restricted to vibrational 
or electronic excitation. It can be any excitation including acoustic wave, 
entropy wave, spin wave, and charge density wave. Each, however, generally 
has its own governing wave equation. A CARS process involving low-frequency 
material excitation is often known as a forced light-scattering process. 25 It 
differs from the spontaneous anti-Stokes scattering process in the sense that the 
material excitation is not thermally excited but is coherently driven by beating 
of two optical waves. (In general, it can of course also be directly excited by an 
electromagnetic wave with o> ~ or by other means.) In the discussion of 
stimulated light scattering in Chapter 11, the wave equations for a number of 
low-frequency excitations were given. As an example, consider here briefly the 
case of forced light scattering of concentration variation. 

The driven equation of motion for the concentration variation is, following 
(11.26), 

-£> V 2 + i)iC= (15.36) 

where A — D(dE/dC) fi j7 /8ffp 0 ((tyt/dC) p and we have generalized the 

equation by including a term AC/r to allow relaxation of AC. With monochro- 
matic incoming plane waves, E 1 = ^’ 1 exp(/k 1 *r - and E 2 = <? 2 exp(/k 2 ' 
r - i<o 2 /), the solution of (15.36) gives 

— ^2) (^i ^2 ) )-!■-<«! ( 15 . 37 ) 

(«i - « 2 ) + i[l/r + - k 2 ) 2 ] 

This driven concentration wave then coherently scatters the E L wave to yield 
an anti-Stokes output, which is governed by (15.1) with — 4v(cj 2 /c 2 ) X 
P' 3> (w a ) replaced by - (ul/c 2 )(dc/dC) p T (^C)E V From a medium of length 
/, the anti-Stokes output in the phase-matched direction k a = 2kj - k 2 has an 
intensity 

'• - ^c\[jk)j^ + (15.38) 

where the xKk term is the nonresonant contribution to the output. The 
spectrum of I a versus - co 2 in this case is dominated by the zero-frequency 
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resonance of the concentration wave. The width of the resonant line has 
contributions from both relaxation and diffusion of the local excess concentra- 
tion. 


15.6 TRANSIENT FOUR-WAVE MIXING SPECTROSCOPY 

With resonant excitation in four- wave mixing, the relaxation of the excitation 
naturally leads to a time-dependent output signal when pulsed lasers are used 
for pumping and probing. Thus transient four- wave mixing spectroscopy can 
be used to study the relaxation behavior of a resonant excitation. In fact, 
transient CARS was already discussed in Section 10.10. It was shown that the 
transverse relaxation time of the Raman resonance can be obtained from the 
transient measurements. Transient forced light scattering is quite similar. 26 Let 
us consider again the forced concentration scattering as an example. 

Assume that the pump pulses are much shorter than the characteristic time 
for concentration variation, and that at t - 0, they induce a concentration 
grating in the k direction, AC(x, / - 0) - AC 0 ^(1 + cos Kx), where AT (ki — 
k 2 ) * x and AC 0 a £ x & 2 . After the pump pulses are over, the induced con- 
centration grating gradually decays away, following the transient solution of 
(15.36) 

SC(x, r) = + e~ DKh cos Kx\ (15.39) 

A short probe pulse with intensity / 3 scattered by AC at time t then yields a 
coherently scattered signal with a wavevector k a = k 3 ± (k l - k 2 ): 

S„(t) “ (15.40) 

From the measured exponential decay of the signal with time and its depen- 
dence on the grating spacing (2ir/K\ we can then deduce separately the 
relaxation time r and the diffusion constant D, More rigorously, the finite 
widths of the pump and probe pulses should also be taken into account in the 
calculation by proper convolution. 

Transient four-wave mixing spectroscopy can be more general, involving 
possible multiple resonances. This more general discussion is postponed to 
Chapter 21, where transient four- wave mixing is shown to be related to other 
coherent transient effects such as photon echoes and free-induction decays. 
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16 


Optical- 

Field-Induced 

Birefringence 


An applied dc electric or magnetic field can effectively modify the refractive 
index of a medium. Electrooptic and magnetooptic effects were discussed in 
Chapter 4. The same is possible with an optical field. A sufficiently intense 
laser beam can induce a significant change in the refractive indices of a 
medium. The refractive index change in turn affects the beam propagation and 
leads to a new class of nonlinear optical effects characteristically different from 
either optical mixing or nonlinear wave attenuation. This chapter describes the 
various physical mechanisms contributing to the optical-field-induced birefrin- 
gence, and the resulting effect on the beam polarization. Connection to 
four- wave mixing is made. Only media with inversion symmetry are consid- 
ered, to avoid complications caused by the presence of second-order processes. 


16. 1 GENERAL FORMS OF OPTICAL-FIELD-INDUCED 
REFRACTIVE INDICES 

The nonlinear polarization P NL (w) induced by an intense monochromatic field 
E(w) has a general form 

P NL (u) = Ax[w, £ f (u)£*(w)] *E(co). (16.1) 

A similar expression exists for the nonlinear polarization P NL (w y ) at the probe 
frequency w' 


P NL (w') = A X [<*>', £,(«)£/(«)] *E(<y). (16.2) 
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Here the probe field E(to') is assumed to be sufficiently weak so that only the 
term linearly proportional to E(«') in P NL (u') needs to be taken into account. 
The induced susceptibility A\ is related to the induced refractive index An by 
the simple relationship 


A («o) “ * e u = 4 "*X/y (16.3) 

We consider here only the third-order nonlinear polarization or Ax to the 
lowest order. Then, by the conventions given in Section 2.10, the third-order 
nonlinear polarization P (3) (fo') can be written as 

P , 0) M - E + u - u)Ej(w')E k (u))E t *(w) 

j.kj 

= 6 E ~ w )£,(«')£*(<*>) £/*(«)• ^ ^ 

j.kj 

For « = it becomes 

- 3 I C$/(« - a + u - «)£,.(«)£*(»)£, •(»). (16.5) 

j.kj 

A general review of third-order susceptibilities can be found in Ref. 1. In an 
isotropic medium, the nonzero components of \ 0) are xSji* Xim. X 1212 * and 
xim> xffit = X1122 + X1212 + Xvh\- 


16.2 PHYSICAL MECHANISMS 

A number of physical mechanisms can contribute to the optical -field- induced 
refractive indices. We discuss here only the few commonly encountered ones. 

Electronic Contribution 

The applied optical field can distort the electronic charge distribution in a 
medium, which will lead to a change in the refractive indices. Microscopically, 
the electronic contribution to the third-order susceptibility can be derived from 
the third-order perturbation calculation, as outlined in Chapter 2. For a typical 
transparent liquid or solid, x (3) falls in the range between 10" 13 and 10" 15 esu. 
However, as the optical frequencies approach an absorption band, x (3) can be 
greatly enhanced. This is particularly true if the resonant absorption is sharp. 
A population redistribution induced by the resonant excitation often accounts 
for the major part of the enhancement. 

Consider, as an example, a monochromatic beam of frequency u propagat- 
ing in a gas medium with a transition frequency a ng close to u. It is easy to 
show, from the density matrix formalism, for example, that the beam sees, 


Optical-FieM-lnduced Birefringence 


aside from a non resonant background, a resonant susceptibility 

X R (.)- % , T Ap (16.6) 

“ «.« + ,r »i) 

where dp = p gg - p„„ is the population difference between the states \g ) and 
]«), and N is the density of molecules. Clearly, if the beam intensity is 
sufficiently strong, the resonant excitation will yield a significant population 
redistribution, with Ap decreasing as the beam intensity increases. This is 
known as the saturation effects, as discussed in Section 13.3. Following (13.7) 
for an effective two-level system, we then have 


Ap = Ap° 1 


r, e |£( M )|Vft z 

(» - «„ g ) 2 + r 2 „ + ^r.rjEMl 2 /* 2 


where p = (n\er t \g) and Ap° is the thermal population difference. In the 
weak saturation limit, (16.7) reduces to 

. . J. 4p.Vr,rj£(w)i7* 2 l 

dp - dp® 1 - — s , • (16.8) 

( w - <*« g ) +r 4 

The resonant susceptibility of (16.6) in the presence of an intense beam can 
therefore be written in the form 

AXr(".|£(«)I 2 )- (16.9) 

Here 15 the resonant part of the linear susceptibility independent of the 

beam intensity, and 


4x . 

R xk (« - + r„ 2 , + 4p„ 2 s r 1 r, J ,|£(w)i J /h 2 


which, in the weak saturation limit, reduces to 

AXr = Xg’|£(")l 2 


Xr J — -Xfi' 


4p 2 g £,r./» 2 
(« - «.,) 2 + 
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It is interesting to see how large xfc 3) can be for an atomic vapor system. 
Assume N = lO^/cm 3 , p„ g — 5 X 10“ 17 esu (for the s -* p transition in an 
alkali vapor, for example), “ 1, and |w - = 1 cm -1 » Y ng . Then 

we obtain Xr* = 0.01 esu and x ( r ~ 2.5 x 10 -3 esu. This shows that even with 
|£(io)| = 1 esu only (corresponding to a beam intensity of 250 W/cm 2 ), the 
induced susceptibility is as large as Ax R - 2.5 X 10 -3 esu, or, equivalently, 
the induced refractive index is An R * 1.5 X 10” 2 esu. The large value of Xr } 
for atomic vapor has prompted researchers to use it as the nonlinear medium 
in degenerate four- wave mixing work such as phase conjugation 2 and nonlinear 
optical diffraction. 3 

The saturation effect in semiconductors can also yield a large Xr 5 - In InSb. 
for example, Xr J can reach a value of — 1 esu when the optical frequency 
moves into the direct absorption band. 4 The mechanism responsible for the 
large Xr 5 here is somewhat different from the atomic systems because of the 
band structure in semiconductors. The resonant optical field pump electrons 
into the conduction band and leaves holes in the valence band. Because of the 
fast relaxation rate of carriers within a band, the excited electrons and holes 
quickly relax to thermal population distributions in the conduction band and 
the valence band, respectively. The steady-state population distributions of 
electrons and holes are finally determined by the balance between the excita- 
tion and the electron-hole recombination across the band gap. This induced 
population redistribution (pump saturation) results in a change in the absorp- 
tion spectrum, which is related to the optical- field-induced refractive index 
through the Kramer s-Kronig relation. 

The large xi? resulting from the saturation effect is not limited to the cases 
with electronic resonance. In molecular systems, the same thing can occur near 
a vibrational transition, although xi? is usually not as large as that for the 
atomic systems because of the weaker oscillator strength of the vibrational 
transition. 


Raman or Two-Photon Contribution 

The third-order susceptibility x (3) ( w ' = «' + « — a) can also be resonantly 
enhanced if I**?' — «| approaches a Raman transition. This fact forms the basis 
of the Raman-induced Kerr effect spectroscopy (RIKES) described in Section 
15.3. It is seen there that the presence of the field E(co) can induce at the probe 
frequency w' a susceptibility change Ax(w') = X (3> ( w ') :E(»)E*(co), or a 
corresponding refractive index change An(w'). Typically, x (3) ~ 3 x 10” 13 esu 
in a liquid with |w - «'} near a strong Raman resonance. Therefore, with 
|£(u)j = 100 esu (corresponding to a beam intensity of 2.5 MW /cm 2 ), one 
finds An - 10 -8 . 

Similarly, x (3) (^' = <•>' + «“«) can be resonantly enhanced if w' + to 
approaches a two-photon resonance. The presence of E(<*>) again induces a 
susceptibility change Ax(«') - X (3) ( w ') : E(«)E*{(o) or a corresponding 
An(w') at For both Raman and two-photon cases, x (3) («') is further 
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enhanced if w or os' is also near a transition to an intermediate state. In sodium 
vapor, for example, with Wj + <o 2 on the 35 -> 4d transition and <o L being 10 
cm -1 away from the 35 -* 4 p transition, one finds x (3) ~ 10 _25 iV esu where N 
is the atomic density. For N - 10 1 Von 3 and |£| - 100 esu, the induced 
refractive index change A n is as large as 10" 5 . 5 In molecular systems, x (3) (« = 
os + os — w) can often be greatly enhanced as 2 to approaches the u = 0 -» v = 2 
vibrational transition because to, at the same time, is near theu-0-»y = l 
resonance. The large x (3) seen hy a 10.6-^m C0 2 laser in SF 6 gas is a typical 
example. 6 

Electrostriction 

Application of a dc electric field to a local region of a medium causes an 
increase in the density of the medium in that region. This field-induced density 
redistribution occurs in order to minimize the free energy of the system in the 
presence of the field, and is known as electrostriction. The same effect is 
expected with the optical field, since the dc field energy and the optical field 
energy are equivalent in this case. The induced density change then leads to a 
change in the susceptibility or refractive index. The essential mathematical 
derivation has already been given in Section 11.1 in connection with the 
discussion on stimulated Brillouin scattering. 

The induced density variation A p D should obey the driven acoustic equation 
of (11.2), which appears in the case of monochromatic pump beam as 

^7 - 21* Jy - D 2 V 2 Jip 0 = -V 2 (^Y|£M| 2 ). (1612) 

If the beam is CW, the time-independent solution is 

Ap D - r^Ml 2 - (1613) 

2vo 

The resulting nonlinear polarization seen by a probe beam at o>' is 

P (5| («') - ^ Ap 0 E(«') (16.14) 

and hence 

Here we assume that os' is very different from to so that kp D (o>' — to) induced 
by the beating of £(to) and E{ os') is negligible. Otherwise, an additional term 
in / ,(3) (w / ), and hence Ax(w'), appears resulting from coherent scattering of 
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£(i*>) by Ap^v' — w). Typically, for liquid, Ax — 10“ 12 esu or An ~ 10“ 11 
esu with |£| - 1 esu. 7 In a transparent medium this electros trictive contribu- 
tion often is appreciably larger than the electronic contribution. However, as 
we discuss later, the response of the density variation to the applied field is 
slow, and therefore, with short optical pulses, An can never reach its full 
steady-state value. 

Molecular Reorientation and Redistribution 

Assume a linearly polarized beam propagating in a liquid. If the molecules are 
anisotropic, the optical field tends to align the molecules through interaction of 
the field with the induced dipoles on the molecules. Furthermore, because of 
the presence of induced dipole interaction between molecules, the molecules 
will spatially redistribute themselves in order to minimize the free energy of the 
system. Both molecular reorientation and redistribution lead to a change in the 
refractive index of the medium. 

In Section 11.3, optical-field-induced molecular reorientation in an isotropic 
medium was described at length. We reviewed it here with a more general 
derivation. We can define an orientational order parameter Q by the macro- 
scopic relation 8 


X,* - X + (16.16) 

assuming E along x , where x - Hx xx + X yy + X«) is the average linear 
susceptibility of the medium, and Ax 0 is the anisotropy of the medium when 
all molecules are aligned parallel {Q - 1). We also have 

Xyy = X 2 Z = X “ \&XoQ> (16.17) 

The order parameter Q defined here is a macroscopic quantity while the one in 
Section 11.3 is microscopic. The two become identical if the molecules are 
noninteracting. 

In the liquid phase, the induced ordering is expected to be small, so that 
Q ^ 1- According to Landau’s theory, the free energy of the system can then 
be expanded into power series of Q : 9 

F = + \ a (T - r*)e z + + • •• - 2(x + §AXo0)|£(«)P 

(16.18) 

where F 0 is independent of Q T is the temperature, a and B are constant 
coefficients, and T* is a fictitious second-order phase transition temperature at 
which the system would necessarily make a transition to the ordered phase if it 
had not already done so. In the limit of small Q , terms of orders higher than 
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q 2 in F can be neglected. Then minimization of F immediately gives 


_ 4Ax 0 |g(fa>)l 2 

^ 3 a(T-T*)' 


(16.19) 


The induced change in the susceptibility tensor seen by a probe beam at o', 
from (16.16) and (16.17), appears to be 

Ax,, = -2 Ax,, = “2 - fAXo(«')<2 

_ 8 AXo(^)AXo(«) |£ , (16.20) 

9 a(T-T*) 

Again, we have assumed that |o — o'| is much larger than the inverse of the 
relaxation time for molecular reorientation, so that Q{ w' - o) induced by the 
beating of £(«) and £<w') is negligible, Otherwise, an additional term should 
appear in Q , and hence Ax- 

In the ideal limit of noninteresting molecules, one would, of course, have 
T* = 0, and the foregoing results should reduce to those in Section 11.3, 
namely (11.23) with E l = E 2 = E and « - o'. A direct comparison of the 
expressions of Q then yields a - SNk B for this ideal case. 

We have considered only molecular reorientation induced by a linearly 
polarized light. What happened if, instead, a circularly polarized light is used? 
Will there be a circular birefringence induced in an isotropic medium? Physi- 
cally, it is easy to see that the optical field should reorient the molecules toward 
the (x-.p) plane perpendicular to the direction of propagation (z), but in the 
x-y plane, the molecules are randomly distributed since they cannot follow the 
field rotating at the optical frequency. Thus one expects a field- induced linear 
birefringence between z and x-y, and no birefringence in the x-y plane. The 
induced susceptibility changes should be 

Ax+ = Ax_= (16.21) 

where the subindices “ + ” and denote the right and left circular polari- 
zations, respectively. Since Ax,, should be the same, irrespective of a linearly 
polarized aligning field along x or a circularly polarized field in x-y , we have 

Ax + =AX--^g^^l £ (")l : ( 1622 > 


which is four times less than Ax* x induced by a linearly polarized field along x. 

In ordinary liquids composed of anisotropic molecules, molecular reorienta- 
tion can yield a A n of the order of 10" 12 to 10’ 11 esu for \E\ = 1 esu. 7 The 
response time of molecular orientation is usually of the order of 10 psec. 
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Therefore, with nanosecond and subnanosecond laser pulses, molecular re- 
orientation is often the dominant mechanism for the observed Art. For liquid 
crystalline media in the isotropic phase, however. An can be much larger. 9 This 
is because in such media T * may be less than 1 K below the isotropic- 
mesomorphic transition, and according to (16.20), as T approaches the transi- 
tion temperature, Ax or A n increases inversely with ( T — T *). This pretransi- 
tional behavior is commonly known as critical divergence. It has been found 
that Art can reach a value of - 10“ 9 esu for |£| = 1 esu even at a temperature 
5 K above the transition. The response time of An, however, also increases 
with (r— T*y \ which is known as the critical slowing-down behavior. At 5 
K above the transition, it is of the order of 100 nsec. 9 

Molecules in the isotropic liquid phase are more or less uncorrelated. Their 
response to the external perturbation therefore is an unconcerted effort and 
cannot be very large. On the other hand, molecules in a liquid crystal phase are 
well correlated, at least in orientation. The orientational response of the 
molecules to the external perturbation is a group effort, and can be expected to 
be extremely large. Indeed, with |£| ~ 1 esu, the observed average An in a 
nematic liquid crystal film can be - 0.05. 10 Because of the wall-aligning force 
on molecules, the induced molecular orientation is not uniform across the film. 
The induced Art is usually a strong nonlinear function of |£| 2 even at |£| - 1 
esu. Being a correlated response to the applied field, this induced molecular 
reorientation is very slow, having a response time of the order of 1 sec or 
larger. 

The molecular reorientation can contribute to Art only if the molecules are 
anisotropic. However, it has been found that in transparent liquids composed 
of nearly spherical molecules or atoms, an appreciable A n can still be induced 
by laser pulses. The observed An is much larger than what one would expect 
from electronic and electrostrictive contributions and must arise from optical- 
field-induced redistribution. 7 The theory of molecular redistribution is unfor- 
tunately not yet well formulated. 

Both molecular reorientation and molecular redistribution can occur only if 
molecules are free to rotate and move in the medium. With a few exceptions, 
this is generally not the case in solids. Therefore, they should not contribute to 
the observed An in solids. 


Other Mechanisms 

There are many other possible mechanisms that may contribute to A n. In an 
absorbing medium, the optical-field-induced temperature rise A T will certainly 
lead to a change in the refractive index. The induced concentration variation 
AC in a mixture is another possible mechanism. The expressions for A T and AC 
can be obtained following the derivation in Chapter 11. An extremely large Art 
can also be obtained in photorefractive materials such as BaTi0 3 . u The optical 
beam presumably excites and redistributes the charges trapped at various sites 
in the crystal. The charge redistribution sets up a strong internal electric field, 
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which in turn induces a large An via the electroop ti cal effect. Even with a 
10-mW/cm 2 laser beam, the induced An can be larger than 1(T 5 , although the 
response is very slow (~ 1 sec) at such a low laser intensity. 


163 OPTICAL KERR EFFECT AND ELLIPSE ROTATION 

The optical-field-induced birefringence can change the polarization of a beam 
propagating in the medium. Conversely, measurements of the change of die 
beam polarization should allow us to deduce values of the induced birefrin- 
gence. 

Consider first the optical Kerr effect, which usually refers to the phenome- 
non of linear birefringence induced by a linearly polarized optical field. We 
assume an isotropic medium here for simplicity. With a pump beam at w and a 
probe beam at the third-order polarization at «' takes the form 

P/ 3) (w') = Z[xPm( w ' = <o)^(ft>0^( u ) £ /(") 

j 

+ X?JnW "«' + «“ ( 16 ' 23 ) 

+X&l("' -«'+»- »)£,(</)£,(«)£*(«)]• 

If the two beams are parallel and their polarizations are linear but at 45° with 
respect to each other, then with the pump field E(«) along x propagating along 
z, one finds 

JfV) = (x 11^22 + X&l + xat)*.(«o*(»>**("). 

P/ 3) (»') - Xif^, (»')£(«)£*(«)• 

The field-induced anisotropy in the susceptibility is therefore given by 12 


$X("') “ ^Xxjc “ A X„ 

= (Xi2i2 + Xmi)l £ (")l 2 

or the induced linear birefringence given by 

*»/("')“ v*x("') 

= ^(x!? 1 2 + xi 3 2 ) 2.)|£(«)l 2 - 


(16.25) 


(16.26) 


Then, in propagating through a medium of length /, the x and y components of 
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the probe field experience a relative phase difference 




(16.27) 


This phase difference changes the polarization state of the probe beam, and 
can be measured by an analyzer crossed with the polarization of the incoming 
probe beam in front of the detector. A typical experimental arrangement is 
seen in Fig. 16.1. 12 The signal should be proportional to sin 2 (fi<J>/2), from 
which and hence $n, t can be deduced. We note here that the same result 
with 5<fr «: 1 can be obtained from the four-wave mixing approach, as de- 
scribed in Section 15.3. The four-wave mixing output corresponds to the 
generation of an orthogonal polarization component in the probe beam. 

As mentioned in the previous section, when o> approaches w', the beating of 
£(6>) and E(u') provides an additional contribution to Ax* The degenerate 
case with w = a' and k - k' is particularly interesting since we now have a 
single monochromatic beam propagating in the medium. Will the polarization 
state of the beam vary during propagation as a result of the induced birefrin- 
gence? The answer is yes, in general, as one can expect from the four-wave 
mixing picture. We consider here the special case of an isotropic medium. The 
third-order polarization has the same general expression given in (16.23) with 
u' = w. In terms of circular polarization components, we can write 12 


n 3) M = (xffia + xSU)l*±(«>l 2 *±<«> 

+ {x% + X&2 + 


(16.28) 
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Fig. 16.1 Experimental arrangement for optical Kerr measurement. P-l, P-2, P-3 are 
polarizers, and D-l, D-2 are detectors. (After Ref. 9.) 
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For a linearly polarized field, E(w) - xE(o))> (16.28) reduces to 

P <3) («)-ixP.\i|£(«)l 2 £(«) (16.29) 

and for a circularly polarized field, E = e ± £(«), it becomes 

P (3) («) - e ± (xS?22 + xi?i 2 )|£(«)| 2 £'(«)- (16.30) 

In both cases, the induced P (31 (d) has the same polarization state as the 
incoming field, and therefore no change in the beam polarization is expected as 
the beam propagates in the medium. More generally, however, for an ellipti- 
cally polarized field, E = e+E + + e_E_ t (16.28) shows that the induced refrac- 
tive indices for the two circularly polarized components are, respectively, 

4n ±= ^[(xffa + X , 121 2 )l £ ±| 2 + (x!?a + x$2 + 2 x}? 2 i)|£'tI 2 ]- 

(16.31) 

The difference between A« + and An_ here indicates that the ellipticaUy 
polarized beam can induce a circular birefringence in the medium 

= 4« + - A«_- -<2./j.)2x&(|* + |* - |£-P). (16 32) 

As discussed in Section 4.2, a circular birefringence renders a rotation of the 
beam polarization. In the present case, the rotation of the elliptical polarization 
across the medium of length l is given by 13 

0 = (<i>/2c)kn c l. (16.33) 

Note that 0 depends on both the beam intensity and the ellipticity according to 
(16.32). Measurement of this intensity-dependent ellipse rotation $ allows us to 
deduce A n c and hence X 122 L* 

Figure 16.2 shows a typical experimental arrangement for ellipse rotation 
measurements. 12 Because of the beam intensity variation in the transverse 
direction r, 0 actually varies with r. To deduce xim fr° m the measurement of 
6 , one should limit the detection to a small region in the beam profile where 
the intensity variation is negligible. Alternatively, one can use a focused beam 
with a Gaussian beam profile. 12 The average ellipse rotation of the entire beam 
can be calculated in terms of An c and the beam characteristics, and compared 
with the measurements. 

From (16.26) and (16.32), it is seen that the combined results of the optical 
Kerr measurement (with u - w') and the ellipse rotation measurement allow 
us to determine two of the three independent elements of namely X 1212 
and Xmi- The third, xl?22* generally can be obtained only by resorting to 
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Scope 



*£* FH p_l R '' LH L-2 R-2 F-2 P-2 D-2 

Fig. 16.2 Experimental arrangement for ellipse rotation measurement. P-1, F-2 are 
polarizers, R-l, R-2, Fresnel Rhombs, and D-l, D-2, detectors. (After Ref. 9.) 


another independent experiment, for example, a degenerate four- wave mixing 
experiment. 

The optical-field-induced variation of the beam polarization in an aniso- 
tropic medium is often complicated, because of the existing linear birefrin- 
gence even in the absence of an induced An. The problem is particularly 
interesting when An is so large that it changes drastically the beam propaga- 
tion characteristics in the medium. This may happen, for example, in liquid 
crystals. 14 


16.4 TRANSIENT EFFECTS 

The foregoing discussion was limited to the steady-state case. The response of 
a medium, however, becomes transient if laser pulses with pulsewidths shorter 
than the response times are used. The response times are different for different 
physical mechanisms contributing to the induced refractive index. The elec- 
tronic contribution has a response time on the order of (w - w 0 ) _1 - 10“ 15 
sec, if the optical frequency to is far away from any absorption band, where to 0 
is the position of the major absorption band. On the other hand, for An 
induced by the population redistribution, the response time is determined by 
the population relaxation. 

For the electrostrictive contribution, the transient response is governed by 
the equation of motion (16.12) for acoustic waves. 7 With the laser pulse given, 
the time-dependent density variation Ap D (r, f) can be solved from (16.12) and 
Ax(w) is directly proportional to Ap D (r, i). In this case, the response time is 
characterized by the inverse of the damping coefficient, and the time it 
takes for the acoustic wave to travel across the beam radius, R/v. If the 
pulsewidth T p is much longer than both Tg l and R/v, the response is 
quasi-steady-state. Yet if T p R/v < Tg\ the response becomes transient, 
with Ap D - Ap^lTf/Yg ! (R/v)] near the end of the pulse, where Ap^ is the 
steady-state value. If T «: Tg 1 R/v, the response is also transient, with 
Ap D - A f%[T*/{R/vy]. For R = 1 mm, « = 2 X 10 5 cm/sec, Tg 1 ~ R/v = 
5 X 10 ~ 7 sec, and T p = 10“ 8 sec, we have Ap D - 4 X 10“ 4 Ap^. The corre- 
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sponding induced refractive index is also 4 x 10“ 4 times smaller than the 
steady-state value. This example shows that the electros tried ve contribution to 
A n is far less important with nanosecond or picosecond laser pulses than with 
longer pulses. 

For the molecular reorientational contribution, the order parameter Q obeys 
the driven Debye equation given in (11.22), or more generally, by the following 
dynamic equation for Q including dissipation: 

„i£_ _i£ 

dl d Q (16.34) 

= - 0 (r-r*)G + {A X „|£(u.)i 2 

where v is a viscosity coefficient. The solution of the equation is simply 

Q(t)-(‘ 4A Xolg(«)l 2 e -(,-,VT dt' (16.35) 

* ~ 03 3V 

with the relaxation time r defined as 

t — v/q(T — T*). (16.36) 

For ordinary liquids, r is of the order of 10 psec. Then the response of 
molecular reorientation to a nanosecond laser pulse is expected to be quasi- 
steady-state, but to a picosecond pulse, it is still transient. For liquid crystals 
in the isotropic phase, r can be much larger, approaching 1 jxsec as T 
approaches the isotropic- mesomorphic transition temperature. 9 In the meso- 
morphic phase, the collective motion of the molecules slows down the response 
even more drastically. The response time can be longer than 1 sec. 10 


16.5 APPLICATIONS 

A number of applications can be derived from the optical-field- induced 
refractive index change. In Section 14.3, we saw how degenerate four- wave 
mixing can be used for phase conjugation and image reconstruction. As 
described there, degenerate four- wave mixing can result from coherent scatter- 
ing of a light beam by a refractive index grating induced in the medium by the 
interference of two pump light waves. Thus a medium with a large optical- 
field-induced refractive index per unit field intensity is most useful for efficient 
degenerate four- wave mixing applications. 

The optical Kerr effect can be used in optical switching. 15 As shown in Fig. 
16.3, the transmission of the weak signal beam passing through the nonlinear 
medium is normally blocked by the crossed analyzer. In the presence of an 
intense pump beam, however, the medium becomes birefringent, and the signal 
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beam, experiencing a polarization change in traversing the medium, is no 
longer completely blocked by the analyzer. Therefore, if a picosecond pump 
pulse is used, a nonlinear medium with a picosecond response time can act as a 
fast optical gate for a signal beam with a picosecond on-off time. Such an 
optical switch is clearly very useful in many applications, especially in dynamic 
study of physical phenomena and mechanisms. 

If a Fabry- Perot interferometer is filled with a nonlinear medium, then 
because of the optical-field-induced refractive index, the transmission of a 
monochromatic beam through the interferometer depends on the beam inten- 
sity. For example, with the interferometer spacing tuned to a value for peak 
linear transmission, an intense light beam may find the interferometer badly 
mistuned because the field-induced refractive index has caused an additional 
phase change on the beam traversing the interferometer. In general, the 
transmission of the nonlinear Fabry-Perot interferometer is a highly nonlinear 
function of the beam intensity, depending on the initial phase setting of the 
interferometer. Three general forms of transmission characteristics of the 
interferometer can be obtained, and can be used for intensity limiting, differen- 
tial amplification, and bistable operation. 16 The last one has been the focus df 
very active research because of its great potential applications in optical data 
processing. 17 

Optical bistable operation of a nonlinear Fabry-Perot (FP) interferometer 
is illustrated in Fig. 16.4. The FP transmission curve T versus <> in Fig. 16 Aa is 
described by the equation 



where T 0 and F are constants. Because of the field-induced refractive index 
change in the medium inside the interferometer, the round-trip phase retarda- 
tion <#> now depends on the field intensity. Assuming An = n 2 \E\ 2 y we can write 

* = + KI,J- ( 16 - 38 > 


With «fr 0 and k being constants, (16.38) describes a straight line in Fig. 16.4a, 



Kerr cell 

Fig. 163 Optical Kerr cell as a fast optical switch. 
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Fig. 16.4 (a) Graphical method of finding the operating points of a nonlinear 
Fabry-Perot interferometer. When / in increases, the operating point moves along the 
path l-2-<4-3-3'-4, and when / in decreases, the operating point moves along the path 
4-3 -£-2-2-1. (6) versus I m in the form of a hysteresis loop corresponding to the 
operating path described in (a). 

the slope of which is proportional to the incoming laser intensity l/l m . Given 
/ iD , the operating point of the interferometer is then determined by the solution 
of (16.37) and (16.38), corresponding to the crossing point of the straight line 
with the FP transmission curve. It is seen in Fig. 16.4a that if / jD is sufficiently 
large, more than one operating point can exist. Some of them (such as B and D 
in Fig. 16.4a) are unstable. Among the stable ones, the real operating point is 
selected by the operating condition that if the operating point is varied, the 
interferometer preferes to have it varied smoothly along the curve. Thus, as 
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shown in Fig. 16.4 a, when / ia increases, the operating point should move along 
l_2-A-3-3'-4, but when decreases, it should move along 4-3'-C-2'-2-l. 
As a result, the corresponding versus / ^ sketched in Fig. 16.4Z>, takes the 

form of a hysteresis loop. For I ^ between (/^ and (/ m ) 3 , the output can 
have either a high value or a low value depending on the operation path. This 
bistable behavior is the basis of binary switching elements. Therefore, the 
nonlinear FP interferometer can become an important optical device in optical 
data processing and all-optical logic and computing systems. Although the 
nonlinear FP interferometer is commonly used to study optical bistability, we 
should note that the same phenomenon can arise in many other systems. Away 
from the operational point of view, a nonlinear FP interferometer is also 
interesting because its switching action resembles a phase transition, 18 and it is 
a nonlinear system with positive feedback that may lead to bifurcations and 
chaos in the output. 19 

Both the optical Kerr effect and the intensity-dependent ellipse rotation can 
be used for pulse shaping. The polarization state of an intense laser pulse in 
traversing a nonlinear medium is time-dependent, resulting from the intensity- 
dependent polarization rotation. Therefore, through the use of an analyzer, the 
transmitted pulse can be reshaped. The same effect can be used in a laser 
cavity to reshape the laser pulses. 20 

The optical-field-induced refractive index can also lead to an intensity- 
dependent distortion of the beam wavefront, resulting in self-focusing and 
other self-actions of light. This is the subject of discussion in Chapter 17. 
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Self-Focusing 


Self-focusing of light has fascinated many researchers in the past. It is typical 
of the type of nonlinear wave propagation that depends critically on the 
transverse profile of the beam. Theoretically, the wave equation governing the 
effect is the prototype of an important class of partial differential equations 
such as the Landau -Ginzburg equation for type-II superconductors and the 
Schrodinger equation for particles with self-interactions. Practically, the effect 
often is responsible for optical damage of transparent materials, is a limiting 
factor in the design of high-power laser systems, and sometimes plays an 
important role in the occurrence of other physical processes in a medium. 

Although a complete solution of self-focusing and related effects requires 
extensive numerical calculations, good physical understanding of the problem 
can still be obtained from solutions with approximations based on experimen- 
tal findings. This is the emphasis of our discussion in the present chapter. 
Aside from self-focusing, there also exist a number of other self-action phe- 
nomena. Only self-defocusing, self-phase^modulation, and self- steepening are 
briefly discussed here. 


17.1 PHYSICAL DESCRIPTION 

We begin with a physical description of the self- focusing phenomenon. Briefly, 
self-focusing is an induced lens effect. It results from wavefront distortion 
inflicted on the beam by itself while traversing a nonlinear medium. Consider a 
single-mode laser beam with a Gaussian transverse profile propagating into a 
medium with a refractive index n given by n = n 0 + An(|£| 2 ), where An(|£| 2 ) 
is the optical-field-induced refractive index change (see Chapter 16). If An is 
positive, the central part of the beam having a higher intensity should experi- 
ence a larger refractive index than the edge and therefore travel at a slower 
velocity than the edge. Consequently, as the beam travels in the medium, the 
original plane wavefront of the beam gets progressively more distorted, as seen 
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Fig. 17.1 Distortion of the wavefront of a laser beam leading to self-focusing in a 
nonlinear medium. 


in Fig. 17.1. The distortion is similar to that imposed on the beam by a positive 
lens. Since the optical ray propagation is in the direction perpendicular to the 
wavefront, the beam appears to focus by itself. 

However, a beam with a finite cross section should also diffract. Only when 
self-focusing is stronger than diffraction will the beam self-focus. Crudely 
speaking, the self-focusing action is proportional to An(|£| 2 ), while the 
diffraction action is inversely proportional to the square of the beam radius, 
Therefore, as the beam shrinks on self-focusing, both the self-focusing action 
and the diffraction action become stronger. If the latter increases faster than 
the former, then at some point diffraction overcomes self- focusing, and the 
self-focused beam, after reaching a minimum cross section (the focal point), 
should diffract. In many cases, however, the field-induced refractive index can 
be approximated by An - n 2 \E \ 2 , where n 2 is a constant. Then, because |£| is 
inversely proportional to the beam radius, the self-focusing action is always 
stronger than the diffraction action if it is initially so. The beam may keep on 
self-focusing until some other nonlinear optical effect sets in to terminate the 
process. In such a case, the cumulative action of the nonlinear iterative effect 
makes the beam shrink sharply and suddenly, as in Fig. 17.1. The focal point 
and the focal distance (z^) are then well defined. Which nonlinear effect 
actually sets in at the focal point to terminate the self-focusing process depends 
on the medium. It could be, for example, stimulated Raman scattering, 
stimulated Brillouin scattering, two-photon absorption, or optical breakdown. 

A special case of interest occurs when the self-focusing action and the 
diffraction action on the input beam just balance each other. One would then 
expect that the beam should propagate in the medium over a long distance 
without any change in its beam diameter. This is known as self- trapping. In 
practice, however, self-trapping in the above context is not a stable situation. 
Any small loss of the laser power due to absorption or scattering can upset the 
balance between self-focusing and diffraction and cause the beam to diffract. 

As we shall see in Section 17.2, for self-focusing to be stronger than 
diffraction, we must have An > 1 /k 2 a 2 y where k is the wavevcctor and a is the 
beam radius. Thus, fora ~ 1 mm, and k - 2 x ID 4 cm -1 , self- focusing occurs 
only if An > 10 " 7 esu. In most media, such a large An can be induced only by 
a laser intensity higher than several megawatts per square centimeter, normally 
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achievable only with pulsed lasers. Self-focusing should then have a time 
dependence resulting from the amplitude variation of the input laser pulse. Yet 
if the response of the medium to the field can be considered as instantaneous, 
the steady-state description of self-focusing is still applicable, except that the 
focal distance now varies with time in response to the laser intensity variation. 
This is known as quasi-steady-state self-focusing. If, however, the laser pulse- 
width is shorter than or comparable to the response time of A «, then the time 
variation of Aw also becomes important in self-focusing since propagation of 
the leading part of the pulse can influence propagation of the lagging part. This 
is the regime of transient self-focusing. A more detailed discussion on quasi- 
steady-state and transient self-focusing will be given later. 

Askar’yan 1 first suggested the possibility of self-focusing due to A«(|£*| 2 ). 
Hercher 2 found, in early 1964, that by propagating a ^-switched laser beam of 
a few megawatts in a solid, one could obtain long threads of damage spots only 
a few microns in diameter. Chiao et al. 3 soon proposed the self trapping model 
to explain the observation, assuming that the damage tracks were induced by 






Fig. 173 Images of a self-focused single-mode 
laser beam at the exit window of a toluene cell of 
different cell lengths: (a) short cell length, beam 
not yet self- focused (*- 700 /im); {b) cell length 
close to self-focusing threshold, the self-focused 
beam at nearly one-tenth of its original size ( - 50 
jim); (c) cell length above the self- focusing 
threshold, the sctf-focused beam at its limiting size 
—the filament (10 jim). [After Y. R. Shcn, Prog. 
Quant . Electron. 4, 3 (1975).] 
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the self- trapped laser filaments. It was shown much later that the damage 
tracks were actually due to time-varying self-focusing with moving focal 
points. 4,5 In the meantime, stimulated Raman scattering was discovered, but it 
was found that in many solids and liquids, it had a very sharp threshold which 
could not be explained by the usual theory of stimulated Raman scattering. 6 It 
was then realized that stimulated Raman emission in such media was actually 
initiated by self-focusing at the focal point, and the sharp focusing of the 
self -focusing process was the cause of the sharp onset for stimulated Raman 
scattering. 7 Self-focusing can also account for many other observed anomalies 
in stimulated Raman scattering. 

Earlier photographs of the self-focused beam in a Kerr liquid showed that 
the beam shrank upon self-focusing and then broke into many filaments with 
nearly constant diameters. 8 A typical example is shown in Fig. 17.2. Each 
filament has a diameter of the order of 10 ptm, which appears to be a 
characteristic of the medium. That many filaments could result from self-focus- 
ing of an apparently single-mode Gaussian beam was a surprising fact and 
attracted a great deal of attention. Later, however, it was found that the 
multiple filaments actually originated from the weak multimode structure in 
the beam. When a truly single-mode laser was used, self-focusing of the beam 
did lead to only one single filament, as shown in Fig. 17.3. Then the problem 
remained interesting because the formation and the characteristics of the 
filament were not understood. An important question was whether the ob- 
served filament was a manifestation of the predicted self-trapping phenome- 
non. 3 It turned out that the filament was simply the trajectory of the focal spot 
in the time-varying self-focusing process achieved with a pulsed input. 9,10 We 
discuss the filament problem in more detail in later sections, but first we 
consider a more quantitative theory of self-focusing. 


17.2 THEORY 

The formal theory of self-focusing is fairly simple. It is described by the 
nonlinear wave equation 

V 2 E-(d 2 /c 7 dt 7 )\(n 0 + An) 2 £] = 0 (17,1) 


assuming that the medium is isotropic, the field is transverse, and the medium 
response is instantaneous so that An(j£1 2 ) does not depend explicitly on t. In 
this case, the differentiation in the transverse direction is nonnegligible, but 
since the field amplitude is not expected to vary' appreciably over a distance of 
a wavelength, we can still use the slowly varying amplitude approximation. 
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Then, for a quasi-monochromatic beam propagation along z, (17.1) can be 
reduced to a first-order partial differential equation in z and /. The equation 
can be further simplified by eliminating d/dt with the substitution of the 
reduced time variable f = / - z/v gi where v g is the group velocity. Thus by 
writing E = <f(r, z, *)exp(ifo - /«/), (17.1) becomes 


( ilk Tz + vl)/- 



(17.2) 


where the beam profile is assumed to be circularly symmetric with r being the 
radial coordinate. Both the absolute amplitude and the phase of the field arc 
expected to be functions of r, z , and £. with «f = a exp (/», (17.2) can be split 
into two coupled equations for the absolute amplitude A and the phase 

q 

k Tz A2= ~ v ^ (17.3a) 


and 




2k 


k 2 A n 0 


(17.3b) 


Equation (17.3a) is an energy relation, while (17.3b) describes the ray trajec- 
tory. Since the phase function <j>(r, z, £) actually represents the wavefront of 
the beam, (17.3b) is a description of how the self-focusing action, represented 
by 2 An/n 0 , and the diffraction action, represented by A 2 L A/k 2 A , distort the 
wavefront. If at z = z 0 there is an exact balance of self-focusing and diffraction 
such that 


An + V\A 
o k 


2 A 


= 0 


(17.4) 


for all r, and if, in addition, the wavefront is flat at z 0 so that v ± i> = 0, then 
(17.3) yields d$/dz — 0 and dA/dz = 0 for z > z 0 . This is the self- trapping 
case: the wave propagates in the medium with a plane wavefront and a 
constant transverse profile. The self-trapping solution of (17.4) for An - n 2 \E\ 2 
can be obtained analytically. 3 However, it is rather unstable. A small deviation 
of A(r, z) from the specific form of the self-trapping solution will cause the 
beam to either self-focus or diffract, or partly self-focus and partly diffract. 

Equation (17.3b) has the same form as the Hamilton- Jacobi equation 
& + dS/ dt - 0 in classical mechanics, 12 where 3?= p 2 /2m + V is the Hamil- 
tonian of a particle in a potential well V t and S(q , p, f) is the Hamiltonian’s 
principal function. In our case, 4>(r, z) plays the role of S t and z, r, k 
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correspond to t , q, m, respectively, with ( v x 4>) 2 equivalent to p 2 and 


'-f 


Vjj4 

k z A 


+ 2 — 


Then, by knowing that the Hamilton- Jacobi equation should lead to the usual 
equation of motion, md 2 q/dt 1 — dV/dq y for the particle, we obtain similarly, 
from (17.3b), the equation 


_ 1 3V _ 1 d ( v\A Aw' 
dz 2 * dr\ k 2 A +2 n 0 J' 


(17.5) 


which governs the optical ray trajectory rasa function of z. 

The solution of (17.5) can therefore be perceived from the motion of a 
particle in the potential well V. However, in our case, V is known only if 
A(r,z) is known, assuming the function An(|£ | 2 ) is specified, but A(r y z) can 
be obtained only by solving the coupled equations in (17.3). As an approxima- 
tion, one can assume a certain functional form for A{r y z). This approximation 
is found to be reasonable as long as ray bending during focusing is not 
significant. For example, we can assume that the centra! part of the beam 
retains its Gaussian profile as it propagates, but the beam radius varies with z\ 
this means, for 0 </■-*: a 


*0 


a 2 (z) 

exp 


2a z (z)\ 


(17.6) 


which is known as the paraxial or aberrationless approximation. Each ray 
follows a trajectory with r/a - r 0 /a 0 , where r 0 and a 0 arc the ray coordinate 
and the beam radius at z = 0, respectively. 

With A{r y z ) given by (17.6), the potential V takes the form 


V - 


k 2 a 2 2*V «o/ - 


Since r a in the paraxial approximation, we have 



and (17.5) with r(z) replaced by a(z) can then be solved. One finds 
k { da , 

= constant. 


(17.7) 


(17-8) 


which is analogous to the energy conservation relation of the particle case. The 
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boundary conditions are a - a 0 and da/dz = ( da/dz) Q at z = 0, and the focal 
point corresponding to a = and da/dz — 0 appears at z — z f . The solu- 
tion of (17.5) or (17.8) can be written as 


2 -£{&*•> - v{a ' )] + (i0 (i7 - 9) 

The focal length is then given by 

, *• (nio) 

We can understand physically how a beam self-focuses and diffracts by 
resorting to the picture of a particle moving in a potential well. As seen in 
(17.7), the potential V is positive or negative depending on whether the 
diffraction term 1 /k 2 a 2 or the self-focusing term &n/n 0 dominates. If An is 
sufficiently large, but gets saturated at high field intensities, then V may have 
the shape in Fig. 17.4. It shows that at large beam radius a , and hence 
relatively weak beam intensity, self-focusing may dominate over diffraction, 
but as the beam radius shrinks and the beam intensity increases, An becomes 
saturated and diffraction soon dominates. It is then easy to see, from the 
analogy of a particle trapped in a well, that if the initial beam divergence or 
convergence £da/dz) 0 \ (corresponding to the initial particle velocity) is smaller 
than [- K(a 0 )/2fc] 1/2 , the beam will converge and diverge periodically be- 



Fig. 17.4 A plot of V as a function of beam radius. This illustrates the analog between 
self-focusing and motion of a particle in a potential well. 
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tween a ^ and a ^ (Fig. 17.4) as it propagates. The period can be determined 
from (17.9). If, on the other hand, ^da/dz\\ > |“ V(a 0 )/2k} l ' 2 t then the 
beam can never self-focus but will diffract to infinity, although it may first 
focus if ( da/dz) Q < 0. 

In real experiments, however, saturation of An may not occur even in the 
focal region. Other nonlinear optical effects often set in to affect self-focusing 
long before the laser intensity reaches a level to saturate A«. In fact, the 
paraxial approximation used in the above derivation also breaks down in the 
sharp focusing region in the common practical cases. Then, in reality, our 
calculation here applies only to the prefocusing region with An = *i\E\ 2 - In 
such a case, for a Gaussian beam in the paraxial approximation r a, the 
potential V takes the form 


where 



1 + n 2^o 
k 2 a 2 «o j 



(17.11) 


277 Jq 


77 rdr 


n 0 ca 2 Al 

2 


is the laser power, and P 0 = c\ 2 /$ir 2 n 2 . Using the particle analogy, we 
immediately see that self-focusing can occur only if P > P 0 . As long as the 
initial beam divergence (k/2)(da/dz)l is less than - V(a 0 ), the self-focusing 
action is always stronger than the diffraction action, and the beam radius 
should eventually reduce to zero. In the special case of P = P 0> we have V = 0, 
and if ( da/dz) 0 = 0, the beam should propagate without a change in the beam 
radius. This corresponds to the self-trapping case. With V given in (17.11) the 
integral of (17.9) yields 


a 2 

4 



(17.12) 


which shows how the beam radius reduces as a function of the propagation 
distance z. The sharp focal point should appear at z — z, corresponding to 
a = 0. We find 




(P/P 0 - \) m - (ka 0 //l)(da/dz) G ' 


(17.13) 
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If ( da/dz) 0 = 0, then it becomes 


kaj/ft 

(P/P 0 -\) 1/2 ' 


(17.14) 


The above solution obtained with the paraxial approximation is of course 
valid only for ray propagation close to the beam axis. The more rigorous 
solution of (17.3) can be obtained numerically on computers. 13 It is found that 
for An = n 2 \E\ 2 and P > P ct ~ (1.22A) 2 c/128n 2 (F cr is known as the critical 
power for self- trapping 3 ), the initially plane Gaussian beam can self- focus into 
a sharp focal spot at 14 


0.43A:<io 


{[(/vn,) : 


1/2 _ 


(17.15) 


0.852' 


0.0219} 


The relation between z f and )jP/P cr is plotted in Fig. 17.5. For P > 1.2 P at 


K 



Fig. 17.5 Curve A describes the dependence of the self- focusing distance on input 
power; curve B is the asymptote of curve A at high powers; curve C describes a in 
(17.17) as a function of the input power. (After Ref. 14.) 
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T K 
Zf y[p - 0.852/?“ 


(17.16) 


with K = 0361kal{P^ r . 

In a Kerr liquid with n 2 ~ 10“ 11 esu, we find P a - 8 kW for a laser beam 
with X - 5000 A. The focal length Zf is proportional to the square of the initial 
beam radius a For a Q ~ 500 /im and P/P CT = 1.5, we have z f ~ 31 cm. The 
on-axis beam intensity as a function of z can also be calculated, and can be 
approximated by 


M 

f(0) 



(17.17) 


where a is a parameter depending on P as seen in Fig. 17.5. 

In the quasi -steady-state case, the field amplitude , and hence / and P, are 
also functions of £ = t - z/v g . Then (17.16) and (17.17) become 


and 


zAt)~- — 

' jFU) -o.m{p; r 

ihJ) [. mT** 

m,o U/l ■ 


(17.18) 


(17.19) 


An immediate consequence of this time-dependent solution is that the focal 
spot position, given by z f , should vary with time. 9, 10 This moving focus picture 
describes the observed results of self-focusing of nanosecond laser pulses in 
liquids very well, as we shall see in the following section. 


17-3 QUASI-STEADY-STATE SELF-FOCUSING 

For self-focusing of ^-switched laser pulses in liquids, having the pulsewidth 
( ~ 10 nsec) much longer than the response time of the medium ( ~ 10 psec), 
the preceding discussion of quasi-steady-state self- focusing should apply. Being 
a strongly nonlinear effect, self-focusing depends critically on the input beam 
characteristics. Weak ripples on the otherwise smooth transverse profile may 
get strongly amplified in the self-focusing process and lead to the breaking of 
the beam into several independently self-focused sections. With n = n 0 + 
n 2 |£| 2 , the critical size A below which a beam with intensity I becomes 
unstable against the transverse intensity variation can be estimated from the 
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expression of 


(*f s V /1 1.22\c ,/2 

' ' (32 ™ 2 /) 1/2 ' 


(17.20) 


For n 2 ~ 10" 11 esu, / ~ 50 MW/cm 2 , and A - 5000A, we find A - 10 f*m. 
The use of laser beams with relatively poor mode quality has led to the 
observation of beam break-up and multiple filaments. The results then become 
very difficult to interpret. To compare experiment with theory, therefore, 
single-mode lasers must be used. We consider here only self-focusing of 
single-mode laser pulses. 


Self-Focusing in the Prefocal Region 

Equation (17.19) describes self-focusing in the prefocal region in a medium 
with n ^ n Q + n 2 \E\ 2 . It has been confirmed experimentally by measuring the 
peak intensity on the beam axis as a function of z} 6 The shrinkage of the beam 
radius due to self- focusing has also been observed (Fig. 17.3). 

The polarization dependence of self-focusing is very interesting. It has been 
found that the output from the focal region is always linearly polarized 
irrespective of the input polarization. For a circularly polarized input beam, 
the direction of the output polarization is random. This can be understood as 
the result of nonlinear coupling between the two circularly polarized field 
components via the field-induced refractive indices in the medium. 17 As shown 
in (16.31), the field-induced refractive indices for the two circularly polarized 
fields can be written as 


in ±=( x )[' l|E ± |2 + i , l £ ± l 2 ] ( 17 - 21 ) 

For ordinary liquids, A - B = - 2x!^i < 0. Therefore, if both circularly 
polarized fields are present, the weaker one sees a larger An and hence 
self-focuses more readily until its intensity equals that of the other component. 
The output then becomes linearly polarized. The above argument applies even 
to the case of a circularly polarized input beam, since, in practice, the beam 
can never be perfectly circularly polarized. The quantitative analysis of this 
self-focusing problem with mode coupling, however, has not yet been worked 
out. 


Filaments and Moving Foci 

The self-focusing threshold for a given medium of length / is determined by the 
condition z f (P m „) = /, where is the peak power of the input pulse. 
Equation (17.18) describing z f as a function of P^ has been experimentally 
confirmed by measuring the self-focusing threshold powers at different l. 19 
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We now consider what happens when the input peak power is above the 
self-focusing threshold. In early experiments, it was found that after the beam 
self-focused it broke into a number of intense thin filaments. 8, 19 The multiple 
filaments were the result of the multimode structure in the input beam, as 
mentioned earlier. It was shown later that a single-mode input laser actually 
resulted in a single filament on the beam axis. For a given medium, the 
filament had a diameter constant to within ±20% and lasted over a distance of 
a few centimerers. The intensity of the filament could be as high as a few tens 
of gigawatts per square centimeter. 

From the picture of quasi-steady- state self- focusing, one can perhaps realize 
that the filament may correspond to the track of the moving focal spot as it 
appears on a time-integrated photograph. That this is indeed the case has been 
confirmed by motion pictures taken with streak camera. 20 The diameter of the 
filament then corresponds to the diameter of the focal spot, and the filament 
intensity to the intensity in the focal region, 

We can obtain a better perspective of the moving-focus picture from Fig, 

17.6. The upper U curve describes the position of the focal spot as a function 

of time. It is constructed from the input pulse P(t ) using (17.18) and assuming 
K and P„ are known. 10 In practice, K and P a can be determined from the 
measurements of versus F^. 18 Experimental determination of the U 

curve (at least partially) is also possible from some sort of time-of-flight 
measurements of the moving focus. 21 It has been found that the measured 
curve agrees very well with the one calculated from (17.18), As seen from Fig. 

17.6, the U curve has the following characteristics. If the length of the medium 
l is sufficiently long, then the focal spot first appears at z D inside the medium. 
It then splits into two: one moves backward and then forward after it reaches 
the minimum self-focusing distance ^(F^) corresponding to the peak of the 
input pulse; the other moves forward with a velocity faster than light. Both 
branches of the U curve have their slopes approach light velocity as z -*■ oo. 
Note that the faster-than-light feature does not violate the special theory of 
relativity because the focal spots appearing at different times actually come 
from self-focusing of different parts of the input pulse, and therefore the 
“ motion” of the focal spots does not transmit anything real. However, a strong 
polarization induced by the moving focal spot still appears in the medium and 
can have an apparent velocity faster than the light velocity. This is similar to 
the case of Cerenkov radiation, but the problem has not yet been worked out. 
The unusual characteristics of the U curve for the moving focus lead to a 
number of interesting results. 22 First, the focal spot should spend a relatively 
long time at a^P^), and hence optical damage is more likely at Zj ( F max ). 
Indeed, in transparent liquids, laser-induced bubbles have been observed in 
this region. Second, when z^P^) is appreciably smaller than /, the light pulse 
diffracted from the filament within a few centimeters at the end of the cell has 
a very short pulsewidth, less than 100 psec for a nanosecond input pulse. 
Third, the high laser intensity (~ 10 GW/cm 2 ) in the focal region readily 
initiates other nonlinear optical processes. One is a strong phase modulation 
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Fig. 17.6 Lower trace describes input power P(t) as a function of time r. Peak power 
is 42.5 kW and the half-width at the 1/e point is 1 nsec. Upper trace calculated from 
(17.18) describes the position of the focal spot as a function of time. Values of 
(0.852 ) 2 P a and K used are 8 kW and 11.6 cm (kW) l/2 , respectively, which corresponds 
roughly to an input beam of 400 /im in diameter propagating in CSj. The dotted lines, 
with the slope equal to the light velocity, indicate how light propogates in the medium 
along the z-axi$ at various times. (After Ref. 22.) 


and a resultant spectral broadening on the light diffracted from the filament 
region due to the large field-induced refractive index change A n. We discuss 
the problem in more detail in a later section. Another is the initiation of 
stimulated Raman and Brillouin scattering. The stimulated scattering, in turn, 
drastically affects self-focusing. The interplay between the two, which is most 
intriguing and interesting, is discussed below. 

The sharp stimulated Raman threshold in Kerr liquids (those in which A« is 
dominated by molecular reorientation) was a problem that attracted a great 
deal of attention in the early development of nonlinear optics (See Section 
10.6). We now understand that it results from self-focusing. The extremely high 
laser intensity in the focal region readily initiates stimulated Raman and 
Brillouin scattering. The sharp stimulated Raman and Brillouin thresholds 
should therefore nearly coincide with the self-focusing threshold. The buildup 
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of the Raman and Brillouin intensities, however, depends on the characteristics 
of the two stimulated scattering processes in the particular medium. i2, 23 
Stimulated Brillouin scattering has a large steady-state gain but a slow tran- 
sient response (~ 10 nsec), whereas stimulated Raman scattering has a much 
smaller steady-state gain but an almost instantaneous response ( — 5 psec). 23 
As the laser intensity increases upon self-focusing, the Brillouin scattering may 
or may not appear earlier than the Raman scattering, depending on the 
medium. 

When the laser power is well above the self-focusing threshold, the stimu- 
lated Raman and Brillouin generation can be understood with the help of Fig. 
17.7. 22 The moving focal spot initiates both forward Raman and backward 
Raman and Brillouin scattering along the U curve. The backward radiation 
initiated from the lower branch of the U curve intersects with the incoming 
laser light in the shaded region and gets effectively amplified. Since the Raman 
scattering has an instantaneous response, it appears first, and its strong 
amplification soon depletes the incoming laser power to a level below the 
self-focusing threshold. Termination of self-focusing then stops the Raman 
radiation. As a result, the backward Raman output appears in the form of an 
intense subnanosecond pulse, 24 as seen in Fig. 17.8. With the Raman emission 
fading out, the incoming laser power recovers from depletion and reaches the 
self-focusing threshold again. The backward Brillouin radiation then initiated 
can have a larger transient gain than the Raman scattering. It builds up in 
intensity and depletes the incoming laser power. Through self-adjustment, the 
backward Brillouin scattering keeps the transmitted laser power just below the 
seif-focusing threshold. If the transmitted laser power is too high or too low, 
the Brillouin scattering intensity would increase or decrease accordingly to 
deplete more or less laser power. This explains the observations in Fig. 17.8 
that after the sharp dip afflicted by the Raman generation, the transmitted 
laser pulse shows a depleted flat top, while the sum of the transmitted laser 
power and the backward Brillouin power is equal to the incoming laser 



Fig. 17.7 The interaction between backward stimu- 
lated scattering and incoming laser radiation. Back- 
ward stimulated Raman and Brillouin radiation, ini- 
tiated along the upper branch of the U-curve, propa- 
gates along the dot-dashed lines and interacts with the 
non-self-focused incoming laser light in the shaded 
region. [After Y. R. Shen Prog. Quant. Electron. 4, 12 
(1975).] 
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Fig. 17-8 Oscilloscope traces of the incident laser pulse (a), the total stimulated 
emission in the backward direction {/f), the backward stimulated Raman emission 
alone (y), and the transmitted laser light (5). (After Ref. 24.) 


power. 24 The depletion of the incoming laser power to a level below the 
self- focusing threshold also terminates the moving focus or filament. Conse- 
quently, the later portion of the lower branch of the U curve can never be 
observed. 

The forward stimulated Raman scattering can also be initiated in the 
moving focal region. Figure 17.7 shows that its amplification is through 
interaction with the diffracted laser light after the focal region, and therefore is 
expected to be much smaller than the backward Raman amplification. This is 
indeed the experimental observation. 25 As the laser power or the medium 
length increases further, the focal region becomes longer, and so does the 
laser- Raman interaction length. As a result, the forward Raman output 
increases steadily. It can eventually deplete nearly all the laser power in the 
focal region. Then diffracted Raman, instead of laser light would show up in 
that focal region, and the laser filament resulting from the moving focus along 
the upper branch of the U curve would appear effectively terminated. 22 
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Other anomalous observations of stimulated Raman and Brillouin scattering 
with self-focusing can also be successfully explained by the moving focus 
picture. A more detailed description of the problem is given in Ref. 22. 
Quantitative solution of the problem can in principle be obtained by solving 
the coupled nonlinear wave equations for the laser, Raman, and Brillouin 
fields. However, this is a horrendous job even with computers, and it has not 
yet been seriously attempted. 26 

Not all experimental observations about the filaments in quasi-steady- state 
self- focusing are understood. For example, the diameter of the filament or the 
moving focal spot is presumably determined by the nonlinear processes ini- 
tiated in the focal region, but how it can be a characteristic of the medium 
independent of the input laser pulse is not clear. The finite relaxation time of 
the field-induced refractive index can affect the diffraction of light from the 
filament especially when the focal spot has a velocity faster than light. The 
quasi steady- state description of self-focusing is clearly not valid for the focal 
region. Transient dynamics with complications from other nonlinear optical 
processes have not yet been worked out. Finally, the observation of Stokes and 
anti- Stokes rings around the filament 27 is yet to be explained by the moving- 
focus model. 


17.4 TRANSIENT SELF-FOCUSING 

When the input laser pulsewidth is shorter than or comparable to the response 
time of An, the time variation of An becomes important in the self- focusing 
process. This is the transient self-focusing regime. We consider here the case 
where An is caused predominantly by field- induced molecular reorientation, 
and is governed by the Debye relaxation equation 28 

(| + i)A„ = i4 no (17.22) 

where An 0 is a function of |£(r, r)l 2 > and in the lowest order, A« 0 is propor- 
tional to |£(r, Oj 2 . Integration of (17.22) with E being a function of (r, £), 
where i = t — z/v g , yields 

An(r, i) = An 0 (|l?(r, i?)| 2 )exp|-- t ^ jdrj. (17.23) 

The transient self-focusing dynamics is then governed by the coupled equa- 
tions (17.2) and (17.23). The solution has been attempted both analytically 2<J 
and numerically. 26 - 30 Only a qualitative description is presented here. 

Because of the transient response of An, the leading part of the laser pulse 
can affect self-focusing of the trailing part. Figure 17.9 shows how the different 
parts of the pulse would propagate in the medium. 31 The very first part (n in 
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the figure) of the pulse sees little induced An, and diffracts almost linearly as it 
propagates. The next part (b in the figure) sees somewhat larger An, but not 
large enough to cause self-focusing, and therefore it still diffracts, although not 
as strongly. Then, the c-f part of the pulse sees a sufficiently large A n induced 
by the earlier part of the pulse to be able to self-focus. However An is smaller 
at larger z, so that the beam will eventually diffract. Both self-focusing and 
diffraction of the c-f part of the pulse are fairly gradual and yield a relatively 
long focus. The diameter of the focus depends on how large An is. The later 
part of the pulse may see a larger An, and therefore self-focus at a shorter 
distance to a smaller focal diameter, but its diffraction is still gradual because 
of the slow diffraction of the leading part. In practice, it is likely that the 
minimum diameter is limited by some other nonlinear process. When this 
happens, the focal diameter is the same for a finite section of the input pulse, 
as seen in Fig. 17.9. The above picture is actually an extension of the 
moving-focus picture, which it reduces to in the quasi-steady-state case. 

From Fig. 17.9, we can see how the transverse profile of the pulse gets 
deformed. As the trailing portion of the pulse shrinks due to self- focusing, the 
pulse quickly deforms into a horn shape. Because of the slow focusing and 
diffraction, the horn- shaped pulse soon appears to have reached a stable form, 
and then propagates on for a long distance without appreciable change in its 
shape. This stable form of pulse propagation often is known as dynamic 
trapping. The neck part of the pulse sweeping along the axis should lead to the 
appearance of a filament on a time-integrated photograph. The hom-shaped 
pulse gradually expands in the transverse dimension through diffraction and 
yields a filament with a fading end if the length of the medium is sufficiently 
long. 



Fig. 17.9 Self- focusing of a picosecond pulse in a Kerr liquid. Different parts (a, b,c, 
etc.) of the pulse focus and defocus along different ray paths. The pulse first gets 
deformed into a horn shape and then propogates on without much further change. 
[After Y. R. Shen, Prog. Quant. Electron . 4, 27 (1975).] 



Self-Focusing in a Solid 


321 


Transient self 'focusing with filament formation can be readily observed with 
picosecond laser pulses in Kerr liquids. 32 Quantitative measurements with 
picosecond pulses to verify the dynamic trapping picture are, however, difficult 
because of limitations of picosecond technology. It turns out that in isotropic 
liquid crystals the response time of A« can be varied from a few nanoseconds 
to a few hundred nanoseconds by simply varying the temperature. 28 Then, 
with the same nanosecond pulses, one can study self-focusing from the 
transient to the quasi-steady-state limit. 33 In the transient case, it was shown 
by measuring the on-axis intensity variation of the output that the self-focused 
laser beam indeed deformed into a horn- shaped pulse. 31 The neck diameter 
remained almost constant over a fairly long distance. The dynamic trapping 
model is therefore well proven. In the above case, the limiting neck diameter 
did not result from stimulated Raman and Brillouin scattering but presumably 
from two-photon absorption in the focal region. 


17.5 SELF-FOCUSING IN A SOLID 

Self-focusing can also occur in a solid and leave a damage track. 2 Careful 
experimental study has shown that the damage has the following characteris- 
tics. 34 The damage track appears as a cylindrical region of altered refractive 
index, a few microns in diameter, straight to within an rms deviation of one 
wavelength, and several centimeters in length. It starts with a damage star and 
may terminate before it reaches the exit end of the sample. Track formation is 
characterized by a flash of white light emission from the track, an increase of 
divergence of the transmitted laser beam, and a short pulse of backward 
stimulated Brillouin radiation. 

For a g-switched input laser pulse, electrostriction is the dominant mecha- 
nism for the induced An in most solids. The equation governing An is simply 
the acoustic wave equation (Section 16.2), 


V 2 


1 d 2 2 T b d 

vl dt 1 u* & 



(17.24) 


Because of the slow response of An in this case, self-focusing falls into the 
transient regime. The self- focusing dynamics is given by the solution of the 
coupled equations (17.2) and(17.24). This has actually been carried out numeri- 
cally by Kerr. 35 Qualitatively, the transient focusing behavior described in Fig. 
17.9 should still be true here. The difference is in the fact that when the 
intensity of the self-focused beam reaches a certain value at a local spot, 
optical damage occurs there and effectively terminates self-focusing of the 
beam beyond that spot. The self-focused beam is strongly diffracted from the 
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damage spot, and therefore the hom-shaped pulse seen in Fig. 17.9 cannot be 
formed. The picture then resembles more the moving-focus picture, except that 
the damage spot now plays the role of the moving focus. The trajectory of this 
well-defined damage spot can be determined if the axial intensity variation 
with time can be calculated. As seen from Fig. 17.9, the damage spot resulting 
from transient self-focusing is expected to move in the backward direction. 

The above qualitative features have been confirmed by experiment. The 
damage spot marked by the emission of white light can be followed with a 
streak camera. An example is seen in Fig. 17.10. The damage spot indeed 
moves in the backward direction. It reaches the end of the track around the 
peak of the input pulse, and stays there for a relatively long lime, with the laser 
input continuously feeding energy into this region and creating a damage star. 

Although the understanding of self-focusing in solids appears to be satisfac- 
tory, experimental investigation so far has not been extensive. For example, 
self -focusing in semiconductors has seldom been studied. In order for self- 
focusing to be strong enough to cause optical damage in a solid, the solid must 
be longer than a threshold length. The thickness of an optical window 
frequently is smaller than this length. Optical damages in thin windows, in 



0/3 mm 


Fig. 17.10 Typical example of (a) damage filament, ( b ) streak photograph, and (c) 
oscilloscope trace for a smooth incident pulse. (After Ref. 36.) 
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absorbing materials, and on surfaces are generally not related to self- focusing. 
(See Section 27.3) 


17.6 OTHER SELF-FOCUSING PHENOMENA 

Self- focusing in gases is also observable if the incoming laser beam has a 
frequency slightly above an absorption line so that An is positive and suffi- 
ciently large. 37 This has been seen, for example, with a Raman-shifted pulsed 
ruby laser in potassium vapor, 37 and a pulsed C0 2 laser in SF 6 . 38 Even 
self-focusing of a CW laser beam has been observed in potassium vapor. 
Under suitable conditions, the self-focused beam is found to funnel into a 
trapped filament. 39 This particular case of steady-state self-focusing is different 
from the previous cases we discussed, since An is now dependent on atomic 
diffusion; also, the optical energy in the self-focused beam is partially lost 
through atomic excitation, relaxation, and diffusion. The theory of such a CW 
self-focusing case has not yet been worked out. 

A similar CW self-focusing has been observed in a liquid with colloidal 
suspension of submicron spheres. 40 The induced An in this case arises from the 
field-induced density increase of the colloidal spheres. This case is somewhat 
similar to electrostrictive self-focusing and is different from the atomic case in 
the sense that no optical energy of the self- focused beam is lost into the 
medium. 

Another CW self-focusing case of similar behavior is in a slightly absorbing 
solid. 41 This happens when a positive An arises from heating of the medium 
through optical absorption 


A "-# AT+ (£U^) Ar - (17 ' 25) 

The first term can be positive if the temperature rise shifts the absorption 
bands in such a way as to increase An. The second term, however, is always 
negative with increasing AT, If the resultant An of (17.25) is still positive, then 
self-focusing can occur. This is known as thermal self-focusing. Actually, both 
transient and steady-state thermal self-focusing have been observed. An exam- 
ple of CW thermal self- focusing with the formation of a trapped filament is 
seen in Fig. 17.11. 41 

Optical damage caused by self-focusing in a laser amplifier is now well 
recognized as a limi ting factor in the design of high-power laser systems. Yet it 
is ironic that so far, little research has been done on self-focusing in an 
amplifying medium. Fleck and Layne 42 performed a numerical calculation on 
the problem. Quantitative experimental results, however, are not yet available 
to check the theory. 
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Fig. 17.11 Thermal self- focusing of an argon laser beam inside a lead glass rod 
(/ - 35 cm) with input power (a) P 0 - 3 W and (6) P 0 - 8 W. Part of the self- focused 
beam funnels into a trapped filament. (After Ref. 41.) 


17.7 SELF- PHASE MODULATION 

In quasi- steady- state and transient self-focusing, a very interesting observation 
which we have not yet discussed is the appearance of strong spectral broaden- 
ing of light emitted from the filament regions. 43 With a nonosecond input 
pulse, the broadening can be several tens of inverse centimeters, while with a 
picosecond input pulse, it can be more than several thousand. An example is 
shown in Fig. 17.12. The result is at least partially due to self-induced phase 
modulation on the self-focused beam. 

Let us first consider the effect with a simple model. 44 Assume a laser pulse 
|£(r)| 2 propagating in a self-trapped filament of length /. If A/i in the filament 
has an instantaneous response Arc(r) = n 2 \E(t)\ 2 , then the output from the 
filament has a self-phase modulation A</>(0 - (u/c)An(f)/ - (<*3/c)n 2 \E(t)\ 2 i 
and a corresponding frequency modulation Aw(0 = — d(A<fO/df, which ap- 
pears as a broadened spectrum. More rigorously, the output spectrum is given 
by the Fourier transform 

|£(«)| 2 = | dt\ (17.26) 

which in the slowly varying approximation can be evaluated with &(t) outside 



Fig. 17.12 Observed spectraJ broadening m a mixture of CS 2 and benzene with a 
multimode ^-switched ruby laser pulse. (After T. K. Gustafson, J. P. E. Taran, H. A, 
Haus, J. R. Lifsitz, and P. L. Kelley, Phys. Rev. 177, 306 (1969).] 
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the integral. If A$(/)cc |£(r)j 2 is an ordinary bell-shaped pulse as in Fig. 
17.13, then, qualitatively, the output spectrum can be expected to have the 
following characteristics. First, since A<|>(0 is symmetric, the power spectrum is 
also symmetric with respect to the incoming laser frequency w 0 . Second, the 
maximum of the frequency spread is given approximately by |Awj max = 
|3(A$)/dr 1^, which appears at the inflection points of the A<*>(t) curve. 
Third, there generally exist two points of the same slope on the A<j>(r) curve. 
These two points, crudely speaking, represent two waves of the same frequency 
but different phases. They will interfere constructively or destructively depend- 
ing on the phase difference between them. The output spectrum should 
therefore show a semi periodic structure with clear peaks and valleys. The 
farthest peaks on the two sides, arising from the inflection point on the A<£(r) 
curve, are the strongest. The number of peaks on either side is approximately 
given by the integer closest to but smaller than \d{A$)/dt] mdX / lit. In Fig. 
17.13<i, such a spectrum is shown corresponding to the curve given. If 
An has a relaxation time comparable to the pulse width, then the transient 
response of An yields a Atf>(0 with a long tail (Fig. 17. 13 b). Consequently, the 
spectral broadening on the anti-Stokes side is greatly reduced. 

Thus it is clear that the kind of phase modulation shown in Fig. 17.13 can 
lead to semiperiodic spectral broadening. Self- trapping of a laser pulse, how- 
ever, is only an ideal case. We must show that the output from the moving 
focus can be similarly phase-modulated in order to explain the observed 
spectral broadening in quasi-steady- state self-focusing, 45 Let us assume that 
the medium length l is much larger than the minimum seif- focusing distance 
As shown in Fig. 17.14, the beam entering the medium at t A 
seif-focused sharply at A and leaves the medium at A\ If we know' how the 
beam self- focuses at various times, then \E{z, t)\ 2 can be calculated. In 
practice, although the detailed shape of |£(z, r)| 2 at a given z is not known 
without a real calculation, we know that the pulse width of |£(z, /)| 2 must be of 
the order of the relaxation time t for A«. It cannot be much shorter because 
the observed An in the focal region is not much less than the steady-state value 
An max = n 2 \E{z, Olimu. H cannot be much longer since otherwise the nearly 
steady-state response of An would lead to a sharper focusing and hence a 
pulsewidth smaller than r, contrary to the assumption. In Fig. 17.14 the 
hatched area indicates the region of large |£[ 2 , where one also expects a large 
An , which can be calculated from (17.22) assuming \E(z, r )| 2 is known. Note 
that r for molecular reorientation in a liquid is of the order of 10 psec. It is 
then easily seen from Fig. 17.14 that the output from the filament region at the 
end of the medium is strongly phase- modulated, because the beams entering 
the medium at different times cross different sections of the hatched area. 

The phase increment of the self- focused beam traversing the medium can be 
written as 


A<t> f = t A + 




*?)* 


(17.27) 
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Fig. 17.13 Theoretical power spectrum obtained from selFphase modulation of a 
pulse propagating in a nonlinear medium without any change of its shape, (a) 
Spectrum corresponding to a phase modulation A^ symmetric in rise and fall; (6) 
spectrum corresponding to a phase modulation A$ with a much sharper leading than 
falling edge. 
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Fig. 17.14 A U-curvc describing the moving focus. 
The refractive index change An is appreciable in the 
hatched region, which has a width of about a few 
relaxation times. Light traversing the cell along the 
dashed line acquires a phase increment A^, which 
varies with time l. [After Y. R. Shen, Prog. Quant. 
Electron. 4, 18 (1975). 


where for simplicity, we neglect the diffraction contribution to A<£. Qualita- 
tively, Atf>(/) increases to its maximum during the presence of the pulse 
(£(/, 0| 2 in a time of the order of r, and then decays away much more slowly, 
similar to the curve in Fig. 17.136. The corresponding asymmetrically broad- 
ened spectrum is indeed what was observed experimentally. The maximum 
broadening on the Stokes side can be obtained analytically with a simple 
approximation as follows. We approximate the last portion of the U curve 
toward the end of the medium in Fig. 17.14 by a straight line with a slope 
v > c/n. Then, the light emitted from the hatched section at z - l has the 
phase increment. 


A * = (^)(f "'jfW.'')*' d 7 - 28 ) 


where t Q is a time before which A «(/, / 0 ) is negligible. From (17.16) we can find 


(17.29) 



2 \[ « dPU) 1 

C v) U 

ril/F <* J 


P~F( i r t) 

The maximum spectral broadening on the Stokes side then is given by 




(17.30) 


As an example, 46 consider an input Gaussian pulse with a full width of 1.2 
nsec at the 1/e points, a beam diameter of 300 /im, and a peak power of 28 
kW self-focused in a 20-cm cell of CSj. The trajectory of the moving focus is 
described by (17.16) with K = 5.6 cm(kW) 1/2 and P cr - 8.65 kw. The part of 
the input pulse that self-focuses at the end of the cell has the instantaneous 
input power I) 9.8 kW. The diameter of the filament in CS 2 is 5 pm, 

which leads to a Am^ - 2.5 X 10“ 3 esu in the focal region at the end of the 
cell. Then, from (17.29) and (17.30), we immediately find Aio^/wq = 0.0076, 
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or AoJ max » 110 cm -1 for a ruby laser input. Equation (17.30) has been 
experimentally verified. 46 

For the case of transient self-focusing of picosecond pulses in a Kerr liquid, 
the dynamic trapping picture of Fig. 17.9 should be used. Again, it is clear 
from the picture of ray propagation in Fig. 17.9 that the laser light emerging 
from the axial region at the end of the medium must be strongly phase-mod- 
ulated. Assuming a given intensity distribution of the horn-shaped pulse, we 
can calculate A n(z, t) and hence A<>(0 of the emitted light. In this case, A<fr max 
can be very large because of a long dynamic trapping length, while the rise and 
fall of A<f>(r) are still on the picosecond time scale. The spectral broadening can 
therefore extend over several hundred or perhaps even a few thousand cm L . It 
is also semiperiodic and may have a strong broadening on the anti-Stokes side 
if the fall time of A^(f) is short. 

In many cases, however, focusing of a high-intensity picosecond pulse into a 
liquid or solid with little molecular reorientational contribution to An can still 
yield an output with a huge spectral broadening extending more than a few 
thousand cm -1 on both the Stokes and anti-Stokes sides. 47 Self-phase modula- 
tion could also be the cause of this spectral broadening, as photopreionization 
could lead to a fast and strong self-phase modulation. 48 However, it has also 
been suggested that wave mixing 49 could be responsible for the broadening. 
The broadband emission is in the form of a picosecond pulse. It can therefore 
be used in picosecond spectroscopy as a tunable picosecond source. In another 
application, an ultrashort pulse can be self-phase-modulated in a nonlinear 
medium. It can then be reflected from a pair of gratings acting as a pulse 
compressor for the phase-modulated light to yield a much shorter pulse. 
Compression of a 90-femtosecond pulse to a 30-fsec pulse has been demon- 
strated. 50 

Self-phase-modulation in space on the transverse profile of a beam is also 
possible. It appears as a distortion on the wavefront and leads to self-focusing 
if the medium is sufficiently long. In a thin medium, strong self-phase modula- 
tion can still occur, but physical shrinkage of the beam inside the medium due 
to self- focusing is hardly visible. The case is then analogous to that of 
self- phase-modulation in time. For a beam with a Gaussian-like transverse 
profile, the phase increment A<£(r) across the beam profile has a bell shape 
centered at r = 0. If [A<>(r)3 max is much larger than 2 n, then the output power 
spectrum in the transverse wavevector k ± space should show peaks and valleys 
resulting from constructive and destructive interferences. They appear in the 
form of interference rings on a projection screen. The number of bright rings is 
approximately given by the integer closest to but smaller than (A$(r)] m51x /29r, 
and the diameter of the outermost ring is determined from the maximum slope 
of A <£(r) at the inflection point. Such an effect has actually been demonstrated 
in a nematic liquid crystal film. 51 A large A/i can be induced in this kind of 
media with a CW laser beam of several hundred watts per square centimeter 
(see Section 16.2). A maximum of A<f> of several tens of 27 t radians can be 
readily obtained in a nematic film several hundred micrometers thick. Inter- 
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Fig. 17.15 Diffraction ring pattern of a CW Ar + laser beam after passing through a 
300-jim nematic liquid crystal film. (After Ref. 51.) 


ference rings up to - 100 have in fact been observed. An example is shown in 
Fig. 17.15. 


17.8 SELF-STEEPENING AND SELF-DEFOCUSING 

This section considers only a physical description of the self- steepening and 
self-defocusing effects. Readers are referred to the literature for details on these 
subjects. 

Self-steepening of a pulse occurs when the group velocity of light depends 
on the light intensity through the induced Ah. 52 If A* is positive and has an 
instantaneous response, then a light velocity that decreases with laser intensity 
can lead to the formation of a steep front in the trailing edge of the pulse, 
resembling the usual shock wave formation. If A n is negative, the steep front 
can be developed in the leading edge of the pulse. This type of self- steepening 
relying only on the intensity-dependent A n has never been observed, however. 
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Fig. 17.16 Thermal defocusing of an argon laser beam. Dependence of beam diver- 
gence on laser power in a water cell, l = 44 cm, with different attenuation constants a. 
(After Ref. 57.) 


It turns out that if the group velocity also has a linear dispersion, for example, 
when the laser frequency is near an absorption band, self-steepening can be 
expected to occur in a much, shorter propagation distance. This is because 
self-phase modulation also occurs in the medium and modifies the frequency 
spectrum of the pulse. The pulse then reshapes according to the linear 
dispersion of the group velocity. Self-steepening has indeed been observed in 
Rb vapor with a pulsed dye laser at a frequency slightly below the j -> p 
transition. The results agree well with the theoretical prediction . 53 

Self-defocusing can occur if An decreases with increase of laser intensity 
since the wavefront distortion is now opposite to that in the self-focusing 
case . 54 This happens when the incoming laser frequency is somewhat below a 



Fig, 17.17 Output power of a thermally defocused beam through an aperture as a 
function of the input power from an Ar + laser at 4880 A. The inset shows the 
power-limiting device. TL is the thermal lens, A is the aperture, and D is the detector. 
(After Ref. 59.) 
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resonant absorption line. More commonly, it happens in absorbing media with 
dn /dT < 0. Self-defocusing from a laser-induced thermal effect is also known 
as thermal defocusing. Physically self-defocusing is similar to self-focusing 
except that the wavefront distortion is inverted. In the more quantitative 
discussion, however, one finds that unlike the self-focusing case, geometric 
optics can be used to describe self-defocusing, since the beam diffraction is 
always fairly gradual. 55 The nonlinear medium acts as a thin or thick divergent 
lens depending on whether the absorption is weak or strong. Because the phase 
change across a Gaussian-like beam profile is also a bell-shaped curve centered 
at r = 0, interference rings can also be observed if !A^>(r)| max is much larger 
than 2tt. 56 

Thermal defocusing is readily detectable even in a very weakly absorbing 
medium. Figure 17.16 shows an example of how the beam divergence depends 
on the input power and absorption coefficient. 57 The high sensitivity of the 
beam divergence to small absorption in the medium has prompted the use of 
thermal self-defocusing as a spectroscopy method. 5 * Absorption coefficients 
smaller than 10" 6 can be routinely measured. Another application of thermal 
defocusing is the construction of a laser power limiter, 59 as seen in Fig. 17.17. 


REFERENCES 

1 G, A Askar’yan, Sov. Phys. JETP 15, 1088, 1161 (1962). 

2 M. Hercher, J. Opt. Soc. Am. 54 , 563 (1964), 

3 R. Y. Chiao, E Garmire, and C. H. Townes, Phys. Rev. Leu. 13, 479 (1964) [Erratum, 14, 
1056 (1965)1. 

4 G. M. Zerev, E K. Maldutis, and V. A, Pashkov, JETP Lett. 9, 61 <1969); G. M Zcrev and 
V. A Pashkov, Sov. Phys. JETP 30, 616 (1970). 

5 C. R- Giuliano and J. H. Marburger, Phys. Rev. Leu. 27, 905 (1971). 

6 See Chapter 11, and the review article by Y. R. Sheo, in M. Cardona, ed„ Light Scattering in 
Solids (Springer-Verlag, Berlin, 1975), p. 275. 

7 Y. R. Shen and Y. J. Shaham, Phys. Rev. Lett. 15, 1008 (1965); P. Lallemand and N. 
Bloembergen, Phys. Rev. Lett. 15, 1010 (1965); G. Hauchecomc and G. Mayer, Compt. Rend. 
261, 4014 (1965); N. F. Pilipctskii and A. R. Rustamov, JETP Lett. 2, 55 (1965). 

g E. Garmire, R. Y. Chiao, and C. H. Townes, Phys. Rev. Lett. 16, 347 (1966); R. Y. Chiao, 
M. A Johnson, S. Krinsky, H. A Smith, C H. Townes, and E Garmire, IEEE J Quant. 
Electron. QE-2, 467 (1966). 

9 V. N. Lugovoi and A. M. Prokhorov, JETP Lett. 7, 117 (1968). 

10 M. M. T. Loy and Y. R. Shen, Phys. Rev. Lett. 22, 994 (1969). 

11 See, for example, S. A Akhmanov, A P. Sukhorukov, and R, V. Khokhlov, Sot’. Phys. 
Uspekhi 93, 609 (1968). 

12 W. G. Wagner, H. A. Haus, and J. H. Marburger, Phys . Rev. 175, 256 (1968). For the 
Hamilton- Jacobi theory, see, for example, H. Goldstein, Classical Mechanics (McGraw-Hill, 
New York, 1950), p. 273. 

13 P. L. Kelley, Phys. Rev . Lett. 15 , 1005 (1965); V. I. Talanov, /£TP Lett. 2, 138 (1965). 

14 J. H. Marburger and E L. Dawes, Phys. Rev. Lett. 21, 556 (1968); E, L. Dawes and J. H. 
Marburger, Phys. Rev. 179 , 862 (1969). 


332 


Self -Focusing 


15 V. 1. Bespalov and V. I. Talanov, JETP Lett. 3, 307 (1966). 

16 G. McAllister, J. Marburger, and L. De Shazer, Phys. Rev. Lett. 21, 1648 (1968). 

17 D. H. Close, C. R. Giuliano, R. W. Hellwarth, L. D. Hess, F. J. McClung, and W. G. Wagner, 
IEEEJ. Quant. Electron QE-2, 553 (1966). 

18 C. C Wang, Phys. Rev. Lett. 16, 344 (1964). 

19 R. G. Brewer, J. R. Lifsitz, E. Garnure, R. Y. Chiao, and C. H. Townes, Phys. Rev. 166, 326 
(1968). 

20 V. V. Korobkin, A. M. Prokhorov, R. V. Serov, and M. Ya Shchelev, JETP Lett. 11, 94 
(1970). 

21 M. M. T. Loy and Y. R. Shen, Phys. Rev. Lett. 25, 1333 (1970); Appl Phys. Lett. 19, 285 
(1970). 

22 M. M. T. Loy and Y. R_ Shen, IEEE J. Quant. Electron QE-9, 409 (1973). 

23 M. Maier, G. Wendl, and W. Kaiser, Phys. Rev. Lett 24, 352 (1970). 

24 M. Maier, W. Kaiser, and J. A. Glordmaine, Phys. Rev. Lett. 17, 1275 (1966); Phys. Rev. 177, 
580(1969). 

25 Y. R. Shen and Y. J. Shaham, Phys. Rev. 163, 224 (1967). 

26 F. Shimizu, IBM J. Res. Develop. 17. 286 (1973). 

27 E. Garmire, Phys. Lett. 17, 251 (1965). 

28 See Section 16.2. 

29 S. A Akhmanov, A. P. Sukhorukov, and R. V. Khokhlov, Sov. Phys. JETP 24, 198 (1966); 
V. A. Alashkevich, S. A. Akhmanov, A. P. Sukhorukov, and A. M. Khachatryan, JETP Lett. 
13, 36 (1971). 

30 J. A. Fleck and P. L. Kelley, Appl. Phys. Lett. 15, 313 (1969); R. L. Carman and J. A. Fleck, 
Appl. Phys. Leu. 20, 290 (1972). 

31 G. K. L. Wong and Y. R. Shen, Phys. Rev. Leu. 32, 527 (1973). 

32 R. G. Brewer and C. H. Lee, Phys Rev Leu. 21, 267 (1968). 

33 E G. Hanson, Y. R. Shen, and G. K. L. Wong, Appl Phys. 14, 65 (1977). 

34 G. N. Steinberg. Phys. Rev. A 4, 1182 (1971). 

35 E L. Kerr, Phys. Rev. A 4, 1195 (1971); 6, 1162 (1972). 

36 C. R. Giuliano and J H Marburger, Phys. Rev. Lett. 27, 905 (1971) 

37 D Grischkowsky, Phys. Rev. Lett. 24, 866 (1970). 

38 A. V. Nowak and D. O. Ham, Opt. Lett. 6. 185 (1981). 

39 J. E. Bjorkholm and A. Ashfcn, Phys. Rev. Lett. 32, 129 (1974). 

40 A. Ashkin, J. M. Dziedzic, and P. W. Smith, Opt. Leu. 7, 276 (1982). 

41 F W. Dabby and ). R. Whinnery, Appl Phys . Lett , 13, 284 (1968). 

42 J. A. Fleck and C. Layne, Appl Phys. Lett. 22, 467 (1973). 

43 N. Bloembergen and P. Lallemand, Phys. Rev. Lett. 16, 81 (1966); R, G, Brewer, Phys. Rev. 
Lett. 19, 8 (1967). 

44 F. Shimizu, Phys. Rev. Lett. 19, 1097 (1967). 

45 Y. R. Shen and M. M, T. Loy, Phys. Rev. A 3, 2099 (1971). 

46 G. K. L. Wong and Y. R. Shen, Appl. Phys . Lett- 21, 163 (1972). 

47 R. R. Alfano and S. L. Shapiro, Phys. Rev. Lett. 24, 1217 (1970); D. K Sharma and R. W. 
Yip, Opt. Commun. 30, 113 (1979). 

48 W. L. Smith, P. Liu, and N. Bloembergen, Phys. Rev. A 15, 2396 (1977). 

49 A. Penzkofer, A. Laubereau, and W. Kaiser, Phys. Rev. Lett. 31, 863 (1973); A. Penzkofer, A. 
Seilmeier, and W. Kaiser, Opt. Commun. 14, 363 (1975). 


50 C.V. Shank, R. L. Fork, R. Yen, R. H. Stolen, and W. J. Tomlinson, Appl. Phys . Lett. 40, 761 
(1982) 

51 S. D. Durbin, S. M. Arakelian, and Y. R- Shen, Opt . Lett. 6, 411 (1981), 

52 L. A. Ostrovsky, S<*. Phys. JETP 24, 797 (1967); F. DeMartini. C. H. Townes, T K 
Gustafson, and P. L. Kelley. Phys . Rev. 164, 312 (1967); T. K. Gustafson, J. P. Taran. H. A. 
Haus, J. R. Lifstiz, and P. L. Kelley, Phys. Rev. 177, 306 (1969)- 

53 D. Grischkowsky, E. Courtens, and J. A- Armstrong, Phys. Rev. Leu. 31, 422 (1973). 

54 R.C. C. Leite, R. S. Moore, and J. R. Whinnery, Appl. Phys. Lett. 5, 141 (1964). 

55 J R Whinnery, D. T. Miller, and F. Dabby, IEEE J - Quant. Electron. 3, 382 (1967); 
S. A. Akhmanov, D. P. Krindach, A. V. Migulin, A. P, Sukhorukov. and R. V. Khokhlov. 
IEEEJ. Quant. Electron. 4, 568 (1968). 

56 F. W, Dabby, T. K. Gustafson, J, R- Whinnery, Y. Kohanzadeh, and P. L. Kelley, Appl. Phys, 
Lett. 16, 362 (1970). 

57 S. A. Akhmanov, D. P. Krindach, A. P. Sukhorukov, and R. V. Khokhlov, JETP Lett. 6, 38 
(1967). 

58 See, for example, A. C. Albrecht, in A. H. Zewail, ed., Advances in Laser Chemistry 
(Springer- Verlag* Berlin, 1978), p, 235. 

59 R. C C. Leite, S. P. S. Porto, and T. C. Damen, Appl. Phys. Lett. 10, 100 (1967). 


BIBLIOGRAPHY 

Akhmanov, S. A., R. V. Khokhlov, and A. P. Sukhorukov, in F. T. Arredii and E. O. Schulz-Dubois, 
eds., Laser HandBook II (North-Holland Publishing co„ Amsterdam, 1972). 

Shen, Y. R, Prog. Quant. Electron. 4, 1 (1975). 

Marburger, J. H., Prog. Quant. Electron. 4, 35 (1975) 


18 


Multiphoton Spectroscopy 


Among the many laser spectroscopic techniques that have revolutionized the 
optical spectroscopy field, multiphoton spectroscopy is certainly one of the 
most important. It allows one to probe excited states that cannot be reached by 
one-photon transitions. Through multiphoton processes, transitions between 
excited states can also be studied. In previous chapters, two-photon and 
Raman spectroscopies have been discussed. Being special cases of multiphoton 
spectroscopy, they share many of the general features of multiphoton spectros- 
copy. In this chapter, aside from a general discussion of the technique, 
applications of multiphoton spectroscopy are emphasized. 


18.1 GENERAL CONSIDERATIONS 

Multiphoton spectroscopy is based on the fact that with high-intensity lasers 
available, multiphoton transitions can be induced with high probabilities and 
are readily detectable. Let the transition probability for the «-photon transition 
from |g) to |/) in Fig. 18.1 be 

W {n) - • • • «w (18.1) 

where a (,,) is the cross section [we assume, for simplicity, that a*" 5 is scalar] and 
/;(< Oj) the laser intensity at w p . The population excitation into the excited state, 
p f f - pjy, is then governed by the equation 

( + p //) = ~ Pff) ( 18 - 2 ) 

the solution of which is straightforward if is small so that the population 
difference ( p gg - p /f ) on the right-hand side of (18.2) can be approximated by 
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Fig. 18.1 Multiphoton transition from <g| to (/[ (a) A single-step 4-photon process; 
(f>) a 3-step 4-photon process. 


the thermal equilibrium value p° g - pj f . In the steady-state case, 

W( ” T !(*-<&) 


(18.3) 


The excitation can certainly be large if a (B> and • • • /„ are large. 

The expression for the multiphoton excitation cross section o (r) can be 
obtained from the nth-order perturbation calculation. We only describe it 
qualitatively here. It is proportional to \A\ 2 with A containing many terms. 
Each term has, in the numerator, n matrix elements connecting the initial and 
final states through a number of immediate states and, in the denominator, 
(n - 1) appropriate frequency factors. One can easily show that, off resonance, 

| ff 0 . + D /a («)| - (2i7/c)Mx*" +1, /x (2n " l) i 

Then, in the visible range, with |x (2w+1) /X <2,,_1) t ~ 10“ 12 . we find |cr ( " +l) / a(,,) l 
~ 10 -34 . The (n + l>photon excitation is 10“ 6 times smaller than the n-pho- 
ton excitation if a ( " +1> //ftu ~ 10 ~ 6 o (B) . This would require a laser intensity 
I ~ 1 GW/cm 2 . The above estimate shows why high-intensity lasers are often 
needed for multiphoton excitations. The cross section o (B) can be strongly 
enhanced by resonances with intermediate states. Resonant enhancement by 
many orders of magnitude is possible in atoms and molecules. It then greatly 
reduces the laser intensity requirement for multiphoton excitations. 
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Equation (18.2) is actually valid only for an n-photon transition sufficiently 
far away from intermediate resonances. Such a process is often known as a 
single-step n-photon transition (process a in Fig. 18.1). On the other hand, if m 
intermediate resonances occur in the n-photon process (process b in Fig. 18.1), 
then the population excitation into the final state depends also on the popula- 
tions pumped into the intermediate states. It is governed by the set of 
equations 


( it + 7 ^)( p " “ - %). 

(37 + 7 ^)( p ”"” “ A») “ i.„-i - p„J 


(18.4) 


(|)(pn - A) s - P11) - Wfti - P22) 

assuming that the population relaxation for each level can be described by a 
single longitudinal relaxation time T Xi . Here, p ti with f = l,..., m is the 
population in the ith resonant intermediate state, Wty is the n ft -photon 
transition probability from |/> to \j), and n x + n 2 + •' '• • + n m+1 = n. Such 
an n-photon process with m intermediate resonances is often known as an 
(m + l)-step n-photon transition. In general, the stepwise excitation greatly 
increases the population excitation into the final state. This is especially true if 
the relaxation times of the intermediate states are long. The excitation is 
usually a complex function of the input laser intensities. With pulsed lasers, the 
transient response complicates the matter even further. 

For multiphoton spectroscopy, however, the quantitative dependence of 
excitation on laser intensities is often not so important. We are more interested 
in the resonant feature of (p f/ - p^) as a function of the laser frequencies. The 
experimental problem involved is mainly how (p //f - pj f ) can be detected. 

In this chapter we concentrate on atomic and molecular systems. Multipho- 
ton transitions with n > 2 seldom have been studied in solids because the high 
laser intensity needed for multiphoton excitation tends to optically damage the 
medium. On the other hand, it also seems to be true that not much new 
information about the electronic properties of a solid can be expected from 
multiphoton spectroscopy with n > 3. 

An interesting aspect of multiphoton spectroscopy applied to gas systems is 
its ability to yield Doppler-free spectra. This has already been discussed in 
detail in Section 13.4 for the two-pholon case. The discussion there can be 
extended to the multiphoton case in general: a Doppler-free n -photon spec- 
trum can be observed if the wavevectors of the pump waves obey the relation 
kj + * ■ • + k„ ** 0. 
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MuJtiphoton spectroscopy requires one or more high-intensity tunable lasers, 
CW or pulsed, as the excitation sources. Its resolution, assuming Doppler-free, 
is usually limited by the laser linewidths. Detection of muhiphoton excitation 
is most important in multiphoton spectroscopy. Since the excitation is usually 
weak, the detection method must be extremely sensitive. A number of such 
methods have been developed, and they were discussed briefly in Chapter 12. 
Among them, the most commonly used are the fluorescence and ionization 
techniques. 


Multiphoton-Induced Fluorescence Spectroscopy 

The fluorescence yields of atoms and molecules can be very high because, 
without collisions, an excited atom or molecule would only decay to lower- 
energy states by emission of photons. If the fluorescence is in the visible, the 
sensitivity of detection can also be high. A photomultiplier can easily detect a 
few photons per second in the CW case or per pulse in the pulsed case. Assume 
that the fluorescence quantum yield of a gas system is close to 1, Then, with a 
photomultiplier collecting the fluorescence emitted over a tt steradian from a 
local excitation region, roughly 10-20 excited atoms or molecules in that 
region can be detected without much difficulty. The sensitivity is n times better 
if each atom or molecule emits n fluorescent photons during the single-pulse 
excitation or per second in the CW case. This therefore shows that fluorescence 
detection can be a very sensitive technique for probing multi photon excitation 
(Fig. 18.2). 

Aside from its sensitivity, the method can also yield a fluorescence spectrum 
initiating from the multiphoton-pumped excited state. One can again use the 
polarization-labeling technique discussed in Section 13.5 to selectively pump 
the excited state and hence obtain a greatly simplified fluorescence spectrum. 
The properties of various excited states can then be learned by analyzing the 
spectrum in accordance with the transitions between the excited states. The 
detection of ^-photon-induced fluorescence therefore allows us to probe states 
that can be reached only by {n + l)-photon transitions. 

Multiphoton Ionization Spectroscopy 

A more sensitive method to detect multiphoton excitation, when applicable, is 
the ionization method, because the detection of electrons and ions can be 
extremely sensitive. The noise of an ion detector can easily be less than 1 ion 
per minute. Therefore, if all the multiphoton-excited atoms or molecules can be 
ionized before they relax to lower-energy states, and if all the ions can be 
collected by the detector, then the sensitivity of the method is limited only by 
the detector noise, namely, - 1 excited atom or molecule per minute. 
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Fig. 18.2 Schematic describing the flourescence and ionization processes for detection 
of a muitiphoton transition. 


Several techniques are commonly used for ionization of the excited atoms 
(or molecules). One is the photoionization method, where the excited atom is 
ionized by a laser beam with photon energy sufficiently large to pump the atom 
above the ionization level (Fig. 18.2). The pump intensity has to be strong for 
the ionization rate from the excited state to exceed the decay rate. Excitation to 
discrete states instead of continuum above the ionization level can greatly 
enhance the ionization probability. This method is frequently used for ioniza- 
tion of excited molecules. It is most convenient when one of the strong laser 
beams used for mutliphoton excitation can also be used for photoionization. 

The dc field ionization method also is frequently used. It is well known that 
in the presence of an external dc electric field, the potential curve seen by the 
electrons in an atom (or molecule) is distorted; the ionization energy is 
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lowered, and ionization through electron tunneling out of the atom becomes 
possible. For a sufficiently highly excited atom in a sufficiently strong dc field, 
the ionization rate can be much higher than the decay rate of the excited atom. 
The ionization probability can then be close to 1. This method is most useful 
for detecting atoms in high Rydberg states. 

Excited atoms or molecules can also be ionized through collisions. The 
ionization rate depends on the gas pressure, the excited state and its position 
relative to the ionization level, the fraction of excited atoms, and so on. In 
general, for collision ionization to be effective, the gas pressure has to be 
sufficiently high. This method is useful for ionization of atoms in a gas cell. 

Ion detectors can be simple or sophisticated depending on the experimental 
requirement. Electron multipliers and proportional counters are the two well 
known examples. Figure 18.3 shows a very simple, but sensitive arrangement 
for detection of ions in a gas cell. 1 The ionization probe in the cell consists of a 
metal wire negatively biased with respect to the grounded metal cell wall. 
Thermionic emission from the metal wire causes the formation of a space-charge 
region around the wire, and leads to a space-charge-limited current, as in the 
case of space-charge-limited thermionic diode tube. The ions created in the cell 
drift toward the metal wire. In an attempt to neutralize the ions, electrons in 
the space-charge region are attracted toward the ions. They induce a current 
change many orders of magnitude (> 10 5 ) larger than the one expected from 
the ion flow. This large current amplification results in a high sensitivity of ion 
detection. The signal appears as a voltage drop across the load resistance. The 
bias voltage needed in this case is only - 1 V. To avoid the dc Stark effect on 
the atomic or molecular spectrum, the ionization region can be shielded from 
the space-charge region by a grid which makes the ionization region field-free 
but allows the ions to drift into the space-charge region. Because of its 
simplicity, this ion detection scheme has now been widely adopted for multi- 
photon spectroscopy in a gas cell. 



Fig. 183 A simple experimental setup for ruuJtiphoton ionization spectroscopy. [After 
P. Esherick, J. J. Wynne, and J. A. Armstrong, in J. L. Hall and J. L. Carlsten, eds., 
Laser Spectroscopy III (Springer- Verlag, Berlin, 1977), p.170.) 
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183 SPECTROSCOPIC APPLICATIONS 


Multiphoton spectroscopy enables us to study excited states and transitions 
between excited states which cannot be reached by single-photon excitations. 
For example, in alkali atoms, the excited states, (n's), (ntf), ( n'f ), etc., can be 
probed by multiphoton excitations, and so can the excited states (/wX^X 
(ns)(n'd) y (np)(n'd) t etc., of the alkah earth atoms. The results are important 
for further development of the quantum theory of these simple atoms. In the 
case of alkali earth atoms, the experimental data have provided a stringent test 
on the multichannel quantum defect theory. Multiphoton spectra of other 
multielectron atoms are also interesting, although the theory for such atoms is 
less well developed. In the field of molecular spectroscopy, multiphoton 
spectroscopy also forms a new branch. It yields most valuable information 
about the energy level structures of molecules and the properties of molecules 
in the excited states. 

In this section, instead of general discussion on the countless applications of 
multiphoton spectroscopy, we concentrate on applications to the studies of 
Rydberg atoms and autoionization states. These examples can help to illustrate 
the power and usefulness of the multiphoton spectroscopic technique. 

Rydberg Atoms 

Rydberg atoms are defined here as atoms in highly excited Rydberg states. 2 
They have very different characteristics from normal atoms. As shown in Table 
18.1, the excited electron in a Rydberg atom has an orbital radius roughly 
equal to n 2 a§ where n is the principal quantum number and a 0 is the Bohr 
radius. For hydrogen with n - 50, this radius is 2500 a 0 ~ 1000 A, which is 
almost a macroscopic size. The corresponding geometric cross section is 
6 x 10* times larger than the ground-state hydrogen atom. The excited elec- 
tron of the Rydberg atom is then only very weakly bound to the core, and can 
be easily perturbed by external fields. The radiative lifetime of the highly 
excited electron (which is also the lifetime of the particular Rydberg atom), 
however, varies as n 3 . Because of the large excited electron orbits, the transi- 
tion probability between two neighboring Rydberg states of large n is very 
high. Interaction between Rydberg atoms is also expected to be extremely 
strong. 

The extraordinary properties of Rydberg atoms render the studies of 
Rydberg atoms most interesting. From the fundamental physics point of view, 
accurate measurements of energies, lifetimes, ionization probabilities, Stark 
and Zeeman effects, and so on, allow the determination of many atomic 
parameters such as core polarizability, configuration interactions, and fine 
structure splittings. These parameters can be calculated with good approxima- 
tions, and therefore the experimental measurements provide a meaningful test 
of the theories. On the other hand, it is easy to have a Rydberg atom subject to 
an external perturbation which is stronger than its electron binding energy. 
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TaWe 18.1 

Properties of Rydberg Atoms" 


Property 

n dependence 

Na(10d) 

Binding energy 

n“ 2 

0.14 eV 

Energy between adjacent n states 

n 3 

0.023 eV 

Orbital radius 

n 1 

147 a 0 

Geometric cross section 

n A 

68000 a 2 

Dipole moment ( nd\r\nf ) 

n 2 

143 « 0 

Polarizability 

« 7 

0.21 MHz/(u/cm) 2 

Radiative lifetime 

n 3 

l.O^sec 

Fine structure interval 

n ~ 3 

- 92 MHz 


"After Ref. 2. 


This then leads to a new class of interesting problems involving nonperturba- 
tive atom-field interactions that do not exist under normal conditions. 

Single-photon spectroscopy is certainly also applicable to the study of 
Rydberg atoms, but the excited states that can be reached are limited. For 
example, through the ns -> n'p single-photon excitation, only th cp state of the 
n' Rydberg atom can be reached. Multiphoton spectroscopy, however, allows 
other states of the Rydberg atom to be probed. Furthermore, the highly excited 
Rydberg states are very closely spaced. The resolution of these states requires a 
Doppler-free spectrum. In a gas cell, this can be achieved only with multipho- 
ton spectroscopy. 

Alkali atoms have often been the object of research in Rydberg atoms. We 
discuss here a few selective studies on the subject. 

Two-photon Doppler-free spectroscopy has been used to study the highly 
excited Rydberg states for a number of alkali atoms. In Rb, for example, the 
Rydberg states have been probed up to n — 116, using the detection scheme of 
Fig. 18.3 and a 50-mW CW narrowband dye laser as the pump source. 3 The 
detection sensitivity in this case can be further enhanced by the lock-in 
amplification technique. At n~ 100, the spacing between successive Rydberg 
states is only a few tens of megahertz. For lower n, the (/w) and ( nd ) states, 
and also the spin-orbit split states can be resolved. The latter allows the 
determination of the fine structure splittings. 4 For n = 4 to 55, the fine 
structure splittings between and 2 D 5/ ^ of the nd states of Rb have been 
found to obey the relation An~£ + Bn^ f, where A and B are constants and 
is the effective quantum number defined by T n - R being the 

Rydberg constant and T„ the term value for the principal quantum number «. 
The results provide a good test on the various theoretical calculations. Pressure 
shifts and pressure broadenings of Rydberg states can also be investigated. 5 
For low n values, they can be detected readily even in the mTorr range. Strong 
oscillations in the linewidth versus the principal quantum number have been 
observed but not yet explained quantitatively. 
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The Rydberg states of the alkali earth atoms, including those with doubly 
excited electrons, have also been carefully measured. 6 Pulsed dye lasers were 
often used in such studies. The results are most helpful in establishing the 
multichannel defect theory developed by Fano and associates. 7 

The Stark and Zeeman effects of the Rydberg states are large because of the 
large electron orbits. 8 - 9 In a moderate field, the splittings can be larger than the 
spacings between Rydberg states. Level crossing and anticrossing effects should 
be readily observable. The results can be used as a sensitive test of the atomic 
theory involving field-induced state mixing. When the field perturbation be- 
comes comparable to the Coulomb binding energy of the excited electron, the 
perturbation theory breaks down and an exact theory is needed. The measure- 
ments are therefore most valuable for theoretical exploration in this new 
regime. We consider here the diamagnetic effect of Na Rydberg states as an 
example. 9 

The ratio of the diamagnetic energy to the binding energy of a Rydberg 
atom varies as n 6 5 2 , where B is the magnetic field. For it to be close to one for 
an atomic ground state, the field required is ~ 10 9 G. Such a field is clearly not 
achievable in the laboratory. This strong-field regime may exist in neutron stars 
and for hydrogenlike systems in solids, but the problem can never be as simple 
as in Rydberg atoms. Because of the n 6 dependence, a Rydberg atom with 
n ~ 30 only requires a magnetic field of several tens of kilogauss to get into the 
strong field regime. While the nonperturbative theory for such cases is still 
being developed, the experimental measurements are fairly straightforward, 

A representative experimental setup is shown in Fig. 18.4. To avoid Doppler 
broadening and collisional effects, an atomic beam was used with the exciting 
laser radiation crossing it at 90° in the magnetic field region. Two 5-nsec 
pulsed tunable dye lasers were employed to excite the atoms stepwise to a 
Rydberg state. During the excitation, the dc electric field was absent, but a few 
kilovolts per centimeter dc electric field was applied 1 ^sec later to ionize the 
Rydberg atom. The electrons from ionization were then accelerated to 10 kV 
and detected by the detector. The detection scheme could be nearly 100% 



Fig, 18.4 An apparatus for spectroscopic 
studies of Rydberg atoms. The region shown 
is located in the center of a superconducting 
solenoid. The field plates float at -10 kV 
with respect to the detector. The pulsed field 
is applied between the plates. ( After Ref. 9.) 
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Fig. 11L5 Diamagnetic structure of Na. Experimental excitation curves for even-parity 
levels, m, — 1, m 1 - -J, in the vicinity of n - 28. A tunable laser was scanned across 
the energy range displayed. The zero of energy is the ionization limit. Signals generated 
by ionizing the excited atoms appear as horizontal peaks. The horizontal scale is 
quadratic in field. Calculated levels are overlaid in light lines. Some discrepancies are 
present due to nonlinearity of the laser scan. (After Ref. 9.) 


efficient, insensitive to the applied magnetic field, and linear over a wide 
dynamic range. To study the diamagnetic effect, Am l = 0 transitions from 
3P 3/2 to the Rydberg states around « — 28 with m { = 1 were chosen so that the 
magnetic interaction Hamiltonian linear in the field would not contribute. A 
typical set of spectra is shown in Fig. 18.5. The display gives a clear picture of 
the diamagnetic shifts of the various lines. Crossing and anticrossing of levels 
are clearly seen. In this case, a straightforward diagonalization of the Hamilto- 
nian can explain the observed spectra very well, but the procedure used is 
already near its limit of applicability. For higher n or larger field, new 
theoretical approaches will be needed. 

The large electron orbits of high Rydberg states greatly enhance the 
transition probabilities between neighboring Rydberg states. For n > 30, these 
transitions are in the radio to microwave range. The single-photon transitions 
m -* n'p , nd -*■ n’p, etc., can be saturated by an intensity < 10“ 6 W/cro 2 , 
and the double-photon transitions, nr -* n's, nd -* n'd, etc., by < 1CT 2 W/cm 2 . 
Since radio and microwave measurements are intrinsically more accurate than 
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the optical measurements, studies of transitions between Rydberg states allow 
us to deduce more accurately the fine structure splittings, quantum defects, 

polarizabilities, and so on. 10 . . w 

The experimental setup is similar to that shown in Fig. 18.4, except that 
additional radio or microwave field is now applied to the optically excited 
atoms Spectral resolution of microwave transitions can be better than 1 MHz 
if the residue dc electric field in the interaction region can be eliminated. 
Detection of the transitions is facilitated by the fact that the to ionization 
threshold field of the Rydberg state is inversely proportional to n . By applying 
a sawtooth potential (increasing linearly with time) on the plate electrodes, he 
signal should appear as pulses shown in Fig. 18.6. Each pulse, labeled by the 
potential, corresponds to the signal obtained from ionization of atoms » a 
certain Rydberg state; the pulse strength corresponds to the population in*at 
state This dc ionization arrangement acts as a Rydberg spectrometer. Then, 
without microwave excitation of the laser-excited Rydberg atoms only one 
pulse is observed; with resonant microwave excitation, two pulses should 
appear, with their relative strengths indicating the relative populations in the 

two Rydberg states involved in the transition. . . , , 

For lower n values, transitions between Rydberg states are in the “ f jared. 
They can again be detected with high sensitivity usmg the method just 
discussed. As a possible application, the Rydberg atoms can be used as a 
far-infrared detector. 11 With Stark-field tuning, the transition frequency can be 
continuously varied. It has been found that such a detector can have a noise 
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equivalent power of 5 x 10" 15 W/Hz 1 / 2 at 496 fim, comparable to the best 
existing far-infrared detector. It has a bandwidth of - 1 MHz, a large angular 
collection aperture, and a wide tuning range extending possibly up o 

1X11 Atomsln the high Rydberg states can radiate and make downward transi- 
tions The transition probability is higher for larger n and smaller transition 
frequency. Amplified spontaneous emission (or superradiance) and maser (or 
laser) action can occur when the inverted population is above threshold. The 
threshold condition is given by 

N„n' > VlWW 

where N , is the population difference between the n and n' states, y n and y„„> 
are the total emission rate from <n| and the partial emission rate from (n\ to 
respectively, and is a form factor. For a cylinder of Rydberg atoms in 

free space, 

Kn' =* 3 vc 2 /2»*„.a 2 

with a being the diameter of the cylinder. If the cylinder is enclosed by a 
resonant cavity, then should be replaced by with n nn[ now being 

the cavity-filling factor and J^the finesse. For the 25s -> 24p transition of Na, 

for example, we have y n ~ 10 5 /sec, Y ^* n ' ~ lJt!^ 

Then, if a - 1 mm, ~ 1(T 2 , and 200, the threshold popular on 

difference is - 10 5 for amplified spontaneous emission, and N na . ~ iuu 
for maser action. This example shows that with Rydberg atoms, maser action 
can be observed with a very small number of atoms in the cavity; the number 
is closer to 1 for higher n. Maser action in such a small system is a subject of 
great theoretical interest. 12 

Amplified spontaneous emission and maser action in an optically excit 
Rydberg atomic beam have been observed. The experimental arrangement is 
again sLiilar to the one shown in Fig. 18.4. In the maser experiment, a 
microwave cavity is built around the laser-atomic beam interaction region. The 
microwave emission, in the form of an - 1-jrsec pulse, has a pe<Uc power in the 
irpU to 10 ~ 13 W range. Such a small power is of course difficult to detect 
directly. It can, however, be detected indirectly using the Rydberg spectrome- 
ter described earlier. The number of microwave photons emitted is monitored 
by the number of atoms appearing in the lower state after a certain time de ay 
(- 1 ysec) following the laser excitation. Below the masmg threshold, little 
population will end up in this lower state by spontaneous emission after such a 
short time delay. Above the threshold, appreciable increase of population in 
the lower state can result from stimulated emission. Figure 18.7 shows how 
experimentally the maser action from 21S to 26F populates the lower state 
with the microwave cavity tuned on resonance and slightly off resonance, 
respectively. 
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Fig. 18.7 Time-resolved Na ion-signal recordings 
exhibiting maser effect, (a) The cavity is turned on the 
27S -* 26P1/2 transition. ( b ) The cavity is 40 MHz off 
resonance. (After Ref. 12.) 


Autoionization Spectroscopy 

For multielectron atoms and molecules, discrete states coexist with the con- 
tinuum states above the ionization level. They are known as autoionization 
states, 13 and have been the subject of immense interest in atomic and molecu- 
lar spectroscopy. The positions and characteristics of these states, and their 
interactions with the continuum, which can all be deduced from spectroscopic 
measurements, are important for the test of theories. Here again multiphoton 
spectroscopy has the advantage of being able to probe many autoiomzation 
states that cannot be reached by single-photon spectroscopy. 

The experimental setup in either Fig. 18.3 or Fig. 18.4 can be used for 
multiphoton autoionization spectroscopic studies. As an example, the autoiom- 
zation spectra of Sr obtained by three-photon stepwise excitations (5s) -> 
(5 s)(5p) - (5*X™) oi (5 s)(nd) ^ (5 p^\ns) or (5p ]/} *nd) are showi Lf 
Fig 18 8. u Stepwise excitations yield high overall transition probabilities. The 
laser powers required are therefore low, and the background signal due to 
nonresonant photoionization is consequently weak. With the help of dc field 
mixing of states, the method can populate many autoionization states normally 
forbidden by dipole selection rules. From the positions of the spectral lines, 
quantum defects for a number of Rydberg states (5r)(ns) and (5 s){nd) can be 
deduced. The lineshapes result from the interactions between the discrete states 
and the continuum. They also depend on the configuration mixing of the 
states. The linewidths reflect the lifetimes of the autoionization states in 
accordance with the uncertainty principle. It is found, for example, the 
lifetimes of the (5p l/2 )(ns) states vary as (« eff ) 3 , and the lifetimes of the 
(5« X160 increase dramatidly with /. Polarization arrangement of the pump 

beams can help the assignment of the observed lines. Applied dc electric and 
magnetic fields can be used to study the Stark and Zeeman splittings of the 

autoionization stales. 15 

Autoionization spectra of rare earth atoms are particularly interesting. 
Extremely strong, yet narrow (~ 0.05 cnr 1 ), autoionization lines have been 
observed in Gd and Yb. One may wonder if the sharp lines are characteristic 
of the rare earth atoms due to excitation of electrons in the shielded but 
unfilled 4/ shell. Theoretical calculation, however, suggests that they are the 
result of excitation of the valence electrons. It will be interesting to see whether 
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Fig. 18.8 Excitation spectra for the 5p l/2 , nd states (upper curve) and the 5 p l/2 , ns 
states (lower curve) of Sr. In these spectra, the linewidths are artificially broadened 
beyond the autoionization linewidth by instrumental effects. (After Ref. 14.) 


atoms in the actinide group, which has the analogous 5/ shell, exhibit similar 
sharp autoionization lines. 

Autoionization spectra of molecules are, of course, much more complicated 
than those of atoms. Nevertheless, they are interesting from the molecular 
spectroscopic point of view. They are also useful in the sense that excitations to 
these states increase the ionization probability of the molecule. They may also 
be used as steppingstones to reach higher autoionization states. 

We conclude this section by remarking that multiphoton spectroscopy, 
having the freedom to vary the individual input beams separately and having 
an inherently high sensitivity, is an extremely valuable technique. Many 
variations of the technique can be developed, depending on our imagination 
and on the system to be investigated. The growth of the field will probably also 
depend on the advances in the theories of atoms and molecules. 
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Detection of Rare Atoms 
and Molecules 


Understanding of physical and chemical processes at the atomic and molecular 
level often is impeded by the lack of sensitive techniques to detect and probe 
very small numbers of atoms and molecules. This is particularly true when the 
atoms or molecules to be detected appear only as impurity or trace particles in 
a host medium. In Chapter 18 laser-induced fluorescence and photoionization 
as detection methods are seen to be extremely sensitive. They have, in fact, the 
sensitivity of detecting single atoms and molecules, and therefore hold the 
promise of becoming a very important experimental tool. With these methods, 
many interesting problems in physics and chemistry that were hitherto un- 
touchable can now be studied. This chapter describes these methods in some 
detail, emphasizing their detection capabilities. Possible applications in various 
fields are discussed. 


19.1 BASIC THEORY 

The basic idea of laser-selective detection of atoms and molecules is simple. It 
involves two essential steps: laser labeling of the atoms (or molecules) and laser 
detection of the labeled atoms. Every atomic (or molecular) species has a 
characteristic spectrum, acting as its own fingerprint. A monochromatic light 
can selectively excite a particular kind of atom from a specific ground state to a 
specific excited state. Tlie excitation puts a label on this particular set of atoms. 
Following the excitation, if the detection can selectively detect atoms in the 
particular excited state, then it means that we have succeeded in selectively 
detecting those labeled atoms originally in the specific ground state. 

Clearly, to be able to detect a very small number of atoms in a specific 
ground state, the labeling should apply to as many of these selected atoms as 
possible. The means that the light intensity should be sufficiently high to 
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saturate the selected excitation. Then the labeling should also be so selective 
that as few wrong atoms as possible are excited. Both requirements suggest 
that intense monochromatic lasers are needed for the selective excitation. 
Detection, on the other hand, must be very sensitive. It should have the 
sensitivity to detect a large fraction of the atoms in the selected excited state. 
The detection also should be highly selective, since it can then discriminate 
against the wrong atoms that have been excited. In Chapter 18 we saw that 
laser-induced fluorescence and photoionization are extremely sensitive. In 
principle, they have the sensitivity to detect single selected atoms. In practice, 
however, the ultimate sensitivity depends on the background noise arising from 
the presence of wrong atoms and from the noise in the detection system. 

We consider here a simple model illustrating the requirement for detection 
of single atoms and molecules (Fig. 19.1). Let the selective excitation rate of 
the atom from <g| to </| be and the detection rate of the excited atom be 
F. We assume two simple cases. First, the detection removes the atom from the 
excited state and does not put it back into the ground state. Second, all the 
excited atoms after being detected are put back into the ground state. In Fig. 
19.1 we have T as the relaxation rate from (/ 1 to (g\ and 0 as the loss rale of 
the excited atoms through relaxation into traps, metastable states, and so on. 

In the first case, the rate equations for the numbers of atoms, n g and n f , in 
(g\ and </[, and for the number of excited atoms removed by detection, « D , 
are 


“ »/) “( r + P + F ) n /’ 


(19.1) 



and 
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assuming n f = 0 at thermal equilibrium. If and F are step functions turned 
on at t = 0, and the initial conditions are n g = n g0 and n f = 0 at t = 0, then 
the solution of (19.1) is 

", - j~[(» - ITJ«— -(• - w a )e->”l 

(j-yjO-y.) , ... (19 ' 2) 

(^ + r)(6- fl ) n *“ [£ 1 


n D = fFn/(t')t 
Jo 


*?- ff'M+n 

x 2 - 2 fV a + (8 + F + r. 

This result looks complicated. However, we are interested mainly in having a 
maximum detection sensitivity, which, from physical argument, is expected to 
occur when » T and F » 0. Under these conditions and for the usual 
simple case of W a » F, we have x 2 » x x and a » b. The solution reduces to 

= (19.3) 

r^in s0 e-»\ 

and 

w d ~ n g o(l — € bt ) 

with b - $F. If, on the other hand, F » W„, we still have x 2 » x v and 
a » b and the solution becomes 


»/= 


«D = ".oO “ e *') 
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with b = W Then, for square excitation and detection pulses with a pulse- 
width T, and bT » 1, we have n u = n g0 at the end of the pulse. This means 
that all the atoms originally in the specific ground state are detected. It is 
therefore clear that in order to be able to detect nearly all the selected atoms, 
we must satisfy the conditions 

» r, 

FT » 1 if K* » F > ( 19 * 5 ) 

W t J^> liff » w cx . 

A more rigorous theory taking into account the coherent nature of the 
excitation can be found in Ref. 1. 

We frequently are interested in detecting single atoms in the presence oi a 
huge number of wrong atoms. The signal counts from the right atoms must 
then be larger than the background counts from the wrong atoms. If we also 
use (19.1) to describe the excitation of the wrong atoms (denoted by prune in 
the notations), then because of lack of selectivity, W' x « P and F « F- « 
follows that the fraction of wrong atoms appears as the background signal is, 
assuming W^T « 1, 

■d _ (19.6) 


In comparison with n D in (19.3) or (19.4), the ratio of signal to background for 
a system of n, 0 right atoms and n' g0 wrong atoms is given by 


S 

B 


n D / ft' d- r 

«b " \ FW ~ T 



(19.7) 


for bT> 1. If W„T - 1, the ratio can be written as 


s 

fft' + n 

i^\ 

f— ) 

B ~ 

{ F i 

AKif 

V / 


(198) 


Suppose W a corresponds to a single-step resonant excitation, vffle ' W for 
wrong atoms is far from resonance. We have W a / 11. , - KM/Af Xi«/y)l , 
where M and M' are the transition matrix elements in and 1 r„, respec- 
tively, A« is the frequency offset of W' a from resonance, and y is the resonant 
linewidth of W For M - M\ and Au/y - 10 4 , we already have WJW a - 
“d if (ft' + TV? ~ 100, we would find S/B - 10'V*,/-*)- Iu other 
words the discrimination factor of detecting the right atoms against the wrong 
atoms is 10'°. In the case of discrimination against isotopes, however, Aw/y is 
much smaller; to increase the discrimination factor, one should try to make 
03' + D/F as large as possible through a properly arranged detection 
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scheme. The above result suggests that in ordeT to have a large S/B y the 
resonant line width y should be very narrow, the detection scheme should be 
strongly selective, and the laser pulsewidth should be around T ~ l/fV ex , but 
not too long. 

In the second case in which all the excited atoms after being detected return 
to the ground state, (19.1) becomes 

-»/)+( r + r)*,, 

i - *'«(■•, -«/)-(r + /)■/. (i9.9) 


assuming /? = 0 for simplicity. The solution with the initial conditions n g - n g 
and rty=0att = 0is 


_ _ _ rr <* n rr _ 

n 8 n g0 2JV„ + r + F *° 11 




(2W^ + r + F) : 


■ [I „ ^-(21^+r+r)/] 


If » F, T, and W KJ T » 1, then we have 

"D = (19.11) 

which can be much larger than « i0 if FT » 1. Thus the conditions for high 
detection sensitivity stated in (19.5) are still true here. The background 
signal due to excitation and detection of wrong atoms in this case, assuming 
r » W^F' and TT » 1, is 

«D « (fV^/D F'Tn' ga . (19.12) 

Therefore, the discrimination factor for detection of the right atoms against the 
wrong atoms is 


B 2 1 W'j\F)\n' 
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for > r. If r - r and - T, then we have 



which can be > 10 10 (n gQ /n' g0 ) for {W^W^F/F) > 10 10 . The results in 
(19.13) and (19.14) again show that in order to have a large S/B , the resonant 
excitation should be very sharp with a large Aw/y, and the detection scheme 
should be highly selective. The laser intensity should be strong enough to make 
W^T 1 - 1, but not excessively strong so as to reduce T'/ 

Through focusing of the exciting laser beams, spatial distribution of rare 
atoms or molecules in the selected quantum state can be measured by the laser 
detection methods. That pulsed lasers can be used in these methods suggest 
also the possibility of time- resolved measurements. The latter is particularly 
useful for detection of radicals and transient or unstable species. 


19.2 EXPERIMENTAL TECHNIQUES 

From what we have discussed, it is clear that narrowband tunable lasers, CW 
or pulsed, are needed for selective excitation of selected species. Either single^ 
photon or multiphoton excitation can be used. To increase the selectivity of the 
right atoms (or molecules) against the wrong atoms, multistep multi photon 
excitation is preferred because the overall selectivity is determined by the 
product of the resonant features of the successive steps. 2 For example, if 
[WJP/W*®]*, where is the ratio of the rt-step 

excitation rate for the right atoms to that for the wrong atoms, then with 
y - 10*, the discrimination factor for a two-step excitation to detect 
the right atoms against the wrong atoms, as estimated from (19.8) or (19.14), 
can be larger than 10 16 . 

While selective excitation as a labeling process is crucial in discriminating 
the right atoms (or molecules) against the wrong atoms, it is the high sensitivity 
of the detection schemes that make the detection of single atoms possible. 
Among the various methods for detection of excited atoms (or molecules), 
fluorescence and ionization are most attractive. They have already been 
discussed in some detail in Chapter 18. Here we concentrate our discussion of 
these methods on their abilities and possible layout to detect single atoms and 
molecules. 

Laser-Induced Fluorescence 

The three main schemes of laser-induced fluorescence are shown in Fig. 19.2, 
where can be either single-photon or multiphoton excitation. That laser- 
induced fluorescence has the sensitivity to detect single atoms 3 can be seen 
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from the following example. Consider a single atom with velocity v traversing / 
mm distance across a CW exciting laser beam. Assume that the atom after 
excitation will return to the ground state by fluorescence through one of the 
pathways in Fig. 19.2 in an average lifetime r. If the excitation is strong 
enough to saturate the transition t » 1), then immediately after the atom 
returns to the ground state, there is a 50% chance that the atom will be 
reexcited. The number of excitation-fluorescence cycles the atom can experi- 
ence during the atom- laser interaction time i/v is 1/vt . The number of 
photons emitted by the atom is therefore // 2dt. This result is the same as that 
given by (19.11) with n g0 = 1, T = l/v, and F ” 1/r. For alkali atoms, for 
example, r is typically - 10 nsec. With / - 2 mm and v - 10 4 cm/sec, a single 
atom is expected to yield 10 3 fluorescent photons, which should be easily 
detectable if the background noise is sufficiently low. 

A typical experimental arrangement using die scheme of Fig. 19.2u is seen 
in Fig. 19.3. 4 The resonant fluorescence photons emitted by atoms at one focus 
of the ellipsoidal reflector are collected by the photodetector at the other locus. 
The overall photon-counting efficiency of 5.5% has been obtained for the case 
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(a) 




(b) (c) 

Fig. 19.2 Laser-induced fluorescence schemes: (u) resonant fluorescence; (b) and (c) 
fluorescence with frequency different from the exciting laser frequency. 
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Fig. 193 Typical experimental arrangement for single-atom detection by laser- 
induced fluorescence: (a) barium energy levels; ( b ) schematic of apparatus. (After Ref. 

4.) 

of Ba atoms/ with a resonant fluorescent efficiency of ~ 10%. Somewhat more 
than one photon can be detected when a single Ba atom crosses a laser beam of 
1-mm diameter. Limited by noise, a few as 10 atoms/scc are detectable by this 

technique. , 

Background noise due to stray laser light and Rayleigh scattering from 
wrong atoms is often the limiting factor of the detection sensitivity for scheme 
a of Fig. 19.2. The reason is that the background and the signal, having the 
same wavelength, cannot be easily separated by an ordinary detection method. 
One way to reduce the background is to use the coincidence-counting tech- 
nique (Fig. 19.4). 5 The resonant fluorescence signal is monitored by two 
independent photodetectors. Only when both photodetectors register photons 
within a certain time interval (~ 1 nsec) will these photons be counted as the 
signal. This discriminates against the background due to stray light and dark 
current in the photodetectors which are more random in character. The 
coincidence-counting technique can also be applied with the two photodetec- 
tors monitoring atoms in an atomic beam at two positions along the beam. The 
measured time delay of the delayed coincident photon pulses from the two 
detectors readily yields the velocity of the atoms. 6 

Another way to reduce the background is to use scheme b and c in Fig. 19.2. 
The fluorescence which is at a different wavelength from that of the exciting 
laser can be easily detected against the scattered laser tight by the use of a 
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Fig. 19.4 Laser-induced fluorescence of an individual atom detected by the coinci- 
dence-counting technique. [After V, S. Letokhov, Comments Atomic Moiec, Phys. 7, 93 
0977).) 

monochromator or color filter. 7 The ability to detect the right atoms in the 
presence of overwhelming wrong atoms is then greatly enhanced, as seen from 
(19.13) or (19.14) with F » F. It is, however, important in this method that 
the relaxations from (f\ to and (m'\ to (gj in Fig. 19.2 are fast, so that 
they do not appreciably lengthen the overall relaxation time from </| to (g|; 
otherwise, the total number of photons emitted by the atom during the 
excitation will be reduced. The fast relaxations can usually be achieved through 
collisions. The technique is therefore most useful for detecting rare atoms in a 
host gas medium. As few as 10 rare atoms/cm 3 (or 10" 2 atom in 1-mm 3 laser 
probing region) in a gas of atmospheric pressure can be detected. 

An even better way to reduce the background, if applicable, is to use 
two-step two-photon excitation in scheme a of Fig. 19.2. As mentioned earlier, 
two-step resonant excitation greatly enhances selectivity. Then the fluorescent 
frequency is also far away from the exciting laser frequencies, making selective 
detection very easy. The signal- to-background ratio can therefore be extremely 
high. The onlfstaisadvantage is that much higher laser power is needed for 
saturation of excitation ( W > V in Fig. 19.1). 

Photoionization 

The detection efficiency of a fluorescent photon emitted by an atom usually is 
less than 10%. In comparison, the detection of ionization of an atom (or 
molecule) can be - 100%. This makes single-atom (or molecule) detection via 
selective excitation-ionization most attractive, especially when high-intensity 
pulsed lasers are required anyway for the excitation. Some experimental details 
on multiphoton ionization were given in Section 18.2. Detection of either 
electrons or ions can be used to monitor the ionization. 1 While ionization of 
the selectively excited atoms can be achieved by different methods, namely, 
photoionization, dc field ionization, and collisional ionization, we concentrate 
our discussion here on photoionization. 
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Fig. 19.5 Gassification of selective photoionization schemes for sensitive detection of 
the elements. With these five schemes, all of the elements except He, F, Ne, and 
possibly Ar can be detected. (After Ref. 1.) 


In Fig. 19.5, the various schemes for single-atom detection via photoioniza- 
tion are shown. 1 Note that scheme © is different from scheme © or © 
only in the sense that and « 2 are in the uv in the former case. With these 
five schemes in Fig. 19.5 involving only one- or two-step resonant excitation, 
all elements, except ground-state He, F, Ne, and possibly Ar, can be selectively 
detected with currently available laser sources. The possible scheme for the 
detection of each element in the periodic table is given in Fig. 19.6. 

The simple theory described by (19.1) to (19.8) is applicable to the present 
case, with denoting the one- or two-step resonant excitation. For high 
detection sensitivity, the excitation should be saturated, and the photoioniza- 
tion rate should be large so that nearly all the excited atoms are ionized. This 
means that the required tunable laser powers may be very high, especially if 
multiphoton transitions are involved. To increase the photoionization rate, 
excitation to discrete autoionization states is preferred. 

One possible drawback of the photoionization method for single-atom 
detection often is the lack of good selectivity in the ionization process, that is, 
the photoionization step may not be very discriminative against the wrong 
atoms. This limits the signal- to-background ratio. Several schemes can be used 
to improve the selectivity of ionization detection. One is to photoionize 
through selective excitation into an autoionization state of the right atoms. The 
other is to incorporate a mass spectrometer in the ion detection system to 
discriminate the wrong atoms which have been ionized. This scheme is particu- 
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Fig. 19.6 Schemes for single-atom detection of various dements in the periodic table using 
selective excitation followed by photoionization. (After Ref. 1.) 
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larly useful for detection of selected molecules 8 and can also be used to study 
the dissociation of a molecule after photoionization. 9 


19.3 DEMONSTRATIONS OF DETECTION OF RARE ATOMS 
AND MOLECULES 

A few examples of single-atom (or molecule) detection are briefly described 
here. 

Alkali and alkali earth atoms can be detected easily by the laser- induced 
fluorescence technique. Sodium is a representative case. The 3 j( 2 5 1 / 2 )-» 
3p( 2 P 3 / 2 ) transition has an absorption cross section o a ~ 1.6 x 10 cm 2 . 
(With Doppler broadening, however, the average o a is much lower). The 
lifetime of the 3 p state is t = 1/T - 16 nsec. For saturating excitation, 
fV ex r - o a {I/hoi ) t - 1, the laser intensity needed is I ~ 10 mW/cm 2 , which 
can be easily obtained from a CW dye laser. Under such CW excitation, the 
number of photons emitted by a single atom isn D ~^T-~3X 10 7 /sec. In a 
cell with low-density sodium, if the laser probing region is - 10 mm 3 and each 
atom spends only - 10' 4 sec in the region, then the average number of 
photons emitted by each atom is - 3000. With a photon detection efficiency of 
5%, and a background noise of 10 counts/sec in the photodetector, a density 
of - 10 atoms/cm 3 is detectable. This was indeed the sensitivity limit 
Fairbank et al. 3 nearly obtained in their first experiment (see Fig. 19.7). With 
the coincidence-counting technique to reduce the background, and using a 
sodium atomic beam, Balykin et al. 5 obtained a sensitivity of - 10 atoms/sec 
or 10" 4 atoms in the probing region. Detection of low-density sodium atoms in 
the presence of high-density buffer gases has also been demonstrated. Sodium 
has two 3 p levels , 2 Pi n and 2p i /2 > separated by 6 A. It is possible to selectively 
excite the atoms to P L/1> and utilize collisions to transfer the excitation to 
2 /* 3/2 . The fluorescence from 2p i/2 to the ground 3s level is then at a frequency 
different from the exciting laser frequency, and can be detected through a 
monochromator with an excellent discrimination against the stray or Rayleigh 
scattered laser light. Using this scheme, a detection sensitivity of ~ 10 
atoms/cm 3 in an argon buffer gas of - 10 18 atoms/cm? can be achieved with 
CW laser excitation. 7 

The detection of molecules by laser-induced fluorescence is generally less 
sensitive for several reasons. The oscillator strengths of transitions in molecules 
are relatively weak (a fl ~ 10" 18 cm 2 for molecules as compared to 10" 12 cm 2 
for atoms). The laser intensity required for saturation of excitation is therefore 
much higher. Absorption and luminescence via electronic transitions of mole- 
cules are often in the form of broad bands. They make selective excitation and 
detection more difficult and reduce the discrimination factor against the wrong 
molecules. In addition, with a limited detection bandwidth, the measured 
fluorescent efficiency of the molecules is often much less than 1. Experimen- 
tally, 5 x 10 4 molecules per cubic centimeter of BaO in a specific rotational- 




Fig. 19.7 Sodium- vapor density measurements using the laser-induced fluorescence 
technique. The solid line is a thermodynamically derived curve, using A// 0 ° " 25600 
cal/mole. (After Ref. 3.) 
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vibrational level have been detected with a pulsed dye laser, 10 and 5 x 10 6 
molecules /cm 3 of I 2 in a specific rotational- vibrational level have been ob- 
served with a CW laser. 11 The selectivity can be greatly improved by using a 
two-step resonant excitation: the first step is a vibrational transition which can 
be highly selective because of its narrow linewidth, and the second step is a less 
selective electronic transition for inducing fluorescence in the visible. High 
laser intensities are usually required for such a two-step excitation, and hence 
pulsed lasers are needed for this scheme. 12 

Detection of small numbers of atoms by photoionization has been demon- 
strated in many cases. A list of some of them is given in Table 19.1. As an 
example, we consider the detection of He in the long-lived excited state 2 l S. 13 
Scheme (T) in Fig. 19.5 can be used in this case. The laser at 5015 A excites 
the 2\S to 3 l P with an absorption cross section u„~5x 10“ 16 cm 2 . (More 
rigorously, the degeneracy factors of the two levels should be taken into 
account in the calculation, and then emission and absorption cross sections 
between the two levels are generally not the same.) 13 The ionization cross 
section from the 3 l P level with the same laser frequency is o f ~ 1 X 10“ 17 cm 2 . 
Thus W ex = o a (I/hw) ~ 10 3 //sec and F = o r (I/ho>) ~ 20 //sec, where / is 
in watts per square centimeter. If the laser excitation is a pulsed one with a 
peak intensity / - 1 MW/cm 2 and a pulsewidth T ~ 0.5 use c, then we have 
W cx - 10 9 /sec - T - 6 X lOYsec, » F ~ 2 X 10 7 /sec » Y 3 X 
10 v sec, and FT ~ 10. From (19.4), we expect that with such a pulsed laser 
excitation, nearly all He (2'S 1 ) atoms can be detected. This is roughly what was 
actually observed. 13 A single atom appearing in the probing region during the 
laser pulse could be detected. 

Detection of selected molecules by photoionization has also been repeatedly 
demonstrated. 14 We take here NOj as an example. A tunable dye laser in the 
range 4470-4970 A can be used to excite N0 2 from 2 ,4 2 to 1 B V Then a H 2 
vacuum uv laser (- 1600 A) is used to photoionize the molecule from the z B l 
state. Detection of a single molecule in a given rotation- vibrational state is 
possible if the conditions in (19.5) can be satisfied. 9 


19.4 APPLICATIONS 

Applications of rare atom or molecule detection are numerous. An obvious one 
is to study properties of excited- state atoms or molecules, radicals, ions, and 
other rare or transient species. For example, laser techniques can be used to 
probe the number of the excited-state atoms and to measure the photoioniza- 
tion cross sections from this excited state. 13, 15 The latter measurement is 
possible as can be deduced from the laser fluence (IT) dependence of the 
photoionization signal following (19.3) with bt = {o,(lT/hu). Spectroscopy 
of these rare or transient species is an interesting field which has hardly been 
explored because of lack of sensitive tools. With laser techniques, the field is 
expected to bloom rapidly, limited only by the power and tuning range of the 
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available lasers. As an example, the l 3 5 x -* transition of positronium has 
recently been measured by the multiphoton ionization technique with good 
resolution. 16 The result is important as a stringent test on the theory of 
quantum electrodynamics. 

The ability to detect single atoms or molecules in a given state also makes 
the laser techniques most useful for studies of photodissociation and chemical 
reactions. 17 Detection allows direct measurements of the dissociation and 
reaction products before they collide or react with molecules or walls. The 
measurements enable one to learn not only the velocity and angular distribu- 
tions of the products but also the internal energy distribution in the products. 
Again, the limitation of this technique lies in the availability of tunable 
high-power lasers over a wide range. 

The single- a tom detection technique can also find important applications in 
nuclear physics. This technique can be used to monitor fission products 1 * or to 
study the reaction of heavy elements at very low pressures. The sensitivity to 
detect a single atom in a specific volume at a specific time also permits the 
detection of exotic or unstable nuclei, rare isotopes, radioactive nuclei, solar 
neutrinos, and so on. Detection is achieved through monitoring of the daughter 
atoms released by these particles as they are arranged to undergo a nuclear 
reaction. Laser techniques have also been proposed for use in the search for 
quarks. 

Single-atom detection can also be used to explore some basic questions in 
statistical mechanics. 1 One is on the Brownian motion of specific atoms in a 
gas. Is the assumption of randomness in the theory justified? Another is on the 
ergodic hypothesis. As suggested by Einstein, 19 a time-resolved diffusion ex- 
periment, in which the diffusion equation can be checked by both “time 
summation” and “space summation,” can provide a test on the assumption of 
an ergodic system. Finally, the atomic fluctuation phenomena can be directly 
observed. 20 Since the detectable number of atomsN in a specific volume can be 
small, the normalized number fluctuations &N/N can be made quite large and 
can be accurately measured. The change from aGaussian distribution of N to 
a Poisson distribution as the average number N increases (from 1 to 20) has 
been demonstrated experimentally, 20 

Another possible application of single-atom detection is on dating. The 
more conventional techniques for dating are less sensitive, and require a fair 
amount of the material to be dated in the analytical process. The single-atom 
detection technique certainly has the advantage of being able to cut down the 
minimum amount of material needed for dating. 
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Laser Manipulation 
of Particles 


Radiation forces from a laser beam can be very strong because of the beam’s 
coherent and highly directional properties. A focused beam of 10 8 W/cm 2 can 
exert an acceleration of 10 5 g on a l-pm dielectric sphere with a 10% reflectiv- 
ity. It is therefore possible to use laser beams to accelerate, decelerate, steer, 
manipulate, cool, or trap small particles including atoms, molecules, and ions. 
This has opened another fascinating area of laser physics research. Many 
interesting applications in various fields can be anticipated. Studies of single 
particle properties and controlled reaction or interaction between particles are 
the obvious examples. Laser manipulation of particles is actually a subject 
outside the scope of nonlinear optics, but we include it here as a special topic 
of laser physics worth knowing. 


20.1 RADIATION FORCES 


In a dielectric medium, the radiation force per unit volume is given by 1 


f = V (20.1) 

Here, a is the Maxwell stress tensor, and G is the electromagnetic momentum 
density in vacuum. Then 


o = 

G ” 


1 p2 ( ^ \ 




8l7 


B 2 


;i + 


47 r 


(ED + BB), 


( 20 . 2 ) 


where p is the pressure in the medium, p is the density of the medium, and S is 
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the Poynting vector. With the help of the Maxwell equations, substitution of 
(20.2) into (20.1) yields 


f = - Vp - 


8?r 


Ve + V 


(d^E 2 

P ( 3p ) 8 v 




which in a uniform medium reduces to 


(20 - 4) 


The second term in (20.4) is simply the electrostrictive force (see Section 11.1), 
while the third term arises from the change of the electromagnetic momentum 
density. 

We are usually interested only in the time-averaged (f). Then, in the steady 
state, although (dG/dt) - 0 inside a medium, it exerts a finite pressure on the 
boundary surface where reflection and refraction occur. The total force on a 
macroscopic dielectric object immersed in a fluid is given by 




(20.5) 


which from the momentum conservation relation should be equal to the 
surface integral j s (A({d/dt)K) * ds)h, around the object where h s is the 
surface normal, A<( 0/dOK> is the time-averaged electromagnetic momentum 
density transferred to the object per unit time at the boundary surface between 
the two media, with K = eG being the electromagnetic momentum (or pseudo- 
momentum) density in a medium with a dielectric constant e. This can actually 
be shown with the expression of / in (20.4). 2 

Consider a transparent dielectric sphere with e = e H immersed in a fluid 
with e = e L and located off-axis from a laser beam as shown in Fig. 20.1. 3 
Assume that the ray approximation is valid. Then the radiation force per unit 
area on the sphere exerted by the incoming ray along a at the input side is 



[<*'«) <*'/>>] 
\ f~L fit I 


( 20 . 6 ) 


where K', K^, and K^, are the momentum densities of the incoming, reflected, 
and refracted waves, respectively. We can write (K‘) - k t {{K f) + (A^)) 
<A{) - ( K‘ R ) t and hence 

F'- = IJ + % 


«K-,) - <KV»c 


and 


f <K‘2> <K'd) 
d \Fl - Fk 


with 


(20.7) 
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Fig. 20.1 A dielectric sphere situated off the axis A of a TEM^mode beam with a 
pair of symmetric rays a and b . The forces due to a are shown for e H > £/.. The sphere 
is pushed toward +z and -r. {After Ref, 3.) 


Then, F^ is along the inward normal of the sphere, and F^> has a component 
along + z and a component toward the beam axis if t H > e L (as shown in Fig. 
20.1), or away from the beam axis if e„ < e L . The radiation pressure force on 
the sphere due to reflection and refraction of the ray along a at the output 
surface can be similarly calculated. Again, we can write 

F* = FJJ + F£ (20.8) 


with 


n 

n 

(K°> 


«K» ~ 

fii 

l< E) < K o> 1 

l Fh ' Fl I ’ 

((fC°) + <*?»£„, and (Ki) = (K° k ). 


is along the outward normal of the sphere, and F£ has a component along 
+ z and a component toward the beam axis if t H > e L , or away from the beam 
axis if e H < t L . The sum of F' and P is a net force along +z and a net force 
toward the beam axis if e„ > e L . A similar analysis shows that the ray along b } 
which is symmetric to a with respect to the axis of the sphere as shown in Fig. 
20.1, gives the sphere a net force along +z and a net outward force away from 
the beam axis if > e L . Since the wave along a is more intense than that 
along b , the former exerts a stronger force than the latter. Consequently, the 
total radiation force on the sphere, obtained by integrating over the sphere, is 
along +2 and toward the beam axis if e H > t L (away from the beam axis if 
lfi < e t ). This result can be easily understood from the physical picture that 
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the dielectric sphere, aside from being pushed forward by the photon flux, 
should tend to move to a position which minimizes the free energy of_the 
system. Take the case of a latex ball (fi, = 1.58) immersed in water (jt L - 
1 33) as an example. 3 Assume that the ball has a radius r and is sitting on the 
axis of a focused argon laser beam. The total radiation force on the sphere 
along z, obtained by an integration of F over the sphere, is = 

Aa\9\r 7 /wL where 9 is the laser power, w 0 is the e 1 radius of the focused 
beam and q = 0.6. With 9 = lw, and r — w Q / 1/2 — X = 5140 A, the total 
force on the sphere is found to be - 4 X 10“ 5 dyne, and the corresponding 
acceleration of the sphere of density p = 1 g/crn 5 is ~ 10 cm/sec or 10 g. 
This shows that the laser radiation pressure can indeed be used to manipulate 


particles of micron size. 

That the total radiation force on a macroscopic particle can be calculated 
from the momentum conservation relation is generally true. It can also be used 
to calculate the radiation force on absorbing objects. By the same token, the 
conservation of angular momentum can be used to find the torque exerted on a 
particle by a circularly or elliptically polarized laser beam. Rotation ^of a 
particle induced by light is an interesting problem not yet fully explored. 

We now consider radiation forces on atoms or molecules. Let the induced 
dipole on an atom in an electromagnetic field be p. Then the force on the atom 
is simply the Lorentz force on the dipole 


■ VE + if X8. 


(20.9) 


With p = aE, V XE = —(l/c)(dH/dt), and the identity E • VE = \vE 2 — 
E x (V X E), (20.9) becomes 2 


■ = k I ! v£2 


"(EXB). 


( 20 . 10 ) 


One immediately recognizes that (20.10) is nothing but the microscopic coun- 
terpart of (20.4), since in the atomic case p - 0 and e = 1 + 4irpa. 

The first term in (20.10) is equivalent to the electrostrictive force in a 
macroscopic medium. It is called the dipole force when only the real part of a 
(- a' + ia") is considered. 

(20ll) 

The direct proportion of to a' makes f^ most significant and strongly 
dispersive near resonances. With a' > 0 (immediately below a strong reso- 
nance), the force pulls the atom toward regions of higher intensities; with 
a ' < o (above a strong resonance), it pushes the atom toward regions of lower 
intensities. If the atom can be treated as an effective two-level system, the 
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polarizability can be derived from the density matrix formalism (Section 2.1) in 
the nonperturbative limit: 


IOIer|2>l 2 , , 

A(«-u 21 + .T ) (pl1 Pn) 


|(l|erp)P(a - ga) 


a[(« - « 21 ) 2 + r 2 ] 


1 (Pit Pu)' 


( 20 . 12 ) 


In (20.12), the population difference between the two levels |1) and |2) is given 
by 


Pn " P 22 


Aft) 

1 + r g(w)///. 


(20.13) 


where I s = c/i 2 r/87r|{l|er|2)| 2 7' 1 is the saturation intensity, I is the laser 
intensity, Ap 0 is the population difference at thermal equilibrium, and g(«) - 
- « 2 t) 2 + F 2 ] is the unsaturated resonance lineshape. The polarizabil- 
ity can be written in the form 


*oO) 


1 + T g(<o)l/I s 


(20.14) 


with <*6(w) denoting the real part of the polarizability without saturation. 
Then, from (20.11), the dipole force has the time-averaged expression 3 


or 


<fdi P > = 
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(20.15) 


(20.16) 


We notice that in the limit of strong saturation, although a' 0, (f^) 
remains finite and increases with the detuning (« - With w < « 21 and 
hence a' > 0, a TEMqq beam tends to attract the atom radially inward and 
trap it on the beam axis through the dipole force. The trapping energy 
/o°(^dip) ' dr in the radial direction increases with the laser power even in the 
saturation limit. Aside from the dipole force, no other terms in (20.10) 
contribute to the time-averaged (f atom ). 

Radiation force can also arise from momentum change due to absorption 
and emission of photons by an atom. It is sometimes called the scattering 
force. 2 * 3 In absorbing one photon, the atom receives a linear momentum Ak. In 
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the ensuing spontaneous emission process, the photon is emitted with equal 
probabilities in all directions. Therefore, on average, no momentum change 
results from the spontaneous emission. If the atom can be treated as a 
two-level system, the scattering force is given by the number of photons 
absorbed per unit time multiplied by fik: 


a \ = 

hit 




(20.17) 


which reduces to 


-hk 


scan) ' 


(20.18) 


in the limit of strong saturation, as one would expect from physical argument. 
The scattering force is in the direction of beam propagation and appears to 
push the atom along the beam. 

On molecules, the scattering force is much smaller because of the much 
weaker resonant transitions due to spread of oscillator strengths among many 
vibration-rotational lines and the longer lifetime T v The dipole force, however, 
can still be significant as it does not depend so critically on resonant enhance- 
ment. 


20.2 OPTICAL LEVITATION OF MACROSCOPIC PARTICLES 

We now consider how the radiation force of a laser beam can be used to 
manipulate a macroscopic particle. The example given in the previous section 
shows that a 10-mW CW visible laser beam can yield an acceleration of 1 g on 
a 5 10-jim latex or glass ball. With a vertically directed laser beam, it is then 
possible to levitate such a macroscopic particle in air or liquid against the 
gravitational force. 6 A typical experimental setup is seen in Fig. 20.2. As 
actually demonstrated by Ashkin and Dziedzic, 4 * 6 the particle can indeed be 
levitated to a height where the radiation pressure force from the focused laser 
beam just balances the gravitational force. The particle remains on the beam 
axis, but because of the beam fluctuations, the vertical position of the particle 
may fluctuate. This can be eliminated using the feedback scheme sketched in 
Fig. 20.2. There, the vertical position of the particle is monitored by a height 
sensor via the scattered radiation from the sphere. Deviation from a preset 
height generates an error signal to increase or decrease the laser intensity so as 
to bring the particle to the correct position. 
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Basic levitation apparatus Feedback apparatus 

Fig. 20.2 Apparatus for levitating a dielectric sphere with a feedback stabilization 
scheme. PZT denotes piezoelectric transducer, and EOM, electroopdcal modulator. 
[After A. Ashkin, Science 210 (1980).] 


Since stable levitation of particles is possible, a number of interesting 
experiments can be imagined. First, the spectroscopy of a single levitated 
particle can be studied. For example, the surface wave resonances of a 
spherical particle, 7 which arise when the surface waves run around the sphere 
and close head-to-tail on themselves, can now be detected either from the 
fluorescence spectrum or from the variation of the levitation spectrum^ (laser 
power required for levitation versus laser frequency). These surface resonances 
can be very sharp ( < 0.25 A), with their resonant frequencies depending 
critically on the size of the sphere. They can be employed for size measurement 
with an accuracy two to three orders of magnitude better than other methods. 
The accuracy for relative size measurements can be as good as 1 part in 10 6 
and can therefore be used to study minute changes of the sphere caused by, for 
example, evaporation, condensation, or external perturbation. The levitation 
method can also be used to accurately sort out spherical particles of different 
sizes. The optical properties of nonspherical particles are also interesting, and 
can be most conveniently studied by the levitation method. 

Levitation of particles can also be used to study interaction between two 
macroscopic particles, or interaction between a particle and a surface. 9 This 
can be done by levitating the particles to prescribed positions and observing 
the force change. Study of melting and crystallization is another possible 
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interesting problem. In the more practical applications, optical levitation can 
be used to support the small targets in laser-fusion experiments and to map out 
the gas flow pattern around a particle in various chambers. 

The radiation forces can also be used to steer, accelerate, and manipulate a 
macroscopic particle. This then allows the studies of dynamic properties of 
particles in a medium, collisions between particles, fusion of particles, and so 

In a fluid with many suspended dielectric spheres of higher refractive 
indices, the radiation forces of a laser beam can increase the density of 
particles in the region of higher intensities. Consequently, the refractive index 
of the medium becomes higher in the region of high intensities. This is a 
nonlinear optical effect since the refractive index now depends on the laser 
intensity. Degenerate four-wave mixing and self- focusing 10 have actually been 
observed in such a medium. 


203 LASER STEERING OF ATOMIC BEAMS 

Radiation forces can be used to manipulate atoms. Because the forces have 
.strong resonant enhancement, they are very selective in exerting forces on 
different atomic species. The scattering force following (20.17) or (20.18) can 
be very strong. In the saturation limit, which requires only - 10 mW/cm 2 for 
the j -» p transition in alkali atoms, an acceleration of a - \h]L/MT x is 
obtained, where M is the mass of the atom. For a sodium atom with T x - 
16 nsec, a saturating laser beam resonant with the 3s -► 3 p transition yields an 
acceleration of - 10 8 cm/sec 2 . This means that an atom with an initial 
velocity v 0 ~ 10 5 cm/sec can be stopped by a head-on laser beam in 1 msec 
over a distance of 50 cm, or can be deflected by 5 mrad by a perpendicular 
beam over a 1-cm interaction length. The dipole force following (20.15) or 
(20.16) can also be appreciable. In the saturation limit, a Gaussian beam, 
having / = / 0 exp(- Zr 2 /w 2 ) with w = 100 jxm and io - w 21 - - 2 GHz, yields 
a transverse force (f* p ) ~ 5 x 10“ 15 dyne on the atom at r - (The 
equivalent acceleration on a sodium atom is a ~ 6 x 10 cm/sec .) The 
radially inward transverse dipole force forms an effective negative potential 
well around the beam with a minimum on the beam axis. In the above 
example, atoms with transverse velocities less than - 10 3 cm/sec can be 
expected to get trapped in a 1-W laser beam. 

We now describe a few experiments on laser manipulation of atomic beams. 
Observation of atomic beam deflection by a resonantly exciting laser beam 
crossing at 90° provides direct evidence of the existence of the scattering 
force. 11 The observed transverse deflection of a well-colliminated atomic beam 
agrees with the value predicted. Because it is directly proportional to resonant 
absorption in the unsaturated limit [see (20.17)], the process has been suggested 
as a high-resolution atomic spectroscopy method , 12 It can also be used for 
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isotope separation based on the finite isotope shift in the resonant frequencies 
of different isotopes. 13 

As another demonstration of the scattering force, a resonant laser beam has 
been used to decelerate atoms in a counterprop agating atomic beam. In the 
experiment, when the atoms are slowed down, their transition frequency can be 
Doppler-shifted out of resonance with the laser frequency. To decelerate the 
atoms appreciably, either the laser frequency should be continuously tuned to 
resonance with the decelerated atoms 14 or the Doppler-shifted atomic transi- 
tions should be continuously tuned by an external field to be always in 
resonance with the fixed laser frequency. 15 Indeed, with a properly adjusted 
axially varying magnetic field to Zeeman-tune the 3 S 1/2 (F — 2, — 2) 

3 p ( f = 3, m f = 3) transition of Na, deceleration of sodium atoms to 4% of 
the initial thermal velocity by a 50-mW CW laser beam with a 10-MHz 
line width has been observed. The temperature characterizing the relative 
motion of the atoms was reduced to 70 mK. 

The existence of the dipole force has been demonstrated by the observation 
that a Gaussian laser beam can be used to transversely confine and focus an 
atomic beam. 16 The experimental arrangement is shown in Fig. 20.3. When the 
dye laser is tuned below the atomic resonance, the inward transverse dipole 
force decreases the outward transverse velocity component of the atoms, and 
leads to the focusing of the atomic beam. This is seen in Fig. 20.4<i for the case 
of a sodium atomic beam. If the laser is tuned above resonance, then the 
transverse dipole force is radially outward, and the atomic beam becomes 
defocused, as in Fig. 20.46. The confining and focusing capability of the dipole 
force makes optical steering of atomic beams possible, as this can be achieved 
by simple moving the guiding laser beam at a slow enough rate. The process 
can also be used for isotope separation or for cleaning up dirty atomic beams 
by confining only the desired species of atoms. 

Atomic beam deflection by a transient dipole force has also been observed, 
and has been considered as a method for isotope separation. The transient 
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Fig. 203 Apparatus for observing focusing and defocusing of an atomic beam by the 
dipole force of a nearly resonant laser beam. [After A. Ashkin, Science 210 (1980).) 
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Detector position 


Fig. 20.4 (a) Focusing of an atomic beam by light tuned below resonance. (6) 
Defocusing of an atomic beam by light tuned above resonance. The detector was 
displaced along a line passing through the center 0. [After A. Ashkin, Science 210 
(1980).] 

behavior of the radiation forces on an atom is itself a subject of theoretical 
interest. 18 


20.4 OPTICAL COOLING AND TRAPPING OF ATOMS AND 
IONS 

Laser deceleration of atoms is a form of optical cooling for atoms in an atomic 
beam. The absorption of a photon at w = cj 2 i - kv by a counterpropagating 
atom changes the atomic velocity from v to v - Ac with Ay = hk/M. Here 
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only the first-order Doppler shift is taken into account. Subsequently, in the 
reverse transition, a photon is emitted at w' = w 2 i + k' ■ (v - Av) with k' being 
the wavevector This emitted photon frequency is always higher than the 
absorbed photon frequency. Therefore, the atom is cooled by losing its kinetic 
energy to the radiation field. This absorption-emission process has also been 
suggested for cooling of atoms in a cell. 19 By tuning the laser to the low- 
frequency side of the Doppler-broadened absorption line, atoms that absorb 
the laser photons have a velocity component antiparallel to the laser beam. 
These atoms lose their kinetic energies in reradiation. If, through atomic 
collisions, thermal equilibrium exists in the atomic gas, then the equilibrium 
temperature is lowered as the total energy of the atoms decreases continuously 
through absorption and reradiation. 

While the scattering force can be used to cool atoms, the dipole force can be 
used to trap atoms. 20 We saw in Section 20.3 how the atoms with a transverse 
velocity y ± < y X DUUl can be trapped in the axial region of a Gaussian beam by 
the transverse negative potential of the dipole force. This can, of course, be 
extended to the three-dimensional case. If the Gaussian beam is strongly 
focused, then the intensity variation along the beam axis can be appreciable 
(see Fig. 20.5). The corresponding axial dipole force is directed toward the 
focus and forms a negative potential well around the focus in the axial 
direction. This together with the transverse negative potential well sets up a 
three-dimensional local trap for atoms around the focus. The maximum kinetic 
energy of the atoms that can be confined in the trap is defined by the depth of 
the potential well. Other laser beams geometries, using possibly more than one 
laser beam, can also be used to form optical traps. The basic idea is always to 
find an optical field configuration with a stable equilibrium point such that an 
atom displaced from this point should experience a restoring force. 

Atoms with finite velocities trapped in a potential well will, of course, 
oscillate back and forth in the well if there is no damping on their motion. 
They can, however, be optically cooled by the scattering force that damps the 
motion. For effective cooling and trapping, the scattering force should be 
provided by a laser beam tuned below but close to an absorption peak, while 
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the dipole force for trapping is from a separate focused laser beam tuned 
below but farther away from the resonance (Fig. 20.5)- According to the 
calculations, the trapped atoms can be cooled down to 10 K by this means. 
The limit here is set by the quantum fluctuations of both the scattering an e 

dipole forces. 22 , , . . 

Fluctuations of the scattering force are anticipated because absorption and 
emission of photons are random processes. Thus, for example, with N photons 
both absorbed and emitted by an atom, the momentum of the atom should 
fluctuate with a root mean square value [( Mo?] 1/7 = hk, and the corre- 
sponding average kinetic energy is N(hkf/M . Fluctuations of the dipole force 
are more complicated and difficult to understand. Reference 22 Provides a 
detailed discussion of the subject. Force fluctuations have been ound to be the 
limiting mechanism on the focal spot size of the optically ocused atomic 
beam. 23 Because of force fluctuations, even atoms with zero velocity sitting at 
the equilibrium point of the trap are expected to be heated up with ever 
. increasing energy until they eventually escape from the trap. Jo keep the atoms 
in the trap at a low temperature, optical cooling must be used. The equilibrium 
temperature of the trapped atoms is determined by the balance between 

heating by fluctuations and optical cooling. 

Optical trapping of neutral atoms in a local region has not yet been 
observed, although no insurmountable experimental difficulties are anticipated. 
If atoms can be trapped, optical cooling of the trapped atoms should be 
straightforward. Indeed, optical cooling of trapped ions has already been 
observed. 24 As charged particles, the ions can be initially trapped by an rf 
quadrupole field. Cooling of the trapped ions is then achieved with a tunable 
laser beam. By using optical cooling and trapping, many previously unthink- 
able experiments are no longer impossible. If atoms or ions are at rest at a 
local point, one can make observations on single atoms or ions over 
periods of time. Then high-resolution spectroscopy of atoms or ions with the 
Doppler effects completely eliminated could become a reality. Toschek and 
co-workers 25 have been able to detect and photograph single ions in an rf 
quadrupole trap from their resonant fluorescence emission Various fundamen- 
tal properties of single atoms or ions can then be studied. With the possibility 
of using lasers to manipulate atoms or ions in a trap, studies of forces between 
atoms, between atoms and molecules, or between atoms and surfaces, and their 
influences on radiation lifetimes, formation of molecules, chemical reactions, 
and so on, can also be conceived. These applications, if possible, will certainly 
revolutionize the field of atomic physics. 
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Transient Coherent 
Optical Effects 


Pulse propagation in a resonant medium can yield many interesting phenom- 
ena. Most of them originate from the transient response of the medium to the 
coherent pulsed excitations. Transient coherent effects are among the most 
fascinating subjects of resonant wave interaction with matter. They were 
studied extensively in magnetic resonance before the laser era. With the advent 
of lasers, extension of these studies to the optical region becomes possible. The 
necessity of including the wave propagation effects makes transient coherent 
optical phenomena more interesting and colorful than their counterparts in 
magnetic resonance. Aside from general theoretical interest, transient coherent 
effects have also found useful applications in material studies. 


21,1 BLOCH EQUATION FOR A TWO-LEVEL SYSTEM 

We consider in this chapter mainly transient coherent effects in an effective 
two-level system, which is often a good approximation for a real system under 
a quasi-monochromatic resonant excitation. Then, as one may expect, a close 
analog should exist between the excitation of an optical resonance and that of 
a magnetic resonance. Indeed, Feynman et al. 1 have shown explicitly that any 
two-level system is equivalent to a spin-} system as far as the resonant 
excitation is concerned. The proof is fairly simple: One shows that the dynamic 
response of a two-level system to a resonant excitation obeys a Bloch-type 
equation of motion 2 as that of a magnetic spin- } system does. 

Let us consider the two-level system seen in Fig. 21.1. The two levels are 
eigenstates of the unperturbed Hamiltonian 

JT 0 1 + > = + > and *#ol " > = ~ " >' ^ 21 '^ 
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Fig. 21.1 A two-level system under a near- resonant 
<-1 excitation. 

The nonvanishing dipole matrix elements are assumed to be 

t = < + Ia + |-> = <-IM-I+> “d < 2L2 > 

so that only the circularly polarized fields can induce transitions between the 
two levels. The interaction Hamiltonian of the system in the presence of a field 
E = xE x {t) + yE y (t) is 

^Int = —{V-xE* + PyEy) (21.3) 

- -(/*+£_+ /*-£+) 

where E = (E x ± iE )/ & arc the left and right circularly polarized fields. 

The dynamic response of the two-level system to the applied field is now 
governed by the Liouville equation for the density matrix (see Section 2.1): 

which can be written explicitly as 

= ftca 0 p+- + y£’_(p ++ - p__) ~yP+-> 
ol 

~ ~ hu o f-*~ t £ +(p*+ _ p--) _ j^P-f 

P++) = y( £ -P~v _ £ +P+-) 

-£[(p_--p t+ > -(*--*♦)]• 



(21.5) 
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The expectation values of the electric dipole components are then given by 

OQ-KO 
^ x> ft 

y(p_ + + p + _) 

ft 

and (21 ■ 

i ft 

= y(p-+- P.-) 

-V2 ' 

If we now define a pseudo-dipole as 


0 *> =*</0 + XP ,> + X /0 


OO = r(p ++ ” p— ) 


and an effective electric field as 


E«„ = *£,+*£, + *(£ r ),i 


with a dc component 


( £ ,)«« = -tiwo/y. 


then from (21.5) we find 


|<iO - - £[ W -<^uo,>] - 

J t (Py) = - 

3 , , y r .. , , ^ , .1 (Pj) “ (P:> 

*<^> = - £ ,oo] f t — • 


In the vectorial form, (21.9) becomes 

•£<» - - |E.«r X <!*> - + XM,» - ^*(<P=> - <P°>)- 

(21.10) 
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This equation is identical to the Bloch equation in magnetic resonance if we 
take ft to be the magnetic dipole and replace E eff by the magnetic field H. We 
have therefore proved the statement that any two-level system can be treated 
as a pseudo- spin- ^ system. 

Equation (21.10) actually resembles the classical equation of motion for a 
precessing dipole p driven by the torque — (y//l)^eff * l 4 * Neglecting the 
relaxation terms for simplicity, we can write (21.10) as 

|<n> - a X (!»> (21.11) 

where 8 = -(y/h)E ctI is the precessing angular frequency. Without an ap- 
plied field, E eff = z(E 2 ) tt t = -rt<*o/r> if thc di P° le is dlted awa y 

from z, it will precess around z with the angular frequency 8 = w 0 z. With a 
time-dependent applied field E(0> 8 becomes time-dependent. We consider 
here the special case of a near-resonant excitation by a circularly polarized 
quasi- monochromatic field E = [(* + iy)/ ^]S{t)e ikl <wr + complex con- 
jugate with u ~ w 0 . As a resonant driving field, E rotates nearly in synchroni- 
zation with the dipole precession around z. The physical picture is more 
transparent in a coordinate frame rotating with w around z. In the rotating 
frame, 3 (21.11) becomes 


!<,**> -(a R -«2)x<| i *> 

= 8* x <p*> 


( 21 . 12 ) 


where 8 R = — (r/^X(^) e ff2 + 2**1 is related to 8 by the rotational trans- 
formation, and x' is along E. (Here, 2S instead of & appears in 8 R because 
according to our definition of «?, the field amplitude of a sinusoidal wave is 
given by IS.) Thus we have 


= (21.13) 

Then if we neglect the slow amplitude variation of S, the dipole sees effectively 
a stationary field 

E5,= -(f)("o-«)^ + 2«'- ( 2114 > 


The dynamic response of the dipole, following (21.12), can therefore be 
described by its precession around E* H in the rotating frame. 

Equation (21.11) or (21.12) governs the response of the medium to the field. 
To find how the medium in turn affects the field, we must solve the wave 
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equation with the time-varying dipoles as the driving source: 


•SSI-?***- 


Here, (p) «* +Kf*A and we have assumed a cubic or isotropic 
medium having N dipoles per unit volume; the local field correction is 
neglected. In fact, the complete solution of the problem should be found by 
solving the coupled equations (21.11) and (21.15) together. A number of 
interesting transient phenomena arise from such solutions, depending on the 
resonant excitation pulses and the characteristics of the medium. We discuss 
some of them in the following sections. The emphasis is on physical under- 
standing; hence no rigorous mathematical derivations are attempted. They can 
be found together with other details in many books and review articles on the 
subject (see Bibliography). 


21.2 TRANSIENT NUTATION AND FREE INDUCTION DECAY 

Consider first the case where the initial population of the two-level system is all 
in the ground state, so that the pseudo-dipole <p> = z(p z ) of (21.7) is 
pointing along -2, as in Fig. 21.2. At t = 0 + , a near-resonant circularly 
polarized field is switched on. Then, (p*> in the rotating frame sees a 



Transmission 



(b) 


Fig. 21.2 (a) Precession of a pseudo-dipole p* in the rotating frame, in which the 
applied field # is stationary, (fc) Transient nutation signal induced by the switch-on of 
a resonant excitation. 
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stationary effective field E* ff given by (21.14), and begins the counterclockwise 
precession around E* ff with a frequency. 


= [( U - Uo ) j +(|2#) 2 ] 1/2 , 


(21.16) 


which is generally known as the Rabi frequency. 4 The precession leads to a 
sinusoidal oscillation in the amplitudes of (ft*.) and (ja*) = (j^). The latter 
corresponds physically to an oscillation in the population difference between 
the two levels. Since the absorption coefficient of the medium is directly 
proportional to the population difference, the transmission of the exciting light 
should experience a sinusoidal intensity modulation at the Rabi frequency. The 
precession of (ji*) around E^ will eventually be damped out as <|A*) relaxes 
toward its final steady-state value (p*)*, with 


and 


<>’>» 


<#*?>«, 


(y/h)2g(^ - u)T{ 

D 

(t/») 2 fTi 
D 

[l + («„ - «) J r 2 2 l 

D 


(21.17) 


Z> = 1 + (u 0 - w) 2 T 2 2 + (y/h) 1 4gT 1 T 2 

obtained from (21.9). This happens with a time constant r - T 2 if £ is 
sufficiently small; more generally, r depends on T lt T 2 , jw 0 - «|, and £. 5 
Therefore, following the switch-on of the excitation, the transmission of the 
exciting light should approach the steady-state value through a damped 
modulation period as shown in Fig. 21.2. This phenomenon is known as 
transient nutation. 5 Alternatively, the modulation can be explained by the 
amplitude-modulated precession of ( fi *-) around z in the lab frame. The 
radiation from these processing dipoles superimposed on the incoming light 
gives rise to the modulation of the transmitted light. 

To observe transient nutation with a few cycles of oscillations before it 
decays away, we must have Si* > 1/t, or {y/h)2£> 1/t if w = w 0 . For the 
s -* p transitions of alkali atoms, for example, {y/h) ~ 5 X 10 9 esu, and 
r - T 2 - 10 _ 8 sec, we find £> 0.01 esu, corresponding to a laser intensity 
1 > 0.03 W /cm 2 . For the vibrational transitions of molecules, one may have 
(y/h) ~ 5 X 10 5 esu, and t ~ 10 -< sec; the observation of transient nutation 
then requires £ > 1 esu or / > 250 W /cm 2 . From the theoretical fit of the 
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observed damped oscillation one can deduce y, and hence the oscillator 
strength of the transition, and the dephasing time T 2 . 

Optical transient nutation was first predicted and observed by Tang and 
co- workers as an analog to the magnetic resonance case. 6 Pulsed lasers with a 
sufficiently sharp leading edge were needed for the experiments. Brewer and 
Shoemaker 7 have, however, introduced a pulsed Stark-shift technique that 
allows the observations of a variety of transient effects, including* transient 
nutation, with the use of a CW laser. The basic setup is sketched in Fig. 21. 3. 
The sample is in a Stark cell. An applied dc electric field on the sample can 
Stark-shift the atoms or molecules in or out of resonance with the CW exciting 
laser beam. This is then equivalent to switching on or off of the resonant 
exciting field. Figure 21.4 shows an example of transient nutation observed by 
this technique. 7 In this case, the CW laser has a linewidth much narrower than 
the Doppler width (or inhomogeneous linewidth) of the transition. It is initially 
in resonance with a group of molecules within the Doppler profile. The sudden 
application of the electric field shifts the resonance to a different group of 
molecules, assuming that the Stark shift is comparable to the Doppler width. 
This new group of molecules now begins to adsorb and gives rise to the 
observed transient nutation following the switch-on of the field. Then, if the 
applied dc electric field is suddenly turned off, the resonant excitation is shifted 
back to the original group of molecules. These molecules begin to absorb 
again, and yield another transient nutation signal as seen in Fig. 21.4. Of 



Fig. 213 Schematic of the Stark switching apparatus that is used for observing optical 
transients. [After R. G. Brewer, Physics Today 30, 50 (1977).] 
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Fig. 21.4 The optical nutation effect in methyl fluoride C l3 H 3 F, irradiated by a 
carbon-dioxide laser at 9.7 ji. (After Ref. 7.) 

course, the same experiments can also be performed by shifting the laser 
frequency instead of the material resonance. 

We now consider the case where a resonant exciting laser beam initially in 
equilibrium with the two-level system is suddenly switched off. The stored 
energy in the two-level system is expected to radiate out. As shown in Fig. 21.5:, 
the dipole <p) initially described by (21.17) sees an effective field E crr = (E : ) tii z 
after the laser beam is turned off. It begins to precess around z in the lab frame 
and radiates. A collection of such dipoles radiates coherently until they get out 
of phase with one another. Dephasing occurs because atoms or molecules 
under the inhomogeneously broadened profile have different resonant frequen- 
cies w 0 , and hence the corresponding dipoles have different precessing frequen- 
cies. As a result, the coherent reradiation from the sample should decay away 
with a time constant iy equal to the dephasing time. This decaying coherent 
reradiation is known as optical free induction decay, 7 which also has an analog 
in magnetic resonance. 8 If the laser linewidth is much less than 1 /T 2 , then 
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Laser Excitation 



(b) (c) 

Fig. 21.5 Schematic drawings describing free-ind action decay, (a) Laser excitation 
switched off at f 0 ; ( b ) pseudo-dipole (i precessing around l after t 0 ] (c) free-induction 
decay signal for t > t Q . 


V 1 - T{ 1 + r, with T p = [1 + {'i/h)H# 1 T l T 1 \ x/:i /T 1 being the power- 
broadened width of the excitation. If the laser linewidth is much larger than 
the Doppler width Aw D s 1 /T 2 *. then r F = r 2 *. f 

To observe the optical free induction decay, it is most convenient to use the 
heterodyne technique by beating the coherent reradiation with an incoming 
beam of slightly different frequency and detecting the beat signal. The Stark- 
shift technique of Brewer and Shoemaker is ideal for such experiments. 7 When 
a group of molecules initially on resonance with the incoming CW laser is 
suddenly shifted off resonance by an amount 8u y the subsequent free induction 
decay radiation from these molecules can mix with the laser radiation and 
yield a damped beat signal at the beat frequency 5 to, as seen in Fig. 21 .6. 9 
From the decay of the beat signal, the dephasing time of the transition can be 
deduced. A homogeneous linewidth (1/T 2 ) as low as - 1 kHz has been 
measured. 10 Therefore, free induction decay can be used as a spectroscopy 
method of very high resolution. If the shift 5 to is smaller than the inhomoge- 
neous linewidth, and (y/h) 1€> 1/T 2 , the frequency switching should also 
induce simultaneously the transient nutation process described earlier. The free 
induction signal then appears to be superimposed on the nutation signal. Since 
t f s h/(y 2<f) = l/ft*(to = co 0 ) « l/r 2 , the free induction decay is essen- 
tially limited to the first half period of the transient nutation. 


tR. G. DeVoe and R. G. Brewer in Phys . Ret?. Lett . 50, 1269 (1983), have shown that in the 
high-power limit, ^yV 2 /* 2 )^^ :» 1, the dephasing time should be t, - (l/T 2 + 2yd/A) - \ 
and in the low-power limit, r F — T-J 2, as suggested by A. G. Redfield in Phys. Rei>. 98, 1787 
(1955). 
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Fig. 21.6 Optical frce-induetion decay in LaF 3 : Pr 3 + (0.1%) at L6 K, as observed by 
the Stark -shift heterodyne technique. The residuals lead to an uncertainty of less than 
1% in the measured dephasing time of 5,1 jisec. (After Ref. 9.) 


More generally, if there exist several closely spaced transitions which can be 
simultaneously excited by the laser beam, then the free induction decay is the 
superposition of the induction decay signals from all these excited transitions. 
Fourier transform of the free induction decay signal should yield the spectrum 
of these transitions. This is similar to quantum beat spectroscopy (Section 13.2) 
except that the output in the latter case is the nondirectional fluorescent 
emission. 


21.3 PHOTON ECHOES 

Atoms or molecules in different environments have different resonant frequen- 
cies, leading to the inhomogeneous broadening of a spectral line. In the 
pseudo-dipole picture, this means that the dipoles should precess with different 
frequencies. If initially, through coherent excitation, the processing dipoles are 
arranged in phase, they should then emit coherently as in the free induction 
decay case. However, because of their different processing frequencies, the 
dipoles soon run out of phase with one another in a time ~ T 2 * = 1/Aw^, 
where is the inhomogeneous broadening width. As a result, the coherent 
emission would die away. Yet if by some means the dephased dipoles could be 
rephased, then coherent emission would reappear. That dipole rephasing is 
indeed possible was first discovered in magnetic resonance by Hahn in a 
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phenomenon known as spin echoes 11 and is a demonstration of the reversibility 
of some type of statistical dynamic processes. The optical analog of spin 
echoes, known as photon echoes, was later predicted and observed by 
Hartmann et al. 12 

Consider a collection of two-level systems with a distribution of resonant 
frequencies. The populations initially are in the ground level, so that the 
pseudo-dipoles |i* are all pointing downward, as in Fig. 21.1a. At 0 < t < t )y a 
narrow square pulse E = f(* + iy)&/ J 2\e ikz ~ ivt is applied to the systems. If 
(y/h ) [to - «o|, then with this excitation, all \x* in the rotating frame 
where E is stationary should rotate around & by an angle. 

= (21.18) 

Assuming 6 - vr/2, all dipoles end up together in the x ~y plane at the end of 
the pulse (Fig. 21.76). They then appear in the lab frame precessing around z, 
giving rise to coherent emission in the form of free induction decay, and 
because of dephasing due to inhomogeneous broadening, the emission signal 
decays away in a time T* = \/bw D . This is seen by the fanning out of the 
dipoles in Fig. 21.7c. At t 2 < t < another narrow square pulse (assuming 
h ~ h ** h ~ *i) with |w - w 0 | and B = ir is applied to the 

system. In the rotating frame, this makes the dipoles rotate around & by 180°. 
The result is that all (a* undergo a mirror reflection about the € - z plane. 
Immediately after the dipoles are still badly dephased, and no coherent 
emission or free induction should appear. Yet, because of the mirror reflection 
of the dipoles caused by the Tr-pulse excitation, the dipoles, in the rotating 
frame, should now precess back (Fig. 21.7rf) and begin to fan it. It takes the 
same amount of time for the dipoles to fan in as it takes them to fan out. 
Therefore, at t = r 4 with t 4 — r 3 = t 2 — f ls the dipoles are expected to be back 
in phase (Fig, 21.7e), with the resultant emission of a coherent pulse. As the 
dipoles fan out again, the emission signal decays away. 

This discussion describes how the photon echo, in the form of a coherent 
emission pulse, appears from two-level systems. More generally, photon echoes 
refer to the appearance of coherent emission pulses following successive 
applications of resonant excitation pulses. Their existence depends on the 
reversibility of dipole dephasing due to inhomogeneous broadening. However, 
the dipoles should also experience an intrinsic dephasing process with a 
dephasing time T 2 related to the homogeneous broadening. This intrinsic 
dephasing is not reversible. Photon echoes can appear only before the intrinsic 
phase coherence of the dipoles is destroyed. Therefore, to observe a photon 
echo, the time delay between the first excitation pulse and the photon echo 
should not be much longer than T 2 . The amplitude of the echo actually decay 
exponentially with the time delay, from which one can deduce the time 
constant T 2 . 



the rotating frame at various times. 
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In photon echoes, the wave propagation effect is also important. 12 Consider 
a light pulse detected by a detector at, say, r = 0 and time t , the actual 
interaction of the pulse with the atoms at r occurs at the retarded time 
/ - k • r/w. Thus, more correctly, retarded times should be used in this 
discussion. The photon echo should then appear when 

('« - -(‘3 - “ ('3 - K ^) "('I - k ‘ •£) ( 21 - 19 ) 

where k x , k 2 , and k 4 are, respectively, the wave vectors of the v/2 pulse, the 
7 r-pulse, and the photon echo. The above equation yields the conditions for the 
photon echo: 

— and k 4 = 2k 2 -k 1 . (21.20) 

The second equation in (21.20) is actually the phase- matching requirement for 
the generation of the photon echo. It defines the direction of the echo 
propagation. However, the equation may not be fully satisfied if kj and k 2 are 
not properly chosen. In that case, the echo intensity is expected to reduce 
because of the phase mismatch. 

The more quantitative analysis of photon echoes often starts with the 
description of the pseudo-dipole in the rotating frame. In that frame, after the 
ir/ 2 and it pulse excitations, the processing dipole with resonant frequency w 0 
is readily shown to have the expression 12 


u 0-/(ki - 2k,)-r - /MO - h)-Ui- 'i>l 

ft r 


( 21 . 21 ) 


where Aw = w 0 - w, and the phase change during the excitation pulses is 
neglected. In lab coordinates, this becomes 


V- = 



/(k| - 2k z )*r - 1 Au»J(r- f j) -(/ 2 - fi)] - i«< 


( 21 . 22 ) 


For a collection of such dipoles with a resonant frequency distribution g(Aw) 
and a density W, the resultant polarization is given by 

JV(|i(r, /)) - / tyrg(Aw)d(Aw). (21.23) 

- 00 

This polarization acts as the source of coherent radiation governed by (21.15). 
In the slowly varying amplitude approximation, the solution of (21.15) gives a 
coherent emission field 

E em(0 a <*(Aw)tf|i(r', / ) g ( Aw ) fk4 ' r J e <lt4 ’ r (21.24) 
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where k 4 = «/e(w) / c has its direction determined by (k 4 ) ± = (2k 2 ) ± 

■ With p, given by (21.22), it is readily seen that the emission with the 
wavevector k 4 is a maximum when the phase factor in the integral vanishes, 
that is, when (21.20) are satisfied. As / deviates away from t 4 given in (21.20), 
E em quickly reduces in amplitude. The coherent emission therefore appears in 
the form of a pulse centered at f 4 . It is circularly polarized in the same sense as 
the exciting pulses. 

Actually, for the generation of photon echoes, the two excitation pulses can 
have any values of $ . They were chosen to be tt/ 2 and it in this discussion only 
for convenience of illustration. The dephasing and rephasing processes are still 
operative if & are different from ir/2 and ir. In the next section we see that 
photon echoes can also arise when 6 are small, in which case the perturbative 
transient wave mixing approach can be used to describe transient phenomena. 
We also see that photon echoes are not restricted to two-level systems. In fact, 
they are more interesting and intriguing in a multilevel system with multipulse 
excitations. 

The experimental arrangement for photon echo studies is fairly simple. One 
can use either laser pulses to successively exdte the medium or amplitude or 
frequency switching to shift a CW laser excitation on and off in the form of 
successive pulses. The latter is most convenient for measuring photon echoes 
with long time delays. An example of a two-level photon echo is shown in Fig. 
21 .8. 12 The exponential decay of the echo intensity as a function of the time 
delay between pulses gives a direct measurement of the dephasing time T 2 . A 



Fig, 21.8 Oscilloscope trace (100 nsec/di vision) showing the photon echo from a ruby 
sample at 4.2 K. The echo appears as the third pulse following the two exciting pulses 
from a ruby laser. (After Ref. 12.) 
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r 2 as long as a few hundred microseconds, corresponding to a homogeneous 
linewidth of a few hundred hertz, has been found in transitions of rare earth 
ions in solids by the photon echo technique. 13 Study of the T 2 dependence on 
various parameters in gases and condensed matter enables us to have a much 
better understanding of the various transverse relaxation (dephasing) mecha- 
nisms. 


21.4 TRANSIENT FOUR-WAVE MIXING 

From the microscopic point of view, transient coherent effects result from the 
fact that the material system can retain for some time the definite phase of a 
coherent excitation (coherent mixing of two states). In two-level systems, the 
coherent excitation can be described pictorially by the precession of the 
transverse dipole components around z. More generally, however, it is de- 
scribed by the nonvanishing off-diagonal components of the density matrix. 
Therefore, at least formally, one can find the coherent transient responses of a 
medium to the applied field from the time-dependent solutions of the equation 
of motion for the density matrix. This approach is used here to study coherent 
transient effects in four-wave mixing in the perturbation limit and to show that 
it can lead to the more general photon echo and free induction phenomena. 14 

We first generalize the diagrammatic technique of Section 2.3 to the 
time-dependent case. 15 Consider Fig. 21.9, where three successive pulses E^), 
E (w 2 ), E^) resonantly excite the transitions |m) -> j p), (mj -* (r|,(r| -» {^| 
at t lf t 2 , respectively, with fj < t z < t v The rules of writing down the 
time- varying density matrix p <3) (/) are the same as in Section 2.3, except that 
the propagator for propagation from the yth vertex to the (j + l)th vertex 





Fig. 21.9 Double Feynmann diagram describing 
a transient four-wave mixing process. 


|IW> <«l 
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along the lines |/) and (k\ should be replaced by the phase factor 

({/fc|/i(t /+1 - r / )|ft>) = 

and the product of all factors in p (3 >(f) is integrated over all possible time 
separations between vertices. We assume here that even the population excita- 
tion (/ = k) in a given state decays exponentially with time. Following these 
rules, we can find, from Fig. 21.9, 

p^)(/ ) = f dxj J dtj J w ' ,+ r ' ,)Tj w,,,+ r ' ,)T * 

*'-00 * — ’ CO ^-05 

- n - r 2 - m) 

(21.25) 

- T 2 - T 3) (? rWj< ' TJ Tl V> 

x ( r \ ~ 

With the substitution of variables £j = t - t x - r 2 - t 3 , £ 2 = 1 ~ T 2 ” 7 i> and 

i 3 - / - t 3 , (21.25) becomes 

P< 3) ( 0 ” - e_ti “" +r " >, (^) 3 ( l ^ ) pSim< i l ) 

x (Pin ■ f||«>(m||i*a z |r><f||i • 2 3 |j> 

X f d( 3 e K‘“.. +r ..l (21.26) 
— 00 

X d£ 2 e K ' 1 V + ^ 2 ( £ 2 ) 

■'-00 

x f u di 1 e"'“- +r >->-'“>i { '<r,(i 1 ). 

- 00 

In a gaseous system, p (3) (r) is also a function of molecular velocity v. A field 
seen by a molecule with v at r(^) = r(r) - (t - { y )v is 


<(«,)- 4(e> <M<w 


(21.27) 
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We then have 

x(p|n-e 1 |m><m||f« 2 |r><r||i‘#3|4> 

^ c i(k,+kj+k,)-[ii(()-Tf] 

xf d$ 2 (21.28) 

— do 

X ( ll d( 1 eUW.,-^> + T, r -r p .-ut ! ;] fj^ 2 (^ 2 ) 

X f* 2 rf£ 1 ffI , ^-*i) +r m+Aj*»Ifi i 4 1 ({ 1 ), 

* — 00 

We consider here the case where all resonant excitation pulses are short enough 
so that we can write 

p d^ e ri(^-«.)+r yni+ rVvii^(^) 

(21.29) 

= eir^+A^JCo (* dt'e^- *" )if A(Z') 

* ~ o a 


p®(v, r) = -(i) 3 |p)(j|p-'"- ,+, < l ' +l “ tk >>- r 

X £ -J¥ ‘(k>(f — tx>)+ tio)] 

Xg ~ *V»( r- i»)“ r',r(t30"{20)"'fpn«(fM ' £lo) 
X(p|ii‘e l |m><m|(i*e 2 |r)<r|p-c,|j> 
xf‘ d(, e l( “" _ "' )t Mj({ } ) 

J - OO 

xf rf{ 2 P«"-'-">> | M 2 {{ 2 ) 

J - CO 

X f rf{ l e''“---«^ 1 (i 1 )p£„. 

OO 


(21.30) 


The overall density matrix for the Doppler-broadened molecular system has 
the form 

p 0)(,) = f g(v)p (3) (v, r) dv (21.31) 

- OO 


where g(v) is the normalized velocity distribution function. The nonlinear 
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polarization is then given by 


We find 


where 


p< J >(0 = JV(|i(0> 

= AfTr[|i P < 3 ) (/)l. 

p <3) (0 = Ce i(k|+k3+k>) ‘ T_ " , ''’ J, ( ch 

■^-00 

X 

fl(», t) = v[k,(< - £ 30 ) + k 2 (r - f 20 ) + k,(i - | 10 )j 


(21.32) 


(21.33) 

(21.34) 


and C is a proportional constant. This shows that the nonlinear polarization 
has a wavevector k s = k 3 + k 2 + k 3 and a frequency w ps . As is common in 
wave mixing problems, for P< 3) to radiate efficiently, the radiating wavevector 
k 4 must satisfy the phase matching condition k 4 = k,. Also, if 0(v) = 0 at 
t = t € , the integral in (21.33) becomes unity and, correspondingly, P <3) has the 
maximum amplitude. Both are conditions for the appearance of a photon echo, 
as already seen in the previous section for two-levei systems. The last factor in 
(21.33) describes the decay of the coherent radiation resulting from damping of 
the excitations in the various time intervals. Finally, the proportional constant 
C in (21.33) is responsible for the intensity of the photon echo. Similar results 
can be obtained for other types of inhomogeneously broadened systems from a 
similar derivation. 

The preceding formalism can be illustrated by considering the case of a 
two-level system under the resonant excitations of three successive pulses with 
= 6 ) 3 = but different wavevectors, as in Fig. 21.10. Because of the 
degenerate frequencies, there are four diagrams contributing to p (3> (0, leading 
to the expression 


p<»(,) - - 1 j 3 p'“ 10 ' ( |1 ) Poo(0|) e " + f ' 4,o) 

X |e -r oo(£w - ^2D) -f e ~ r nU3t> - tio)] 

X {<1||1 ■ «,P)<0|JI • «,|I)<1|1»- e 1 p>e' (k >- kjtk ' > -' 

J -00 -00 

X f (l d£, /l 1 (£ 1 )e'«“‘»-“ )fl r d»g(»)e“ ,< ’" (,> ( 21,35 > 

* - co J -oo 


+ <01!*- e,|l)<l||i- *,|0><0||» • e 3 |l>e'< k > 


xf d£ 2 .4 z a 2 )e' , “‘°-“> £ : 

J ~OQ J -<X> 

x r { ‘ d{ 1 ^f(£,)<'' , ““-" >{ '/“ > dvg(v)e- i, « ,,) \. 

-'-do J ~at) - > 




(a) (i>) (d) 

Fig. 21.10 Transient four- wave mixing in a two-level system resulting from three 
successive resonant pulse excitations of the same frequency but different wavevectors. 
The process is generally described by the four separate diagrams in (a), (b), ( c ), and 
<< 0 - 

The first term in the brackets comes from diagrams a and b , and the second 
term from c and d in Fig. 21.10. They have different wavevector combinations, 
and hence different 0(v): 

0„(v) ~ IM' _ Iso) - M< - 1 20 ) + k i( ! - l.o )1 ' v 
and (21-36) 

«„(*) - [M' - 1 30 ) + k i(' - fio) “ k i(' - li»)l ,T - 

The phase matching conditions for coherent radiation from the two terms are, 
respectively, 

k 4 = k, = k 3 - k 2 + k 1 

and (21.37) 

k 4 ^ kj — kj + k 2 — kj. 

Figure 21.11 presents the possible arrangements of the k’s to satisfy (21.37). 

It is interesting to see that (21.35) actually describes a number of different 
photon echo phenomena in two-level systems. To have a photon echo appear 



id) (e) (f) 

Fig. 21.11 Possible phase- matching arrangements for the degenerate transient four- 
wave mixing process described in Fig. 21.10. 


after the pulsed excitations, we must have 0 ft (v) or fy(v) vanishing at t - t e £ 
£ 30 . [In general, it is possible to have a photon echo with a reduced amplitude 
if 0 (v) is a minimum instead of zero at t = t m > £ w , 1<s but we do not discuss 


such a case here.] From (21.36), we have for 0 tt (v) = 0, 

. _ 1 . . 0*3^30 ~ ^2^20 + k l£l(>) 

(21.38) 

' J k) 

and for = 0 , 

, _ t - ( k 3^30 + k 2^20 “ Mio) 
' ' k ? 

(21.39) 


The condition t e > £ 30 can be satisfied only for the phase matching arrange- 
ments a > d, e , in Fig. 21.11. The echo created at t = t e after the successive 
pulse excitations at £ l0 , £ 20 * and £ 30 is known as a three-pulse stimulated echo. 
The nonperturbative derivation of the stimulated echoes has been worked out 
by Fujita et al . 17 It yields the same result given here in the perturbation limit. 
As seen in Fig. 21.11, cases a and b generate a backward stimulated echo (k, in 
a direction more or less opposite to and k 2 ), and cases d and e generate a 
forward echo. In a condensed matter, the echo condition is somewhat different. 
Cases a, b , and c are not allowed, but cases d, e , and / are . 17 

We can let the second and third excitation pulses merge into one with 
£20 = £ 30 * k 2 = k 3 , and £ 2 — ^ 3 , and obtain the two-pulse echo described in 
the previous section. We find from (21.38) and (21.39) that the echo exists only 
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for case d or e in Fig. 21.11 with k, = 2k 2 - k p and it appears at t e - £ 30 = 
£20 “ £10 the forward direction. From (21.35), the echo intensity, propor- 
tional to |p <3) (U| 2 , decays with exp(-2T 10 (r e - £ 10 )j. (Note that T 10 - l/r 2 .) 
These are the same results obtained in the previous section for the two-pulse 
photon echo in a two-level system with the tt/2 and it pulse excitations. This 
proves that the w/2 and v excitation pulses are not necessary for the observa- 
tion of the photon echo. 

We can also imagine that the first and second pulses in the three-pulse 
excitation sequence merge into one to form a two-pulse excitation. With 
£10 = £20 ^1 “ ^2 it 1 (21.38) and (21.39), it is seen that the coherent 

emission occurs at t e - £ 30 . The output therefore overlaps with and modifies 
the input pulse at From (21.35), one can see that it is in the form of a free 
induction decay with the emission field proportional to 

+ e - r u<£w -£*>)] x |e -r io<'-£jo) x j °° 

The first bracket describes the amplitude decay with the pulse separation 
(£30 - £ 20 )» the second gives the time dependence of the free induction 
decay for / £ £ 30 . The result here shows that, in general, a free induction decay 
signal is expected after the second excitation pulse in Fig. 21.7. One can also 
let the three excitation pulses merge into one with £ 10 = £ 20 = £ 30 and k : = k 2 
= k 3 . The coherent emission in this case should be the free induction decay 
appearing at the end of the excitation pulse. 

The approach here can be easily extended to transient four-wave mixing in 
three- and four-level systems. The results should yield many transient coherent 
phenomena including free induction decays and various kinds of photon 
echoes (trilevel echoes, grating echoes, Raman echoes, etc.). 18 The derivation 
can even be extended to the more general case of coherent transient effects in 
n-level systems with m excitation pulses (transient rt-wave mixing). Since the 
basic principle is the same, we do not dwell further on the problem, but refer 
the readers to Ref. 14. 

The main application of free induction decays, photon echoes, and transient 
four-wave mixing is to measure the longitudinal (population) relaxation of a 
prescribed state and the transverse (dephasing) relaxation between a pair of 
states. That these relaxations depend sensitively on the interactions of the 
excited system with its surroundings can be used to investigate the interaction 
mechanisms on the microscopic scale 16, 19 as in the magnetic resonance case. 
With the help of tunable lasers and frequency-switching methods, such optical 
transient measurements have become increasingly common. 


21.5 ADIABATIC FOLLOWING 

We now come back to the two-level systems with the pseudo-dipole descrip- 
tion, and discuss the adiabatic following phenomenon which also has an 
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Fig. 21.12 Schematic describing the adiabatic following process. As 8* - - ( Vy) e Si 
in the rotating coordinates varies slowly, the pseudo-dipole p* precessing around 0* 
follows it. 


analog in magnetic resonance. We assume in this case that the dipole precess- 
ing frequency 8* in the rotating frame given by (21.13) is much larger than R , 
the rate of change of We also assume rt -1 <, T lt T 2 so that damping is 
ineffective in destroying the coherent effects. Then, as Ovaries in time, and 0* 
changes accordingly, the precessing dipole p* should follow G* adiabatically, 
as sketched in Fig. 21.12. The variation of 0* can be effected by varying either 
& or u 0 - w. 

Let us consider the case where the exciting field is initially far from 
resonance with u 0 - u < 0 and [w 0 - to| » (y/ft)|2d > |. In this case, the fl* 
vector points downward, making a very small angle a - Ky//i)2<f/(<d 0 - w)j 
with the “ 2- axis, and the pseudo-dipole p* precesses around Q* with the cone 
angle a. Now, if co 0 — to is gradually increased from the initial negative value to 
a positive value far off resonance, 8* changes accordingly from its nearly 
downward position to a nearly upward position, carrying the precessing p* 
with it. Since p ; is directly proportional to the population difference between 
the two levels, the inversion of p* corresponds physically to an inversion of the 
population to the upper level. This is known as adiabatic inversion. With this 
process, practically all the population in the lower level can be excited into the 
upper level. Adiabatic inversion is a well-known method in magnetic resonance 
to create an inverted population. In the optical case, 20 it has also been 
demonstrated through the detection of a transient stimulated gain effected by 
the inverted population. 21 

The detailed calculation of adiabatic following from the solution of the 
Bloch equation has been worked out by Crisp. 22 An approximate expression 
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for p* can, however, be obtained from Fig. 21.12. Let the three normalized 
components of |i* be 


u = v = “ , and w = — (21 .40) 

y y y 

with u 2 + D 2 + w 2 = 1. Then, in the limit of a negligibly small angle a* - a 
between p* and 0*, p* is parallel to S2*, and we find 

M = (y/W* 

[(<*> - w 0 ) 2 +( y /A) 2 4<^ 2 ] 1/2 

o = 0, 

and (21.41) 

(» ~ «o) 

[( W - Wo ) 2 +(y/^)V 2 ] 1/2 ' 

However, a* cannot be exactly zero, because then d\f/dt would vanish 
identically. We can insert the solution of (21.41) into the Bloch equation and 
use iteration to find the next-order approximation. The corrections on u and w 
are negligible, but the one on v is important because u = 0 in the first approxi- 
mation. As one would expect, v will appear to be proportional to 
[d(u> - o 0 )/dt]/[(o> - to 0 ) 2 + (y/h) 2 4£ 2 ] if (w - w 0 ) is varied, or propor- 
tional to [(y/ft)2 d£/dt]/[(u> - u 0 ) 2 + (y/h) 2 4^ 2 ] if & is varied. The adia- 
batic following picture has been used by Grischkowsky et al. to discuss a 
number of coherent near-resonant phenomena. 23 


21.6 SELF-INDUCED TRANSPARENCY 

We have so far assumed in the discussion that the exciting pulse propagation in 
the medium is not affected by the transient response of the medium to the field. 
This is a good approximation if the medium is “ thin” such that no appreciable 
distortion of the exciting pulse can happen in propagating through the medium. 
In a “thick” medium, however, the pulse deformation can be appreciable. 
McCall and Hahn 24 found that if the pulse has an area $ = J*J[y/h)Zfdt 
equal to 2 nir with n being an integer, and has a certain definite pulse shape, 
then it can propagate through the resonant (ordinarily absorbing) medium 
without any attenuation and change of pulse shape, as long as the 7\ and T 2 
relaxations are negligible. This is called self-induced transparency. Since it 
comes out of the pulse propagation effect, it has no analog in magnetic 
resonance. 

The basic idea of self-induced transparency can be seen from the pseudo- 
dipole picture. With a 2mr pulse excitation, p will precess around over full 
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circles and end up in its original position. Therefore, since the medium is the 
same before and after the pulse, it absorbs no net energy from the pulse. 
However, during the pulse, it does absorb and emit photons and redistributes 
energy in the pulse. Consequently, the transmitted pulse appears to be altered 
in shape unless it already has the proper shape. As we shall see in the following 
discussion, the proper field envelope for a 2? r pulse is of a hyperbolic secant 
form. In propagating through the medium, the pulse is apparently delayed 
because the medium absorbs energy from the leading part of the pulse and 
deposits it back to the tail part. 

Formally, self-induced transparency is described by the wave equation 
(21.15) coupled with the Bloch equation (21.11), in which we have neglected 
the 7^ and T 2 relaxation terms. In terms of u , t?, w defined in (21.40), the Bloch 
equation becomes 

■ ’i, -<*■)•. f --(*.>.♦ (iK - £--(»'• 

(21.42) 


where Aw = w - w 0 . With the slowly varying amplitude approximation, the 
wave equation (21.15) for the circularly polarized wave E - e + tf(z, t) x 
exp(tA:z - io>t) reduces to an amplitude equation 


B£ lte 
$z + c Bt 


2viu 


N(pAz.t))- 


(21.43) 


Assume that the resonance is inhomogeneously broadened with a frequency 
distribution function g(U - w 0 ), and let g(G - w 0 ) be symmetric and w = w 0 . 
Then we can write 


</> + (*.*)> =r + ie]d(A«). (21.44) 

J - 00 


We consider here the solution with real S. Equation (21.43) then becomes 


d£ 1 d# = 

dz c dt 


liruN 


j g(Aw)yrf(A«). (21.45) 


The coherent pulse propagation effect is described by (21.45) coupled with 
(21.42). 

We first ask the question whether a pulse can propagate through the 
resonant medium without change in shape. In this case, if V is the pulse 
velocity, B<f/dz = — V~ l B&/Bt, then, from (21.45), we have 

i'(' ~ t) " ' " t) d(Aw) - 


(21.46) 
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It can be shown in general that v(Aw, t - z/V p ) — u(0, / - z/V p )f( Aw), so 
that 24 


f S (Au)»(a*». t - -prJ^Aw) - »(o, t - -pr)s (21.47) 


where 


S = [ g(Au)/(A«)</(A<o). 

•'-oO 

For our purpose here, we can imagine that (21.47) is obtained by assuming 
g(A«) to be effectively a 8 function. From the precessing pseudo-dipole 
picture, we have 


■(*•'- 1 )- 


= $in0 


(21.48) 


where 6 is a function of (t - z/V p ), with 
Equation (21.46) becomes 

( h \ 1 . . d 2 $ \ . a 

~TT “ hr- — sm 0 or — 7 r Sill 0 

dt Ut/t 2 0/ 2 T 2 


(21.49) 


with r 2 = (V~ l - c~ l )/(4vo)Ny S/ch). This is in the form of the well-known 
pendulum equation in mechanics, the solution of which can be found as 
follows. The first equation in (21.49) can be transformed into 



(21.50) 


With the initial condition £ 2 = 0 at 0 = 0, (21.50) has the solution 


<? = 



(21.51) 


This allows (21.50) to be rewritten in the form 
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which can be readily integrated to yield 



The corresponding field envelope has an area 


A = Sit 


-m 


co) 


(21.53) 


(21.54) 


Thus solution shows that a 277 hyperbolic secant pulse can propagate in a 
resonant medium without any attenuation and change of pulse shape. 

We next consider how an arbitrary pulse gets deformed in propagating 
through a resonant medium. With 


A - lim ( | ~ |2o? dt\ <f(/ -* ± oc) = 0, and / \ — \dt' = 0, 

of (21.45) from t = - 00 to t -* co yields 
4vNo> ( \ i|m <#'/* cf(A«)g(iito)t;(Aw, 2 . f') 

C \ ft /-*» - 1 -* oc 


dz 




(21.55) 


To solve (21.55), the first step is to carry out the integration. We notice that at 
/ = oc, the pulse is over, and the pseudo-dipole must be p recessing around z . 
Therefore. k(Aw, z , t) should have a sinusoidal variation with frequency Au, 
and the integral can get a contribution from the integrand only in the region 
Aw - 0. Realizing that the pseudo-dipole ji* for Aw - 0 is tilted away from the 
—2 axis by an angle A at the end of the pulse (say, t = t Cl ) with v(t c ) ~ sin A, 
and w(/ fl ) = 0, we find, from (21.42), «(Aw, z, t) = sin A sin[Aco(r - r. ;> )] for 
i > r c . We then have 


hm / d(Aw)g(Aw) 7 

I -* 3C J - ys ' iUW 

/■*= f/ . . sinfAwf/ — ; rt )] 
= glO jsin A lim j t/(Aw) — - — t — 

i -* OC * - 30 

= 7 rj?( 0 )sin A. 


(21.56) 


Equation (21.55) now reduces to the simple form 
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with a = 2 No>y A g(Q)/ch, the solution of which is 

A{z) = 2tan- 1 {[tani/f(0)]e-° , *' /2 }. (21.58) 

This describes how the pulse area changes as the pulse propagates in the 
medium. This is plotted in Fig. 21.13a. The curve shows that as z -+ oo, the 
pulse area A approaches 2mr if (2n — 1);: < >4(0) < (2n + l)ir, where n is an 
integer. This means that through exchange of energy with the medium, the 
input pulse gets deformed and stabilized into a pulse area which is a multiple 
of 2 77. Indeed, numerical calculations show that for -n < .4(0) < 3tt, as z 
increases, the pulse is gradually deformed into a 2 tt hyperbolic secant field 
envelope predicted in (21.53). An example is seen in Fig. 21.136. For (2 « - 
1 )tt < ,4(0) < {In + 1 ) 77 , the pulse splits and stabilizes into n 2?r-pulses after 
propagating over a sufficiently long distance. For ,4(0) < *r, the pulse simply 
decays away in the propagation. In fact, for small A(0% (21.57) and (21.58) can 
be shown to reduce to the forms for linear propagation as they should, and a 
can be identified as the linear absorption coefficient of the medium. 



Fig. 21.13 Pulse area plots of self -induced transparency illustrating the area theorem, 
(a) a > 0, the pulse area evolves in the direction of increasing distance z toward (he 
nearest even multiple of v. The entry face of the medium may be at any value of i. (6) 
Computer plots of evolution of input 4(0) - 0.9* and 4(0) = 1.1* pulses with dis- 
tance. (After Ref. 24.) 
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As seen from the foregoing discussion, self-induced transparency is char- 
acterized by reduced absorption, pulse delay ( V p < c), pulse deformation, and 
pulse splitting. As an example, 25 for the 5s -> 5 p transition in Rb, y ~ 4 X 
10“ 18 esu; to form a 2tt pulse with a pulsewidth of 10 nsec only requires a field 
amplitude of $ ~ 0.1 esu or a peak intensity of / - 2 W/cm 2 . Using the 
expressions of t 2 and a in (21.49) and (21.57), the pulse velocity can be written 
as 


If a - 10" 2 cm -1 , S - 1, g(0) = 1/Aw - 10" 7 sec and t - 10' 8 sec, we find 



time {nsec) time (nsec) 

Fig. 21.14 Input and output pulses observed in a self-induced transparency expeii- ' 
ment (curves on the left) and calculated from theory (curves on the right). The dotted 
curves depict input pulses and the full curves depict the corresponding output pulses 
after propagation through a length of 5/a. Curves a through e denote pulses with areas i 
of slightly less than tt, 2 it, between 2 m and 3w, slightly less than Sm, and approximately 
6m, respectively. Pulse breakup of the pulses with areas above 3w, and the absence of . 
breakup of the pulses with smaller areas, is in excellent agreement with the predictions 
of the theory. (After Ref. 25.) 
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V p ~ c/ 10 3 . In passing through a medium 3 cm long, the pulse undergoing 
self-induced transparency will take 10" 7 sec, while a normal pulse takes only 
10" 10 sec. The special features of self-induced transparency have actually been 
experimentally demonstrated, although the experiments are usually com- 
plicated by the existence of degenerate states and transverse variation of the 
laser intensity. The pulse delay and pulse breakup are often the more con- 
vincing evidence of the presence of self-induced transparency. An example is 
seen in Fig. 21.14. While the effect of self-induced transparency is certainly 
very intriguing, its applications to either science or technology have not yet 
been seriously explored. 


21.7 SUPERFLUORESCENCE (SUPERRADIANCE) 

We saw that a collection of dipoles oscillating in phase should radiate 
coherently. This is described in the pseudo-dipole picture for effective two-level 
systems by a set of coinciding pseudo-dipoles p precessing together around the 
z axis, as in Fig. 21.15. The coherent radiation dies away when the dipole 
dephasing sets in. It can be seen from (21.15) for example, that the coherent 
output is proportional to the square of the number of dipoles per unit volume, 
N 2 y while the incoherent emission is proportional to N. Therefore, for N » 1, 
the coherent radiation is much stronger than its incoherent counterpart and is 
sometimes called superradiation. 26 

In the coherent transient effects discussed earlier, the coherent radiation 
comes from the collective dipole oscillation initially set up by coherent 
excitation, that is, the pseudo-dipoles are initially tilted away from the z axis. 



Fig. 21.15 Source of coherent radiation: precessing giant dipole A r p. formed by N 
dipoles precessing in phase. 
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Both the population in the excited state (longitudinal excitation) and the 
average oscillating dipole moment (transverse excitation) are non vanishing. 
The radiation output can then be calculated classically from (21.1 5) with <p) 
given. Here, however, we consider a different case. We assume a collection of 
two-level systems whose initial population distribution is completely inverted, 
as described by the pseudo-dipoles pointing upward along + z in Fig. 21.15. In 
the absence of an external field, these two-level systems are initially un- 
correlated and only radiate spontaneously. Subsequently, however, through 
interaction of radiation with the two- level systems, the latter may become 
correlated and radiate together coherently. In the pseudo-dipole picture of Fig. 
21.15, we can imagine that because of quantum fluctuations the pseudo-dipoles 
are not strictly along + z . They can then precess around z and the emission tilts 
the pseudo-dipole further away from + z. In the meantime, correlation is being 
established among the dipoles through the radiation field, which acts to align 
the precessing pseudo-dipoles in phase. Eventually the pseudo-dipoles are 
completely aligned and tilted significantly from +z. In that state, they radiate 
together coherently in the classical sense. The problem that has attracted a 
great deal of interest is how, in a more precise way, the radiation from such a 
collection of two-level systems with inverted population changes from the 
initial spontaneous emission to the final coherent or super radiant emission. 
The process is now known as superfluorescence. 

Dicke first studied the problem assuming a collection of spins (s = i) in a 
volume with dimensions much smaller than the wavelength of the field as is in 
the case of magnetic resonance. 26 Using the quantum description for an N 
spin- } system, he found that when the system is in the |r, m) state, the 
emission rate is 

I - (r + m)(r — m + l)/ 0 (21.60) 

where r is the spin quantum number of the total spin, m is the corresponding 
magnetic quantum number, and I 0 is the spontaneous emission rate of a single 
spin. It is seen that for r - m = = \N, we have I = NI 0 . This indicates 

that when all spins are inverted, they radiate incoherently (or spontaneously). 
If, through radiation, the system drops to the \r = \N,m) state with |mj r, 
then the emission rate becomes I - \N 2 I 0 , which clearly shows that the 
emission has become coherent. 

Superfluorescence is characterized by a number of special features. First, 
there is a time delay between the initial set-up of the inverted population and 
the appearance of superradiation. This time delay corresponds to the time it 
takes for the system to establish correlation between atoms (or two-level 
systems). Then, superradiation should appear in the form of a pulse as the 
emission is over when all the stored energy in the system is extracted. Finally, 
because of the much faster superradiant emission rate (proportional to N 2 
instead of N), the effective emission lifetime of the system becomes much 
shorter (proportional to 1 /N). Establishment of correlation between atoms 
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through emission can be visualized as follows. Radiation from an atom can 
induce dipole oscillation on the neighboring atoms. These induced dipoles in 
turn create a reaction field on the original atom and influence the radiation 
from that atom. 

Superfiuorescence was first observed in magnetic resonance by Bloembergen 
and Pound. 27 In optics, the same effect was also observed by Skribanowitz 
et al., 28 and later studied more carefully and extensively by Gibbs et al. 29 The 
optical case is actually more complicated than described here. The sample 
dimensions are always much larger than the wavelength, so that the propaga- 
tion effect must be taken into account. Then the transverse intensity distribu- 
tion of the beam also affects the output and makes the analysis more complex. 
The angular distribution of optical superfiuorescence is determined by the 
geometry of the active medium. In the case of a long cylinder, the output 
appears predominantly in the forward and backward directions with equal 
intensities. This is sketched in Fig. 21.16. In the same figure, the time variations 
of the excitation, the incoherent output, and the superradiant pulse, as actually 
observed in the experiment of Skribanowitz et al. on HF, 28 are also shown. 



intensity 

(a) EXCITATION PULSE ' DISTRIBUTION 



10" 6 10“ 2 f SEC 

(b) INCOHERENT OUTPUT 



Fig. 21.16 Time variations of (u) the excitation pulse preparing the system of HF with 
a nearly complete population inversion between two adjacent rotational levels in the 
Jo “ 1 state, (6) the spontaneous emission, and (cj the coherent superradiation. The 
insets describe the angular distributions of (6) and (c). (After Ref. 28.) 
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To explain their observation, Skribanowitz et ai. 28>3 ° used the classical j 
theory of radiation by assuming that the polarization fluctuations could 
initially lead to a finite tilt angle 0 O for the pseudo-dipole in Fig. 21.15. j 
Superradiation including the propagation effect was calculated by solving the 
wave equation (21.15) together with the Bloch equation (21.9). Agreement 
between theory and experiment, however, was limited by the complications 
in the actual experiment and simplifications in the theoretical calculation. , 
Bonifacio and Lugiatcr* 1 discussed superfluorescence from the fully quantum 
mechanical point of view using a mean-field approach, and set up explicitly the 
conditions for superfluorescence. However, they neglected the propagation 
effect and hence the spatial variation of the field envelope. Glauber and 
Haake 32 and Polder et al. 33 later constructed the more correct theory of i 
superfluorescence including the propagation effect. Their theories provide a 
quantitative discussion on the quantum fluctuations and initiation of super- 
fluorescence. The only limitation of the theories is that they are one-dimen- v 
sional and neglect the transverse variation of the field and polarization. 

It can be imagined that quantum fluctuations and spontaneous emission .] 
first set up an initial tilt angle 8 0 for the pseudo-dipole, and then superradiation 1 
is built up in the classical manner. The value of 8 0 determines the time delay t D ] 
between the initial set-up of complete population inversion and the peak of the -j 
superradiant pulse. A larger 0 O leads to a shorter t D . Being originated from J 
quantum fluctuations, 0 O should also fluctuate, and so should t D . The mean j 
value of 6 0 reflects the average strength of the quantum fluctuations. It is 
inversely proportional to JN since, in the more dense medium, correlation 
between atoms is more easily established and a smaller 6 0 is needed to change 
from the quantum to the classical emission regime. The average value of 0 O can 
be measured experimentally by injecting a pulse with an area $ - 
/-«,( y/h)2*dt into the sample. 34 If $ < 0 O , the injection will have no effect 
because the initiation of superradiation is still dominated by quantum fluctua- 
tions in the medium. If $ > 6 0 , the injection will help the initiation of 
superradiation, and the time delay t D will become shorter. The experiment on 
Cs vapor with a density of N = 2 X 10® cm" 3 gives an average value of 
0 O - 5 X 10" 4 rad. 34 

Theoretical calculations of superfluorescence generally assume a number of 
simplifications. To test the theories quantitatively, experiments must be de- 
signed to simulate as well as possible the conditions laid out in the theories. 
Gibbs et al carried out such an experiment using Cs vapor as the sample. 29 
Optical pumping from 6 2 S 1/2 to 7 2 P 2/2 by a 2-nsec laser pulse set up the nearly 
complete population inversion between T 2 /^ and 7 2 S 1/2 . A 2.8-k0e magnetic 
field removed the degeneracy of the transition and made the inverted atomic 
system a good effective two-level system. The atomic density of the vapor and 
the sample length were selected so that the inequalities between various 
characteristic times necessary for clear observation of superfluorescence were 
satisfied. Then, the experimental results indeed showed fairly good agreement 
with the theoretical predictions. More details on the experiments and the 
relevant theories can be found in the review articles in Ref. 35. 
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Strong Interaction 
of Light with Atoms 


Strong interaction of light with matter generally refers to the case where light 
and matter form a tightly coupled unit, and the usual pictures derived from the 
perturbation approach break down. The material system can have its proper- 
ties changed drastically not only because of light-induced population redistri- 
bution but also because of light-induced changes of the energy levels and 
eigenfunctions. This subject is an interesting subarea of nonlinear optics from 
both theoretical and practical points of view. In this chapter, we discuss only 
the case of strong interaction of light with atoms, which under resonant 
excitations can be regarded as a simple system with, effectively, only a few 
discrete levels. Part of the discussion has already been presented in Chapter 13 
as the basis of some high-resolution nonlinear spectroscopic techniques. 


22.1 GENERAL DESCRIPTION 

By definition, strong interaction of light with matter occurs when the interac- 
tion is so strong that it cannot be treated as a small perturbation. As seen in 
the microscopic calculation (see Chapter 2), this happens when the matrix 
elements of the Hamiltonian are comparable with or larger than the 

frequency denominator — co rt „, + ir #IJt <|, where w is the laser frequency, 
is the resonant transition frequency, and is the corresponding damping 
constant. Therefore, far away from resonance, a very strong optical field is 
required to get into the strong interaction regime, but near resonance, a weak 
optical field is often sufficient. For example, in alkali vapor, one can observe 
strong interaction with a beam intensity not much larger than a few tens of 
milliwatts per square centimeter at the ns -> np resonance. 

The strong dependence of the interaction strength on resonance allows, in 
many cases, the simplification of a real material system to an effective system 
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consisting of only a few levels connected by resonant excitations. This is often 
the case for atoms where nearby levels are sufficiently far apart so that the 
nonresonant transitions can be truly neglected. In this respect, one deals with 
an effective two-level system if only two atomic levels are involved in resonant 
excitation and probe, or with an effective three-level system if three atomic 
levels are involved, and so on. For large molecules and solids, such simplifica- 
tion may be unrealistic because of the many closely spaced transitions, since 
the optical-field-induced level shifts and broadening can be comparable to the 
separation between nearby states. The calculation then appears much more 
complicated, and in fact, the full theory has not yet been developed. This 
discussion thus is limited to simple atomic or molecular cases. While the 
formalism in general applies to any effective n-level system, we discuss mainly 
systems with effective two or three levels. Analytical solutions are usually 
possible only for n < 3. 

The problem of strong interaction of light with an n-level system has 
attracted the attention of physicists ever since the birth of quantum mechanics, 
and ways of attacking the problem have been discovered and rediscovered by 
people working in various areas of physics: microwave spectroscopy, magnetic 
resonance, and optical spectroscopy. There are two usual approaches to the 
problem. One is the bare-atom approach in which the noninteracting atom- field 
eigenstates are chosen as the basis in the calculation. 1 The other is the 
dressed-atom approach, in which all or part of the atom-field interaction is 
solved exactly, and the resultant atom-field eigenstates are used as the basis for 
further calculation. 2 The former is perhaps more straightforward in mathemati- 
cal derivation, while the latter is physically more transparent. The amount of 
actual calculation in solving a problem is, however, practically the same in the 
two approaches. In either approach, the fields can be treated as classical if they 
are intense enough. We use in the following the semiclassical description to 
illustrate the bare-atom approach, and the full quantum-mechanical descrip- 
tion to illustrate the dressed-atom approach. 

The immediate consequence of strong optical excitations one would expect 
is the optical Stark shift and broadening (see Sections 5.3 and 13.3 on 
saturation in excitation), which is an extension of the picture from the weak 
interaction regime. Actually, the picture of strong interaction is more com- 
plicated. For example, one can indeed find an optical- Stark-broadened (or 
saturation-broadened) line if the absorption of a strong pump field versus 
frequency around a resonant transition is measured (see Section 13.3 on 
saturation in excitation). However, if the frequency of the strong pump field is 
fixed near resonance, and the absorption of a weak probe beam versus 
frequency around the resonance is measured, three resonant peaks can be 
observed in the spectrum (see Section 13.3 on absorption of a weak probe in 
the presence of a strong pump). (The actual spectrum shows only one absorp- 
tion line and one amplification line situated symmetrically on the two sides of 
the pump frequency for reasons to be discussed later.) This can be understood 
as follows. With the pump frequency w close to the transition frequency « 2 i 
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between the atomic states |1) and |2)> the composite states |1, nhu) and 
(2, nha) of the atom-held system are nearly degenerate with the states |2 , ( n - 
l)Aw) and |1,(» + respectively, in the absence of atom-field interac- 

tion, but from the selection rules, only the transition between jl, nhu) and 
J2, nhu) is allowed. In the presence of strong interaction, however, the nearly 
degenerate states become mixed and shifted, and all transitions between the 
two sets of states {{2, nhu), |l,(n + l)/iw>} and {|2,(« - jl, /?*«)} 

are allowed. A total of three absorption lines is expected because the energy 
separation of the two states in each set is the same. More generally, a 
monochromatic field interacting strongly with n levels (such that | > 

ftjco - ay + iT tf D can lead to the splitting of each level into n levels. The 
description here essentially follows the dressed-atom picture, although the 
same results should come out of the bare-atom approach. We discuss in 
the following sections the bare-atom and dressed-atom approaches in some 
more detail with a few concrete examples. 


22.2 BARE-ATOM APPROACH 

We treat the fields as classical, and use the density matrix formalism (Section 
2.1) in this section. Assume an effective n-level system in strong interaction 
with m monochromatic pump fields. There are altogether n 2 density matrix 
elements p fJ with i, j - 1 describing the system. Each p u has a set of 
frequency components which are the linear combinations of the m pump 
frequencies. In the bare-atom approach, one solves, more or less exactly, the 
Liouville equation for p fJ in response to the strong pump fields. Many of the 
frequency components of p tJ can be neglected because they are far off reso- 
nance. We now assume that a weak field is used to probe the absorption 
spectrum of transitions either within the n levels or from the n levels to other 
levels. The next-step calculation is then to find p {1) (w probe ) to the linear order 
of the probe field in terms of p .j already found to all orders of the pump 
fields. This is done by using the atom-probe interaction as a perturbation 
Hamiltonian in the Liouville equation. Finally, from the expectation value of 
the induced dipole <p(« probe )) = Tr(p( 1 >(w probc )p], the probe absorption can be 
calculated. 

The approach here emphasizes the response of the atomic system to the 
applied fields. Therefore, only the particular solution to the Liouville equation 
is sought, and hence the density matrix p shows no new frequency component 
other than the linear combinations of the applied optical frequencies. In this 
respect, the eigenfrequencies of the composite atom-field system are not 
apparent in the solution since they should only show up as frequency compo- 
nents in the homogeneous solution. They can, however, be identified as 
resonances in response to the probe beam. Thus, in the bare-atom approach, 
the solution of the system under strong optical excitations does not explicitly 
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give a picture of the restructured energy levels (although the latter can be 
obtained from the homogeneous solution of the Liouville equation), but the 
mathematical formalism is simple and straightforward. We now use two- and 
three-level systems as examples to illustrate the general description. 

The case of an effective two-level system pumped by a strong beam and 
probed by a weak beam was discussed in Section 13.3. For clarity, we 
reproduce the essential steps of the calculation here and expand on the 
discussion. 3 First, we find the nearly exact solution of the Liouville equation 
for a system of two levels |1) and |2) under the strong excitation of a pump 
field £(tj). The nonnegligible components of the density matrix are 


and 


p„{0) - p 22 (0) - ap°/ 


1 + ■ 


r 2 ///. 


(w - « 21 ) + r 2 


( 22 . 1 ) 


. , ^ -/>i2 £ (- w )[pii(°) - P2 2 (0>] 

*«(-«> " p2l(w) = *(«-<* -if) 


where I/I s = 40 2 Vr, / = c\E(u)\ 2 /2 »*, = \p u E{*>)\ 2 /h 2 y and p n = 

<l|er|2). Next, in the presence of the probe field />(«'), we seek the solution p 
linear in £(</). There exist three nearly resonant components of p linear in 

£(«'): p 21 (<o'), p n { 0 ' - «) - P22 (»' “ «)» and PuW “ 2w >- To fmd absor P‘ 

tion at we need only know p 21 (o/X but can on ^ be obtained by solving 
the linearly coupled equations for the three components 

h(u* ~ W 21 + *T)pj l(«') 

- -^ 2 l^(w')[pll(°) “ P22( 0 )] 

-p n E(«)[Pii("' - a>) - P 22 ( d - »)] . 

hi co' - « + i-i- |[pll(w / - «) - p 22 («' - <o)] 

l J (22.2) 

= -Pi2 £ *( W )p2l( W ') + 2 ^21 

x£(u')p 12 (- w) + 2p 21 £(«)p 12 (<*>' - 2«), 

/j(u' — 2w - w 12 + !!>„(«' — 2w) 

= /r 12 £*(«)[pn(«' - «) “ P 22 W ~ «)] 


where p n (0) - p 22 (0) and p 12 (-<o) are known from (22.1). The solution, 
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expressed in a form slightly different from that in (13.16), is 

#>21 (*>') = -| J P2l £ (o0lPll(°) ’ P22(°)] 

X j|to — to' + (yr j(to' - 2to + to 21 + <T) 

— 2ft 2 [ 


1 - ■ 


to' - 2to + to 2l + iT 


iT 


) /A 


(22.3) 


£> = (to' - to 21 + /r)||to' “ to + iy- j(to' - 2to + to 21 + /T) - 2ft 2 
-2ft 2 (w' - 2to + to 2l + iT). 


The absorption coefficient at to' is then obtained from 


«(«') = (^7^) Im x(»') 

with 


(22.4) 


The expression for D can be recast into the form 
D = (to' - to) 


2r 


(to' - to) 2 -(«21 “ w ) 2 - 4 ft 2 - r 2 - -jT J 

< [ 2 (<y - «) 1 - 4a 1 ] r + >K“' ~ “n)(-' -*> 1 ad ~ r; l . 

(22.5) 


It shows clearly that Re D has three zeroes corresponding to three resonances 
in the absorption spectrum 


to' — to, 
to' = to ± A, 


A- 


2r 


(to - to 2 i) + 4ft 2 + T 2 + -=r 


1/2 


( 22 . 6 ) 


An explicit calculation of the absorption coefficient in (22.4) would show that 
at to' = to, « nearly vanishes, while at to' - to + A, a is positive if « < « 2l and 
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negative if y > y 21 , and at y' — y — A, a is negative if « < w 21 and positive if 
y > w 3l . The absorption spectrum therefore shows an absorption line and an 
emission line located symmetrically on the two sides of the pump frequency w. 
This has been demonstrated experimentally, as we shall discuss in a later 
section. When |« — w 2 i! » G » T, the emission line is very weak, and the 
absorption line appears at y' ~ y 21 - 28 2 /( w “ w 21 ), which is just the posi- 
tion one would expect from the simple perturbation calculation of an optical 
Stark shift given in (5.17) for the case of a relatively weak interaction of light 
with matter. 

One may recognize that A in (22.6) is just the Rabi frequency described in 
Chapter 21, although we have not included T and 7} in (21.16). Thus, 
physically, the resonances at y' = w ± A can be considered as the sidebands 
created by modulation of the Rabi precession on the central resonant compo- 
nent at w' — y. 

We can extend the above discussion to a three-level system, seen in Fig. 
22.1, in which the levels |1) and |2) are connected by the strong pump field 
£(y) and the transition from |2) to |3) is probed by the weak field £(y'). This 
is a double resonance problem. Again, we first obtain the solution (22.1) by 
assuming the presence of only the strong pump field, and then find p 32 (w0 
linear in £(«') from a set of linearly coupled equations. The result should 
show that p 32 (w') has a frequency denominator whose real part has two zeroes, 
indicating two resonances in the absorption spectrum. When the absorption 
coefficient a(io') oc lm|p 23 p 32 (y ')/£(«')] is calculated, one would find a to be 
positive at both resonances. The absorption spectrum then consists of two 
absorption lines, separated by the Rabi frequency A as one would expect from 
the earlier description. This effect was first discovered by Autler and Townes 4 
tn a microwave-optical double resonance experiment. More recently, it has also 
been repeatedly demonstrated in optical-optical double resonance experiments. 
We again postpone the discussion of the experiments to a later section. 



Fig. 22.1 A three-level system with two nearly reso- 
nant exciting fields. 
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What will happen if both £(«) and £(«') in the three-level case of Fig. 22.1 
are strong? Clearly, the absorption or emission spectrum will be much more 
complicated. The result can be more easily visualized with the dressed-atom 
approach. We therefore postpone the discussion to the next section. Here we 
consider only the problem of how the steady-state population is redistributed 
in the three levels under the strong excitations. This is relevant not only in 
spectroscopy of strongly excited systems, but also in applications of optical 
pumping, such as isotope separation, multiphoton ionization, and studies of 
physics and chemistry of excited-state atoms. The calculation is in principle 
straightforward and has been discussed repeatedly in the literature. 3, 5 ’ 6 Only 
the near-resonant terms in the density matrix formalism are kept and <*> - <o 21 
and o) f ~ u 32 are assumed to be very different. The Liouvilie equation yields 
explicitly the following set of equations: 3 


/jA 21 p 21 (w) = K 21 («)[p 22 (0) - p u ( 0)] + 

M 32 P3 2 («') = K 32 (q')[p 33 (°) “ P22WI “ + «'), 

AA 31 p 3l (w + «') = V 32 (a')p 2l {a) - V 2l (a)p 32 (ui'), 

0 = ”(^21 + ^3i)pll + ^12^22 + **Up33 ^2 7) 

+ Pl2(-«)p2l( w ) - *2l(")Pl2 (“<*>)> 

0 = FPjjPii + W 32 P 22 ( ^13 + ^23 ) P33 + ^32( W, )P23( _W ) 

-K 23 (*-w / )p 3 2( w ')» 

1 = Pll P 22 ■*" P 33 

where A 23 ~ w g? 2 | F jT 2 j, A 32 — u' ~ w 32 ■+■ iT 32 , A 32 = w + ~ w 33 + 

^31> Kj( a a ) = -PjjE(v«), and the W tj are relaxation rates from Jy) to \i). We 
assume, for simpheity, that the population is conserved in the three levels. 
Equations (22.7) together with those for p 12 ( - «), p 23 ( - w'), and p 13 ( - « - «') 
form a set of nine linearly coupled equations. As expected, the formal 
expression of the solution is extremely complex and is not particularly 
illuminating. The results from numerical calculations may be more helpful. 

Whitley and Stroud 6 conducted such a numerical calculation on a three-level 
system in which the relaxations are governed by spontaneous emission from |3) 
to |2) and from |2) to jl). Their results, shown in Fig. 22.2, indicate that if 
w + o>' is in exact resonance with w 31> then in the limit of very strong fields, the 
population tends to become equalized between the ground and upper excited 
states, with a relatively small fraction occupying the lower excited state. This 
may be what one would expect when w and «' are detuned from u 21 and w 32 , 
respectively, since the process then becomes a direct two-photon absorption 
process. However, as seen in Fig. 22.2, the same is true even when « and «' are 
resonant with « 21 and u 32 , except that the population in the lower excited state 
is now somewhat higher. This result may be extended to the general case of an 
n-level system, and is most important in many applications of stepwise 



o 10 20 30 40 SO 


Fig. 22.2 Steady- state atomic population distribution in a three-level system as a 
function of the strength of the applied fields: (a) the two fields are exactly resonant 
with the two successive transitions, and (£>) the two fields are detuned from resonances 
by equal magnitude but opposite sign. [After R. M. Whitley and C. R. Stroud, Phys, 
Rev. A 14 , 1498 (1976).] 
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multiphoton pumping. First, it is possible to pump nearly half of the popula- 
tion from the ground state to the final state. Second, the population in the 
intermediate states may appear depleted in the strong excitation limit. Third, a 
population inversion between the final state and the intermediate state can be 
established. An experimental demonstration of the effect, to be discussed in 
Section 22.4, was presented by Gray et al. 7 

We limited this discussion to the steady-state case, but the formalism can be 
readily extended to the time-dependent case. 6 ' 8 For example, one can use the 
time-dependent Liouville equation to discuss the time-dependent Autler- 
Townes effect. 9 One can also use it to find the development of the population 
redistribution in the three-level system under the resonant excitations of the 
two strong fields. 6 Transient effects in a multilevel system with strong resonant 
excitations should in general be a very interesting subject. 10 They are an 
extension of the coherent transient phenomena discussed in Chapter 21 . 


22 3 DRESSED- ATOM APPROACH 

In the dressed-atom approach, the eigensolution of the combined system of 
atom and pump fields is sought first. The result yields a picture of the energy 
level structure of the “dressed” atom and hence a physical understanding of 
the absorption or emission spectrum. We use here a full quantum mechanical 
description to illustrate the approach. 2 To avoid excessive mathematical 
derivation, we consider only the qualitative or semiquantitative aspect of 
various problems in the following discussion. 

Consider again the two-level system interacting with a strong monochro- 
matic field. We first find the eigensolution of the combined atom- field system. 
Figure 22.3 shows that in the absence of the atom-field interaction with 
o ~ u 2V (1, n ) and |2, n) are nearly degenerate with |2, n - 1> and [1, n + 1), 
respectively, where n indicates the number of photons in the field. With strong 
atom-field interaction, the degeneracies are lifted and the energy level structure 
appears as an infinite set of equally spaced doublets. The splitting h 4 between 
the two states ( <x„\ and (#,) in a doublet can be obtained easily from 
degenerate perturbation theory knowing that the interaction connecting (1, n| 
and <2, n — 1| is 


(2, n - l|JC,|l,n> - -p 2l £(«) (22-8) 

with c|ii(«)| 2 /2ir = nhu for n » 1. We find 

A - [(« — «„) z + 40 2 ] ,/2 , (22.9) 

which is just the Rabi frequency. In terms of (1, «| and (2, n - 1|, the two 
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Fig. 22 J 

Energy level structure of a two-level system in the dressed-atom picture. 

eigenstates of the dressed atom are 





_ 2 p n E{w)‘ 

[(w - w 21 + A) 2 + 4i2 2 ] 




Ct) - w 2l + A 

P,«- 

1> 



[(« - «2i + A) 2 + 4S2 2 ] l/2 


and 

, O , _ <0 - w 21 + A 

\Pn / r i ii/n 

[(« - w 21 + A) 2 + 4£J 2 ] 



(22.10) 


, 2 p 21 E(u) 

|2, w - 

i>. 



[(w - w 21 + A) 2 + 48 2 ] 1A 



From this eigensoiution, one can then find the fluorescence and absorption 
spectra. 11 We need only consider transitions between two neighboring doub- 
lets. Because of mixing of wavef unctions, all transitions connecting the two 
pairs of states are allowed. As shown in Fig. 22.4, this leads to a fluorescence 
spectrum with three lines; the central component at o> and two side ones at 
d ± A. In the steady- state case, the detailed-balance condition usually requires 
that in equilibrium, the relaxation through fluorescence should obey the 
relation 


dt 




dpp 

dt 


( 22 . 11 ) 


where T u is the spontaneous transition rate from the state |y, n) to jt, n - 1), 
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hA 



Fig. 22.4 (a) Fluorescent transitions and the corresponding fluorescent spectrum, and 
(£) absorptive transitions and the corresponding absorption spectrum in a two-level 
system under a strong optical excitation. The dressed- atom picture is used here to 
describe the energy level structure of the composite matter- field system. 

and pt is the steady-state population in | *). Equation (22.11) immediately leads 
to the conclusion that the two side components in the fluorescence spectrum 
are equal in intensity. The absorption spectrum should also have three compo- 
nents at &) and to ± A. However, as seen in Fig. 22.4, the central component 
comes from |a„) (a n+1 ) and I#,) -* |A, + 1 ) transitions, and its intensity is 

zero because and p^ - (neglecting the very small difference in 

the probabilities of finding n and n + 1 photons in the strong field). The two 
side components have intensities 


and 


/(<■> - 4) = KT 0 .(p t - pj 


( 22 . 12 ) 
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where A" is a proportional constant. If to < <*> n , then P a > p^, and hence 
/(« + A) > 0 and I(u - A) < 0, corresponding to an absorption line and an 
amplification line, respectively. If w > « 21 , then p a < p^, and we have the 
reverse situation /(co + A) < 0 and /(<o - A) > 0. The detailed -balance condi- 
tion of (22.11) also leads to 

/(« + A) + '(« - 4) - *(W*)(f>. - P/1 ) 2 > 0, (22.13) 

indicating that the absorption line is always more intense than the amplifica- 
tion line. A more detailed calculation taking into account the relaxations 
allows us to deduce also the lineshapes of the spectra. 2 

In the Autler-Townes double-resonance case, the transition from level |2) to 
a third level |3) is probed. Clearly, in the dressed-atom picture, having |2, n ) 
mixed with |1, n + 1), the absorption spectrum from |2) should consist of two 
lines at w J2 ± A/2. If u < w 21 so that p a > p^, one finds /(o 32 + A/2) > /(to 32 
- A/2), and if w > w 2 i, the reverse is true. 

The dressed-atom approach can be extended readily to the three-level 
system interacting with two strong resonant fields in Fig. 22.1. As seen in Fig. 
22.5, the energy level structure of the dressed atom is an infinite set of triplets. 
It is easily seen that the fluorescence spectrum from |3) to |2) consists of a 
symmetric pattern of seven lines, with the central component at «' and the side 
components at w' ± A, «' ± A', and <o' ± (A + A'). The fluorescence spectrum 
from (2) to |1) is the same except that the central component is at The 
absorption spectra from |I) to {2) and from [2) to |3> can also be calculated. 
Each should also have seven lines, but the central component again has zero 
intensity; three of the side lines are absorption lines and the other three are 
amplification lines. If the transition from one of the three levels to a fourth 



Fig. 22.5 Energy level structure of the composite system of a three-level atom strongly 
interacting with two nearly resonant exciting fields E(io) and E((j'). 
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level of the atomic system is probed, then the absorption spectrum should 
consist of three lines. This is the Autler-Townes effect in a four-level system. 

Another case of interest occurs when a single monochromatic field interacts 
strongly with a three-level system in which two levels, e.g., |2) and j3), are 
nearly degenerate with a frequency separation less than the Rabi frequency. In 
the dressed-atom picture, (1, n| is nearly degenerate with (2, n - 1| and 
(3, n - X|» and (2, n| and <3, rt\ are nearly degenerate with (1, n + 1], so that 
the energy level diagram is also an infinite set of equally spaced triplets. The 
fluorescence spectrum should again be a symmetric pattern of seven lines 
centered at u, while the corresponding absorption spectrum has the central 
component missing. 

The foregoing examples show that the dressed-atom approach is indeed 
physically transparent, and is most helpful to the understanding of spectros- 
copy of atoms under strong resonant excitations. It can be generalized to an 
effective n-level system with the following general rules. Each level in the 
strong fields is split into n levels, all of which have the partial characters of the 
original n levels. Both the splittings and the partial characters of the split levels 
depend on the field-atom coupling strengths represented by the off-diagonal 
matrix elements of the perturbation Hamiltonian connecting the original n 
levels. They can be calculated by diagonalizing an n x n matrix following a 
degenerate perturbation calculation on the coupled field- atom system. The 
energy level diagram of the system now appears to have n sets of n levels, and 
the absorption and emission spectra can be directly deduced from transitions 
between the n sets of levels. We should remark that in general, strong coupling 
of two levels is not necessarily effected by a one-photon resonant excitation 
(w ~ » (7 ). It can also be effected by fields connecting the levels via, for 
example, a two-photon transition (2« - In this latter case, the effective 
Hamiltonian for two-photon transition - - E T * M • E 2 = -E l E 2 M with 
M defined in (12.1)] should be used in the degenerate perturbation calculation. 
However, the detailed calculation of a spectrum in the dressed-atom approach, 
taking into account the random relaxations, is actually as complicated as in the 
bare-atom approach. 


22.4 EXPERIMENTAL DEMONSTRATION 

The optical- field-induced line broadening, shifts, and splittings generally are 
known as the optical Stark effect. Similar effects have long been observed in 
microwave spectroscopy. With the advent of lasers, they can also be readily 
observed in the optical region. Laser-induced saturation with the resultant line 
broadening is of course the basis of saturation spectroscopy (Section 13.3). The 
optical Stark shift which occurs in the relatively weak atom- field interaction 
limit has also been extensively studied. With a high-intensity laser, even if the 
laser frequency is very far off resonance, the optical Stark shift is still 
observable. An example is presented in Fig. 22.6, where a shift of 0.12 cm -1 of 
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Fig. 22.6 The effects of high-intensity infrared radiation on the position and line 
shape of the 5(3) rotational transition of molecular hydrogen. Crosses represent data 
obtained by coherent anti-Stokes Raman spectroscopy in the presence of 1.06-/*m 
radiation from a ^-switched Nd : YA1G laser; circles show data in the absence of this 
field. The solid and dashed lines are smooth curves drawn through the data points. 
(After Ref. 12.) 


the 5(3) rotational transition (1034.5 cm" 1 ) in molecular hydrogen, induced by 
a ^-switched Nd:YAG laser pulse at 1.06 pm with a peak intensity of 8 x 10 11 
w/cm 2 is clearly seen. 12 

With strong atom-field interaction, usually achieved by resonant or near- 
resonant laser excitation, optical Stark splitting occurs. This has been studied 
in a large number of experiments. An atomic beam is often employed in the 
experiment to avoid complications due to Doppler broadening, to reduce the 
inhomogeneous linewidth, and to make the observation easier. In the study of 
the fluorescence spectrum induced by a strong resonant field, a single-frequency 
CW laser beam is used to excite an atomic beam, and the induced fluorescence 
is monitored and analyzed. 13 For example, in the experiment of Wu et al. (in 
Ref. 13), a circularly polarized CW dye laser with a linewidth less than 250 
kHz was used to excite the 3 2 S 1/2 (F ” 2, m F = 2) -» = 3, m F , = 3) 

transition of sodium in an orthogonally propagating atomic beam, which had 
the initial population in the 3 2 S 1/2 (F = 2, m F = 2) ground state prepared by 
optical pumping. The fluorescence from the inverse transition emitted in the 
direction perpendicular to both beams was detected and analyzed by a 
Fabry-Perot interferometer. With sufficiently high laser intensity, three peaks 
in the spectrum could be readily observed, in agreement with the theoretical 
prediction. Figure 22.7 shows the observed spectra compared with theory for 
on- and off-resonance excitation with a peak laser intensity of 640 mW/cm 2 , 
corresponding to an on-resonance Rabi frequency ft = 78 MHz. As predicted, 
the spectra are always centered on the exciting laser frequency, and the 
sideband separation 2 A increased with the detuning (w - u 21 ) following 
A = [(<*> - « 2l ) 2 + 4ft 2 ]. 




FREQUENCY {MHz) 


Fig. 22.8 (fl) Measured absorption spectrum of the 3 2 S 1/2 (F - 2, m F - 2) -» 
3 2 p 3 / 2 (f = 3, m r — 3) transition of sodium driven by a strong field detuned by 
28 MHz above resonance. The field intensity is 560 mW/cm 2 corresponding to a Rabi 
frequency of 66 MHz. (6) Progression of theoretical line shapes with constant field 
strength (Rabi frequency = 66 MHz) and increasing detuning Au>/2tt = 0. 5, 10, 20, 
28, 40. 60, and 80 MHz. Origin of horizontal axis is the transition resonance frequency. 
Arrows indicate frequency of driving field. {After Ref. 14.) 
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The absorption spectrum of the 3 2 S 1/2 {F =2, m F = 2) -> 3 2 P 2/i (F' = 3, 
m p , = 3) transition under strong laser excitation can also be probed if a 
second tunable dye laser is available. A representative piece of an experimental 
result of Wu et al. 14 is shown in Fig. 22.8. It is seen that here, as the Rabi 
frequency is much larger than the linewidth, the spectrum exhibits two 
sidebands separated by 2A. The central component at w is indeed absent. The 
component on the high-frequency side is an amplification line, and the one on 
the low-frequency side is an absorption line. The latter is more intense than the 
former. These observations are all in good agreement with the theoretical 
predictions discussed in the previous sections. 

In the Autler-Townes effect, the transition from one of the two levels 
connected by the strong field to a third level is probed, and two absorption 
lines are expected in the spectrum. An example of the experimental demonstra- 



Fig. 22.9 (a) Autler-Townes absorption doublet observed in sodium when laser A is 
exactly on resonance with the 3 2 S 1/2 (F — 2 , m F = 2 ) -* 3 2 P)/?(F - 3, m F — 3) transi- 
tion and laser B scans over the 3 1 P^ /1 {F = 3, m F = 3) -» 4 2 D 5/2 (F = 4, nt F ~ 4) 
transition. The splitting increases as the intensity of laser A increases. d B is the detuning 
of laser B from resonance. { b ) Autler-Townes doublet when laser A is off resonance. 
As $ 4 , the detuning of laser A from resonance changes, the spectra become asymmetric. 
{After Ref. 15.) 
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<b> 

Fig. 22.9 ( Continued ). 


tion 15 is given in Fig. 22.9, The first laser excites the 3 2 S l/2 (F - 2, m F - 2) -* 
3 2 Py 2 (F' = 3, m F , - 3) transition of the sodium atom, and the second laser 
probes the absorption from 3 2 P i/2 (F' = 3, m F , = 3) to 4 2 D$ /2 (F" = 4, m F „ 
— 4). The observed absorption spectrum shows two lines. It is symmetric with 
on-resonance pump excitation, and asymmetric with off-resonance excitation. 
The separation A between the two peaks increases with the detuning w - oj 21 
following (22.9). These results are in good agreement with theory. 

When two lasers are used to excite a threedevel system from |1) to |2) and 
from |2) to |3), respectively, the theory predicts that in the strong interaction 
limit, the two-photon resonant pumping tends to distribute the population 
evenly between the initial and final states jl) and |3), with little appearing in 
the intermediate state [2). This has been experimentally demonstrated by Gray 
et al. 7 The three-level system they chose was formed by the three levels, 
3 2 5‘i/ 2 (i r — 1), 3 2 P l/ > 1 (F = 2), and 3 2 S 1/2 ( F — 2), of atomic sodium. Two 
single-frequency CW dye laser beams were used to connect the two ground S 
states to the excited P states, as in Fig. 22.10, with the latter acting as the 
intermediate state. The population in the P state was monitored by the 
intensity of the fluorescence from that state. The result of an experiment in 
which the first laser was tuned to exact resonance with the S l/2 {F = 1) -> 
P\fi{F = 2) transition and the second laser was tuned through the two-photon 
resonance is shown in Fig. 22.10 in comparison with the theoretical calculation. 
Indeed, the population in the intermediate state dropped to nearly zero at 
exact two-photon resonance. The same happened even when the first laser was 




Fig. 22.10 (a) The three levels of sodium under the excitations of two nearly resonant 
strong fields. ( b ) Experimentally observed excited-state population a 22 . The fixed- 
frequency laser is at exact resonance, 8 a ~ 0, with an intensity of 23 mW/cm 2 . The 
second laser is detuned 8 h from exact resonance, with an intensity of 54 mW/cm 2 . (c) 
Theoretical prediction of excited-state population a 22 . (After Ref. 7.) 
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detuned from resonance, except that a much higher pump power was needed to 
see the effect. 

Experiments on strongly excited n-level systems with n > 3 are rare; but 
nonetheless, they could be interesting. For example, the absorption and 
emission spectra of a four-level system with two closely spaced intermediate 
levels, excited by two fields resonant with the ground-intermediate and inter- 
mediate- final transitions, respectively, could vary drastically with the field 
intensities. Experimental study on the transient effects in a strongly excited 
multilevel system has not yet been explored either. The time dependence of the 
absorption and emission spectra may also be interesting. 


22.5 MULT1PHOTON EXCITATION AND IONIZATION 

If the optical field is very intense, n-photon transitions with n » 1 can occur. 
We consider first transitions without intermediate resonances. In this case, the 
transition probability is very weak even with a strong excitation field and can 
be estimated from the nth order perturbation calculation. While the general 
expression of the transition probability is too cumbersome to be reproduced 
here, it can be symbolically written as 



je n 

( ftAw )” -1 


g {u) (nt* 


«/*) 


(22.14) 


where is actually a sum of many terms; in each term, is a 

product of n off-diagonal matrix dements of the Hamiltonian — er*E, and 
(Aca)"' 1 is a product of (n - 1) factors of frequency detunings from reso- 
nances. The lineshape function g(nto - has, in the ideal case, the simple 
Lorentzian form 




T /it 


(nco - w /g ) 2 + T 2 


(22.15) 


We have assumed here n photons of the same frequency. Generalization to n 
photons of different frequencies is straightforward with «w replaced by + 
w 2 + *•■+«„. 

Because j^AAw| - \E/E^\ ■« 1 far from resonance, knowing that the 
optical field E is much smaller than the atomic field £ al (see Section 1.3), the 
above perturbation calculation is justified. Recall, however, that an intense 
off-resonant light can still induce an optical Stark effect (see Section 22.2) 
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proportional to the light intensity: 

Hi “ *1 ~ s s- 

y |</|ar-E|r)| 2 <*„ 

' t «) IV 

, IOrkr-E |()| 2 

* r» J (K,i-«)K.r 


(22.16) 


This causes a shift in the multiphoton resonant frequency so that g (n) (n w - w fg ) 
in (22.15) should be replaced by g {n) (nu - w fg - Su fg ). Line broadening due 
to pump saturation is usually negligible for an n-photon transition with n » 1, 
but we can easily include it by replacing the linewidth F in by T(1 + 
2W (n) T l ) 1/2 where 7\ is the longitudinal relaxation time for the excitation. 
Thus, in the Loren tzian form, we have more exactly 




Hi) “ 


r(i + 2tf't">r,) 1/z /ir 

(™ - u ls - Su )g f + r 2 (l + 2W l " , T l ) ' 


(22.17) 


For n = 2 (two-photon transition), the shift in the resonant frequency is 
actually comparable to line broadening, both being proportional to the light 
intensity (they are neglected in the discussion of two-photon transition in 
Section 12.1). For n > 2, the shift is much larger than broadening. The former 
is measurable, but the latter often is not. 

Experimentally, both saturation broadening 16 and light-induced line shifts 17 
have been observed in two-photon transitions. The effect is larger if there exists 
a nearly resonant intermediate state. It is often said that an «-photon transition 
is characterized by an nth power dependence on the light intensity. This is, 
however, true only if both the lineshift and line broadening induced by the 
optical field are negligible, e.g., in the low intensity limit. For an n-photon 
transition with n » 1 between two discrete states, the lineshift may be 
appreciable when the signal reaches the detectable level. The nth power 
dependence on the intensity, I" 7 then would never be observed. In experimen- 
tal investigation, multiphoton transitions between discrete states with n > 3 
have seldom been studied. This is presumably because the high laser intensity 
required for the observation also tends to ionize the atoms or molecules, and 
the subsequent effects induced by ionization tends to confuse the results. 
However, multiphoton ionization can also be considered a multiphoton transi- 
tion, but the transition is between a discrete state and a continuum. In the 
latter case, the light-induced shift in the resonant frequency is immaterial in 
the presence of the continuum and while saturation broadening is certainly 
negligible. The /" dependence of the signal can therefore be expected. Indeed, 
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using a picosecond high-power Nd:glass laser, Manus and co-workers 18, 19 
observed the n-photon ionization process with an l n dependence Jn many 

atomic systems; for example, n = 11 was observed in the process Xe -* Xe + + 
e - The situation is, however, very different if there is a discrete m-photon 
intermediate resonant level in the n-photon ionization. As shown in Fig. 
22. 11, 20 the 4-photon ionization of Cs does have an 7 4 dependence if 3w is 
sufficiently far away from F > but with 3w - &> 6 s-6F> ft 15 ver y different 
from 7 4 . Suppose the ionization signal S depends on 7 as l K . Then, from the 
slope of log(S) versus log(7), we can find K . Figure 22.11 shows that as 3a 
scans over , K varies drastically from 4 to 30 to 1 and finally back to 4. 
This result can be easily explained: since there is a light-induced shift on 
*6s-bF> the frequency denominator in the transition probability now also 
depends on 7. 21 Qualitatively, when 3w > 311 increase of 7 shifts « 6 ^ F 

closer to resonance and the ionization signal increases more rapidly than 7 , as 
indicated by a K > 4. For 3w < a 6S ^ F , an increase of 7 shifts w 6S _ 6f farther 
away from resonance, and the ionization signal increases less rapidly than / as 
indicated by a K < 4. The asymmetry of the curve in Fig. 22.11 can also be 
understood as due to interference of two ionization channels, one being a 
direct 4-photon ionization path and the other being a 4-photon ionization via 
the 3-photon intermediate resonance at oi 6S _ 6f . 

Suppose from energy considerations that only N photons of the same 
frequency are required to ionize an atom, but one may find in an actual 



Fig 22.11 Four-photon ionization of cesium with an intermediate resonant step, 
variation of the experimental order of nonlinearity as a function of the detuning 
from the three-photon transition 65 -» 6 F. (After Ref. 20.) 
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experiment that each atom is ionized after an absorption of more than ^ 
photons, depending on the laser intensity. This happens when the up-excitation 
rate in the continuum above the ionization level is larger than the ionization 
rate and is evidenced by the appearance of higher-energy electrons released in 
the ionization process. 22 When the excitation rate is very high, it is even 
possible to excite an atom over the second, third, and nth ionization thresholds. 
Indeed, Manus and co-workers 23 demonstrated experimentally that Kr can 
result from Kr via absorption of 33 photons from a 50-psec Nd:YAG laser 

pulse, and even Kr 3 + and Kr 4 + appear in the product. 

Among the possible applications of multiphoton ionization are the detection 
of rare species (of atoms and molecules) (Section 19.3), isotope separation 
(Section 24.2), and generation of spin-polarized electrons. It has been sug- 
gested that multiphoton ionization of unpolarized atoms with circularly 
polarized light can produce highly polarized electrons. 24 Both the angular 
distributions and the polarizations of electrons produced in two-photon and 
multiphoton ionization of atoms have been measured. 25 An electron polariza- 
tion as high as 0.8 has been observed in the two-photon ionization of Cs. 
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Infrared Multiphoton 
Excitation and 
Dissociation of Molecules 


A most exciting late discovery in nonlinear optics is the phenomenon of 
infrared multiphoton excitation and dissociation of molecules. It was found 
that a molecule could be highly excited and eventually dissociated through 
frequency-selective absorption of tens of photons from an infrared laser pulse 
not much more intense than 10 MW/cm 2 and a few J/cm 2 per pulse. This was 
unexpected, as one would think that such a multiphoton excitation should have 
required a much more intense laser field. The process is of great fundamental 
importance and has far-reaching scientific and practical significance: the 
possibility of depositing a few electron volts of photon energy through vibra- 
tion-rotational excitation in a molecule is extremely interesting for laser 
chemistry because it can drastically affect the chemical reaction involving the 
molecule. Being frequency-selective, infrared multiphoton dissociation is a 
viable method for isotope separation. Bond-selective (or mode-selective) multi- 
photon dissociation, if possible, could lead to a revolution in chemical synthe- 
sis. In this chapter, many important aspects of infrared multiphoton excitation 
and dissociation are discussed, with particular emphasis on the physical 
understanding of the process. 


23.1 EARLY INVESTIGATIONS 

Infrared multiphoton excitation (MPE) and dissociation (MPD) of single 
molecules were accidentally discovered by Isenor and Richardson 1 in 1971. In 
their experiment, when a high-power C0 2 laser pulse w r as focused into a 
resonantly absorbing gas medium (NH 3 , CF 2 Cl 2 ,etc.), visible luminescence 
appeared from the focal region, even when the laser intensity was well below 
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the optical breakdown threshold. They identified the luminescence as emission 
from electronically excited dissociation products. A more careful study showed 
that the luminescence had an instantaneous part followed by a delayed part. 2 
The instantaneous luminescence was believed to come from collisionless uni- 
molecular dissociation and the delayed luminescence from collision-induced 
dissociation. Energy considerations indicated that the collisionless dissociation 
must have resulted from MPE of single molecules through the vibration-rota- 
tional ladder. 

The resonant nature of MPE suggested the possibility of using MPD for 
isotope separation. In 1974, Ambartzumian et al. indeed found that MPD was 
iso topically selective. 3 This immediately aroused the interest of many re- 
searchers around the world, as it was envisioned that MPD used for isotope 
separation could be economically advantageous. Subsequent intensive studies 
showed that MPD was a general process applicable to a large number of 
molecules including SF 6 , MoF 6 , BC1 3 , 0s0 4 , CF 2 C1 2 . Through selective MPD 
in an isotopic mixture, appreciable isotope enrichment could be obtained 
Consider the case of SF 6 as an example. 4 The natural abundance of 32 SF 6 is 
95% and that of 34 SF 6 is 4.2%. This is reflected in the relative strength of the 
infrared absorption peaks of 32 SF 6 and ^SFg shown in Fig. 23.1 for a gas 
mixture of 0.18 torr of SF 6 and 2 torr of H 2 . Ambartzumian et al, 4 found that 
after the selective multiphoton excitation of 32 SF 6 in the mixture by 2000 COj 
laser pulses of 2 J per pulse, the 32 SF 6 concentration was greatly reduced. This 
was seen from the resulting absorption spectrum, also shown in Fig. 23.1. The 
enrichment factor# defined by 


K = 


[ 34 s] / [ 34 S ] 0 

32 sj 7 N 0 




(«) (b) 


Fig. 23.1 IR absorption spectrum of the v 3 vibrational mode in SF 6 : (a) natural 
mixture, and (b) mixture enriched by infrared multiphoton molecular dissociation. 
[After R. V. Ambartzumian, Yu. A. Gorokov, V. S. Letokhov, and G. N. Makarov, 
JETP Lett. 21, 171 (1975).] 
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with [ ] 0 and [ ] denoting the initial and final concentrations, respectively, was 
2800. The observed k could be much higher if it were not for the fact that 
molecular collisions and chemical reactions had scrambled the isotopes. 

The yields of MPD of SF 6 and other molecules were found to be very high, 
reaching a few tens of a percent if the laser fluence (energy per unit area) was 
above - 10 J/cm 2 . That the process could be so efficient was a mystery. 
Clearly, the infrared MPE must be a resonant or near-resonant stepwise 
process; otherwise, any appreciable absorption of tens of photons would 
require a laser intensity much higher than 10 GW/cm 2 . The resonant stepwise 
process would be possible if the absorbing molecule behaved as an harmonic 
oscillator in resonance with the incoming laser field. However, a molecular 
vibration is generally anharmonic. Because of the anharmonicity, a laser 
excitation resonant with the v = 0 to u - 1 transition is soon out of step with 
the vibrational ladder, as seen in Fig. 23.2, The stepwise resonant MPE would 
seem impossible. 

It was pointed out by Ambartzumian et al. 5 and by Larsen and Bloember- 
gen 6 that for the lower vibrational transitions in polyatomic molecules, the 
vibrational anharmonicity could be nearly compensated by the rotational 
energy, so that the laser field could remain in near resonance with the 
rotation-vibrational transitions between the vibrational excited states. Then, in 
a polyatomic molecule, the density of states increases rapidly with energy 
because of the large number of rotational and vibrational modes and forms a 
quasi-continuum. 2 - 7 Once the molecule is excited into the quasi-continuum, 
further multiphoton excitation up the quasi-continuum to and beyond the 
dissociation threshold is certainly stepwise resonant. 

Aside from isotope separation, a considerable amount of interest and 
excitement was also generated with the suggestion that MPE could be a novel 
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method for energizing molecules. It was hoped that by depositing energy into 
selected vibrational modes, molecules would be dissociated through certain 
dissociation channels different from those of thermal decomposition. 8 Initial 
experimental results appeared to support this hypothesis: the first reported 
analysis of the primary products of MPD of SF 6 indicated that the molecule 
dissociated into SF 4 and F 2 by passing over the lower dissociation channel with 
fragments SF 5 and F;* the results of MPD experiments on CFCi 3 were 
interpreted to evidence dissociation through a higher energy channel into CFC1 
and Cl 2 rather than through the lowest energy channel CFC1 2 and Ci. 10 These 
results, however, were not substantiated by the subsequent MPD experiments 
with molecular beams. 11 * 12 

Many other interesting questions came up during the course of investiga- 
tion. First, how does MPE modify the internal energy distribution in a 
molecule? Will the energy deposited into a molecule through excitation of a 
particular vibrational mode remain in that mode, or will it quickly randomize 
into many modes? In this respect, if the energy could be kept in the selected 
vibrational mode, then bond-selective (or mode-selective) MPD would be 
possible. Second, how many photons are actually absorbed before a molecule 
dissociates, and what limits the number of photons absorbed? Third, what are 
the dissociation products? As seen in Fig. 23.3, a polyatomic molecule such as 
SF fi or CCljF has many dissociation channels with different dissociation 
energies. In MPD, would a molecule prefer to dissociate through the lowest 
energy channel, or could it selectively dissociate through a channel at a higher 
energy? In the tatter case, one would have bond-selective dissociation. Fourth, 
what is the dynamics of MPD? After dissociation, how much excess energy 



SF 6 CCI 3 F 


Fig. 233 Energy levels of the lower dissociation channels of SF 6 and CC1 ? F. 
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appears as kinetic energy of the fragments and how much as internal energy in 
the fragments? How does the internal energy distribute in the fragments? 

In the following section, a more detailed physical description of MPE 
providing some qualitative answers to these questions are presented. Section 
23.3 offers a simple theoretical model to account for the many experimental 
observations. 


23.2 PHYSICAL DESCRIPTION 

Figure 23.4 is a schematic of a typical rotation-vibrational energy level diagram 
of a polyatomic molecule. It can be arbitrarily divided into three regions: the 
lower-energy discrete levels, the higher-energy quasi-continuum, and the true 
continuum above the lowest dissociation level. As mentioned earlier, to excite a 
significant fraction of the population into the continuum, the MPE process 
must be stepwise resonant or near-resonant. It is also necessary that the 
density of states be significantly higher at higher energies in order to have 
up-excitation dominate over downward stimulated emission. This is easy to 
understand because the transition rate is proportional to the density of states 
of the final state. (Molecules prefer to be excited into a level with less occupied 
states.) 

Both of these conditions could indeed be satisfied in MPE of a polyatomic 
molecule, as we shall see in the following discussion, where the MPE process 
through the three regions of the energy-level diagram is described separately. 

MPE Through Discrete Levels 

In the discrete-level region, if excitation is restricted to pure vibrational 
transitions, then because of vibrational anharmonicity, stepwise resonant MPE 
is clearly impossible. However, it becomes possible when the complexity of the 
energy levels of a polyatomic molecule and the effects of intense laser excita- 
tion are taken into consideration. First, since the actual transitions can be 
vibration-rotational with allowed changes of quantum numbers AF = 1 and 
AJ - 0, ± 1, the anharmonic energy shift A between the V -> (V + 1) and 
y + i) y + 2) transitions could be nearly compensated by the addition or 
removal of rotational energy through \AJ\ - l. 5 ’ 6 For example, the transitions 
(K- 0, J)- (F- 1, /- 1)-(F = 2.7)-* (F= 3,7 + 1) for a certain 
range of J values in a polyatomic molecule could have nearly equal transition 
frequencies. Then the anharmonic coupling between degenerate vibrational 
modes can induce anharmonic splittings in some overtone and combination 
levels which can also compensate the anharmonic shift over perhaps a wider 
range of initial J values. 13 Finally, the forbidden transitions, although much 
weaker, could still participate in MPE to make stepwise resonant transitions 
possible. 14 Since high laser intensities are used in the experiments, even the 
forbidden transition probability of MPE could be high. The high laser intensi- 


442 


Infrared Multiphoton Excitation and Dissociation of Molecules 
I 



Fig. 23.4 Schematic energy level diagram of a polyatomic molecule. Multiphoton 
excitation in the various regions is denoted by the vertical arrows and dissociation by 
the horizontal arrows. 


ties could also induce power broadening of the levels, which would further 
reduce the frequency mismatch in MPE. Thus one can expect that, in many 
polyatomic molecules, efficient stepwise resonant or near-resonant MPE from 
V — 0 (or 1 for thermally excited, vibrationally hot molecules) to V — 3-6 is 
possible. As we shall see later, at V = 3-6 the energy levels of many poly- 
atomic molecules have already formed a quasi-continuum, assuming the vibra- 
tional frequency to be - 1000 cm - 1 . This means that a significant fraction of 
the molecules can indeed be excited to the quasi-continuum. 
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The foregoing discussion shows that MPE is more efficient for molecules 
initially in certain (V, J) states satisfying the stepwise near- resonant condition. 
Consequently, at a given laser intensity, only a certain fraction of the mole- 
cules can be excited to the quasi-continuum, with the rest remaining in discrete 
levels. 15 This fraction increases with increasing laser intensity, approaching 1 at 
an intensity > 10 8 - 10 9 W/cm 2 in many cases. It determines the maximum 
yield of MPD at a prescribed laser intensity because only molecules in the 
quasi-continuum can later be excited through the quasi-continuum to the true 
continuum above the dissociation threshold. 


MPE Through the Quasi-Continuum 

An n-atom molecule with n>3hass-3n-6 vibrational modes. As a result, 
the number of combination and overtone states increases rapidly with energy, 
more so in molecules with larger n. The levels soon become so dense that they 
practically form a continuum. This is known as the quasi-continuum. Superim- 
posed on the vibrational levels are the rotational levels, which further increase 
the density of states. 

Several approximate formulas have been proposed to calculate the density 
of vibrational states of a polyatomic molecule. 16 Among them, the 
Whitten- Rabinovitch approximation has been widely accepted. It gives the 
following expression for the density of vibrational states: 


«(£) = 


(i - Dm*., 



(23.1) 


where E 0 is the total zero-point vibrational energy of the molecule, £ is the 
energy measured from £ 0 , is the frequency of the ith vibrational mode, s is 
the number of vibrational modes, )3 = (s - l)(« 2 )/s(«) 2 with (o>) and (w 2 ) 
being the mean and mean square vibrational frequencies, respectively, a - 1 - 

mil V = E/Eo> and 


w(n) = (5.00 t| - 2.73V /2 + 3.51) 1 for 0.1 < tj < 1.0 
= exp(-2.419^ /4 ) for 1.0 < tj < 8.0. 

Figure 23.5 shows the densities of states g(£) versus £ for a number of 
molecules. It is seen that g(£) indeed increases much more rapidly with £ in 
larger molecules. In SF 6 , for example, g(£) is more than 100 states/cm -1 at 
E — 4000 cm 1 and is close to 1000 states/cm “ 1 at £ = 5000 cm’ 1 . The 
density of states is much higher when rotational states are taken into account. 16 
Thus in every practical sense we can say that an SF 6 molecule is in quasi-con- 
tinuum if it is vibrationally excited to £ > 4000 cm -1 . This can be achieved in 
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Fig. 23.5 Densities of states as a function of energy for different molecules: (1) D 2 0; 
(2) OCS; (3) CH 3 F; (4) BC1 3 ; (5) C 2 H 4 ; (6) CF 3 I; (7) 0s0 4 ; (8) C 2 F 3 C1; (9) SF 6 ; (10) 
UF 6 ; (11) S 2 F 10 . [After V. S. Letokhov and A. A. Makarov, Uspekhi 24, 366 (1982).] 

SF 6 , for example, by MPE of the p 3 mode (u - 950 cm -1 ) from V = 0 or 1 to 
V > 4 using a pulsed C0 2 laser. 

We should note that even in the quasi-continuum, the absorption spectrum 
may show a structure characteristic of the various vibrational modes. This 
depends on the mode- mode coupling. Anharmonic coupling in general causes 
significant red shifts and huge broadenings of the rotation- vibrational transi- 
tions. With the molecules in quasi-continuum, the absorption spectrum should 
exhibit very broad, red -shifted bands. In some special cases, however, a 
particular vibrational mode may couple only weakly with other modes for 
reasons such as large mismatches in the mode frequencies. Then, even in the 
quasi-continuum, the absorption spectrum may show relatively narrow peaks 
characteristic of the mode. 17 

In all practical cases we know, we can regard MPE in the quasi-continuum 
as stepwise resonant. The rapid increase of the density of states with the 
excitation energy also guarantees a net up-excitation of the population in the 
quasi-continuum. In exciting a molecule under the collisionless condition, each 
step is a one-photon transition with negligible relaxation (as the spontaneous 
emission is weak compared to stimulated emission and absorption with the 
laser intensities used in MPE). Therefore, the overall MPE in the quasi-con- 
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tinuuni by an infrared laser pulse is proportional to the laser fluence (time 
: integration of the laser intensity). In other words, the energy deposited into the 
h molecule is directly proportional to the laser energy available. 

If the coupling between modes is strong, the energy absorbed by the 
molecule in the quasi-continuum is expected to be distributed in all modes. 
Then MPE may be considered a laser heating process, in which the molecule as 
a whole acts as a small thermal reservoir to be heated up via successive 
absorption of photons at a selected wavelength. 18 However, it is different from 
the usual heating process in the sense that the excited population distribution 
is not thermal. 19 It is of course also possible that the energy deposited in the 
molecule may not get randomized into all the modes. 

MPE and MPD in the True Continuum 

With enough laser fluence (~ 1 J/cm 2 for SF 6 , CF 3 C1, etc.), the MPE process 
; can excite a molecule through the quasi-continuum into the true continuum 
above the dissociation threshold. Once in the true continuum, the molecule 
i should dissociate, but the dissociation is in competition with the continuing 
\ stepwise resonant up-excitation. 19 Being successive one- photon transitions, the 
up-excitation has a rate proportional to the laser intensity but it does not 
strongly depend on the excitation energy in the molecule. On the other hand, 
the dissociation rate, which is nearly zero at the dissociation threshold, 
increases very rapidly with the excess energy above the threshold. As a result, 
the up-excitation in the continuum is soon limited by the dissociation. The 
final level a molecule can be excited to in the continuum should increase with 
increasing laser intensity. It determines the excess energy the fragments will 
carry when the molecule dissociates. 

In real cases we should also consider the population distribution in the 
excited states. 19 The MPE process with a sufficiently strong laser fluence can 
create a population distribution that is partly in the quasi-continuum and 
partly in the true continuum. The high-energy tail of the distribution is usually 
truncated by rapid dissociation overcoming up-excitation. With a higher laser 
fluence, a larger fraction of the population can be excited into the continuum. 
With a higher laser intensity, on the other hand, the high-energy tail of the 
I distribution is expected to extend higher up. (We should, of course, also 
' remember that a higher laser intensity can drive a larger fraction of the 
molecules from the discrete levels to the quasi-continuum, as discussed earlier.) 
In dissociation, the mean excess energy appears as the mean energy carried 
away by the fragments. 

It is possible that with sufficiently high laser intensity and fluence, part of 
the molecules can be excited beyond the second and third dissociation levels. 

I In that case, the molecules can dissociate simultaneously through several 
l channels, yielding different dissociation products. 20 The dissociation rate 
i through each channel depends on the density of states, as described in Section 
[ 23 . 4 . 
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Upon dissociation, the excess energy goes into the translational and rota- 
tion-vibrational degrees of freedom of the fragments. How the energy is 
distributed should depend on the nature of the bond that is broken and on the 
detailed dynamics of the bond breakage. In most cases, because of the large 
number of internal degrees of freedom in the molecular fragments, a major 
portion of the excess energy would appear as the internal energy in the 
fragments. 20 

In the following sections, a simple model is used to substantiate the above 
qualitative description. How experimental results support the predictions is 
also discussed. 


23.3 A SIMPLE MODEL OF INFRARED MULTIPHOTON 
EXCITATION AND DISSOCIATION 

We consider MPE of a polyatomic molecule by an infrared monochromatic 
field as a stepwise resonant excitation process over a set of equally spaced 
discrete levels, 19,21 shown in Fig. 23.6. Tlie following assumptions are used in 
the model: 

1 The lowest level in Fig. 23.6 is at the bottom of the quasi-continuum. The 
initial population in the ground levels is pumped into this level via MPE 
over the discrete-level region. 

2 The degeneracy of each level is given by the density of states of the 
molecule according to (23.1). 

3 Rate equations can be used to describe transitions. 

4 A molecule excited over the dissociation energy level will dissociate with a 
rate depending on the excitation energy. 

The thermal distribution of the initial population apd the effect of coherent 
excitation are neglected in the model. The former is not important if we are 
interested only in the kinetics of MPE and MPD, while the latter is expected to 
be negligible because of the very short dephasing times of the highly degener- 
ate levels. 

Thus the rate equations governing MPE and MPD can be written as 


dN m _ I{t) 
dt hu 




+ A - 

6m+l om 


-K m N m for m > 1 


dN x 

dt 


no 

hu 




and 


dNo 

dt 


(23.2) 
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* i 



-dN 0 /dt 


Fig. 23.6 Schematic diagram showing multiphoton excitation and dissociation of a 
simple model system with equally spaced energy levels. 

Here N m is the normalized population in the mth level with energy £"„, = £! + 
(m - l)/iw, g m is the density of states at E mi c m is the absorption cross section 
for the m -* {m + 1) transition ( g m a m = g m+1 0 m+1 from detailed balancing), 
K m is the dissociation rate constant, which is nonzero only if is larger than 
the dissociation energy E d (ot E d + E b if the dissociation has also an exit 
barrier E B to overcome), N 0 is the population in the ground levels, and 
-dN 0 /dt describes the rate of population increase in level 1 resulting from 
MPE over the discrete levels. Both absorption and stimulated emission are 
taken into account in (23.2). For a polyatomic molecule, the absorption cross 
sections o m are generally difficult to estimate because of lack of information 
about the excited vibrational states of a molecule. However, we expect that the 
an harmonic coupling between modes would cause a m to decrease with increas- 
ing m. In the present model, we then simply assume o m - a 0 exp(-/J/7i) with 
the constants a 0 and 0 to be determined by a fit to the experimental results. We 
also assume, for simplicity, dN Q /dt = so that immediately after t = 0, 

an initial population N 0 would appear in level 1. A more reasonable form of 
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N 0 ({) depending on the laser intensity /(f) can be used in a more sophisticated 
calculation. 21 

The dissociation rate constant K m as a function of E m can be calculated 
using the RRKM model. 16 The basic assumption of the model is that the 
excitation energy in a molecule is distributed randomly in all modes; in other 
words, there is equal probability of finding the molecules in all the degenerate 
states.' Let g(E)dE be the total number of states between E and E + dE. If 
E > E Dt then part of these states should be the dissociation states in which a 
molecule would dissociate. The dissociation rate at E is proportional to the 
fraction of dissociation states in g(E)dE. We need, however, to define the 
dissociation states in order to find their number. We realize that in a dissocia- 
tion process, a bond must be broken along a certain reaction coordinate. 
Consider, for example, the dissociation of CF 3 1 -* CF 3 + 1. The reaction 
coordinate is along the Cl bond, since, during dissociation, I moves away from 
C along that coordinate. If R, the distance between I and C, is within a critical 
range d ± A, and if at the same time, the momentum p R is larger than zero, 
indicating a continuing separation of I from CF 3 , then the molecule will 
dissociate. Therefore, a dissociation state is characterized by E> E D> (d - A) 
< R £ (d + A), and p R > 0. The corresponding translational energy of the 
dissociating fragments in the critical region is £ = \p\/p, where p is 
the reduced mass. If the exit barrier for dissociation is zero, then £ is also the 
translational energy of the resulting dissociation products. Let the number of 
dissociation states between E and E + dE with a translational energy between 
£ and £ + d£ be />(£, £)dEd£. Then the probability that a molecule at E 
dissociates with a translational energy between £ and £ + d£ is 
D(E, £)d£/g(E). Knowing that the time for the dissociating system to cross 
the critical region is 2 p&/p R , one finds the dissociation rate 

k(E,g)dg~ (p K /2pA)D(E,g)dg/g(E). (23.3) 

The total dissociation rate for a molecule at E is 

K(E)= p~ E °k(E,g)dg (23.4) 

•'0 


and the dissociation lifetime is r(£) - 1 /K(E). In the case where the dissoci- 
ation has no exit barrier, one can also obtain the translational energy distribu- 
tion of the dissociation products from 

P{E,£) = k(E,£)/K(E). (23.5) 

The density of dissociation states £>(£, £)d£ is the product of two parts: 
g +(E - w hich is the density of states for the molecule at (E - £) in all 
degrees of freedom other than the reaction coordinate, and v(£)d£, which is 
the number of states between £ and £ + d£ associated with the reaction 
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coordinate. We can treat the molecule in the reaction coordinate as a particle 
of mass ft in a one-dimensional box of length 2 A. The total number of states 
between 0 and ^with p R > 0 is (2/tA 2 <f/7r 2 Jt 2 ) 1/2 , and therefore 


v($)d£ 


f-eU 


1/2 


w 


d€ 




Insertion of D{E, «f) into (23.3) yields 


k(E t £)d#= 


g*(E-#)d£ 
2 vhg(E) 


(23.6) 


(23.7) 


Note that this final expression of k{E> S) is independent of the dimension of 
the critical region we assumed. Therefore, using (23.1) to calculate g(£) and 
g*(E - <?) for a given molecule, we should be able to find the values for 
k{E,S\ K(E\ t(£), and P(E, <?). With K m = K(EJ known, the rate 
equations of (23.2) can then be solved. 

We use MPE and MPD of SF 6 by infrared laser excitation of the p 3 mode 
(948 cm -1 ) as an example. 19 The frequencies of the 15 vibrational modes of 
SF 6 are taken as 774(1), 642(2), 948(3), and 481(9) cm" 1 , where the numbers in 
parentheses denote the degeneracies of the modes and 481 cm" 1 is the 
harmonic mean frequency of all the bending modes. The MPD of SF 6 -* SF 5 
+ F has the reaction coordinate along an SF bond. We assume that in the 
critical configuration for dissociation, only three modes are affected by the 
change: one 948 cm" 1 stretching mode disappears, and two of the 481 cm -1 
bending modes are softened to 481 exp (~d/r 0 ) with d= 3.7 A and the 
equilibrium bond distance r 0 = 1.56 A. The quasi-continuum is assumed to 
begin at E = 11 kCal/mole and the dissociation energy of SF 6 is known to be 
93 kCal/mole. Then, from (23.1), the densities of states and K m can 
be calculated. The absorption cross section is taken as a m - (8 x 
10 -19 )exp(— 0.042 m) cm" 2 , which roughly reproduces the experimental re- 
sults of mutliphoton absorption in SF 6 . 22 Finally, we assume the laser excita- 
tion to be a pulse of constant intensity I 0 and pulse duration T r All the 
coefficients in (23.2) are thus specified, and the rate equations can be solved 
numerically. The results are shown in Figs. 23.7 to 23.11. 

Figure 23.7 describes MPE in the quasi-continuum of SF 6 by a resonant 
laser beam of 200 MW/cm 2 . It is seen that the laser excitation broadens the 



Fig. 23.7 Calculated population distribution at various times produced by a rectangu- 
lar laser pulse excitation of 200 MW/cm 1 . [After Aa. S. Sudbo, P. A. Schulz, Y. T. Lee, 
and Y. R. Shea, in Proceedings of the First International School on Laser Applications to 
Atoms , Molecules, and Nuclear Physics, Vilnius, USSR (1978), p. 338.] 
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Fig. 23.8 Dissociation rate of SF 6 as a function of the excess energy above dissocia- 
tion. {After Sudb* et al„ cited in Fig. 23.7.) 


450 




451 


A Simp^ Model of Infrared Multiphoton Excitation and Dissociation 

population distribution with time and drives it up to higher levels; the average 
number of photons absorbed per molecule increases accordingly. After - 20 
nsec, the high-energy tail of the population distribution starts to have an 
appreciable fraction above the dissociation threshold, indicating that dissocia- 
tion has happened. The laser excitation continues to drive the population 
distribution up, but the action soon is limited by the increasing rate of 
dissociation. As shown in Fig. 23.8, the dissociation rate increases very rapidly 
with the excess energy, and hence dissociation would effectively deplete all the 
populations excited beyond certain levels. This is evidenced by the more 
abrupt cutoff on the high-energy side of the population distribution and by the 
net decrease of population at longer times in Fig. 23.7. If a 100-nsec, 20-J/cm 2 
laser pulse is used for excitation, most of the molecules appear to have 
dissociated during the pulse with an excess of energy of 6-11 Am (16-30 
kCal/mole), as seen in Fig. 23.9. A very small fraction of the molecules in 
lower levels will dissociate after the laser pulse is over because of the low 
dissociation rates. The excess energy is distributed mainly in the internal 
degrees of freedom of the fragment SF 5 . As shown by P(£, £) versus <fin Fig. 
23.10, the average translational energy in the fragments is only a few kilo- 
calories per mole. 

The calculation also answers the question on how laser intensity and fluence 
affect the population distribution above the dissociation threshold and the 
spread of excess energy with which SF fi dissociates. Figure 23.11 shows the 
spread of excess energy in MPE of SF 6 using a 7.5-J/cm 2 laser pulse at two 



Fig. 23.9 Calculated dissociation yields from various levels above the dissociation 
energy during the laser pulse (unshaded region) and after the laser pulse (hatched 
region) for a 100-nsec, 200-MW/cm 2 laser pulse excitation. (After Sudbo et al., died in 
Fig. 23.7.) 
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X&L 792-33544 

Fig. 23.10 Calculated center-of-mass translational energy distribution in the frag- 
ments from the raultiphoton dissociation of SF$, assuming an excess energy of 5 ( — ), 8 
( ), and 12 ( ) kcal/mole. (After Ref. 12.) 

different pulse durations: 60 and 0.6 nsec full widths at half-maxima. Because 
the up-excitation rate is much faster with the shorter and more intense pulse, 
the average excess energy is higher. However, for the 0.6-nsec pulse, only the 
fraction of molecules with excess energy larger than 13 Aw can dissociate during 
the pulse. Their excess energy is limited by the balance of up-excitation with 
dissociation. Those molecules dissociating after the pulse is over have their 
excess energy limited by the laser fluence in the stepwise resonant pumping. 
With the 60-nsec pulse, the fraction with excess energy more than 7A« can 
dissociate during the pulse. According to the calculation, if the laser fluence is 
sufficiently low { < 5 J /cm 2 in the present case), most of the molecules would 
dissociate after the laser pulse is over, irrespective of the laser pulse width ( < 1 
fi sec). This is because energy- wise, the laser excitation cannot drive the 
molecules too far above the dissociation level. Then it is the laser fluence rather 
than intensity that determines the average excess energy. On the other hand, if, 
for a given pulsewidth, the laser fluence is sufficiently high such that most of 
the molecules are pumped to sufficiently high excited states, and are expected 
to dissociate during the laser pulse, the laser intensity should then determine 
the average excess energy. For a very short laser pulse, it is easily seen that the 
average level of excitation of the molecules should be limited by fluence 
consideration. 

The calculation can, of course, be modified to take into account more 
realistic situations. For example, a molecule can have a number of dissociation 
channels at different energies. If the laser fluence and intensity are sufficiently 
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Fig. 23.11 Dissociation yield of SF 6 
as a function of the number of excess 
photons for 0.6- and 60-nsec laser 
pulses, each at an energy fluence of 7.5 
J/cm 2 . (After Ref. 12.) 


high, a significant fraction of the molecules can be excited beyond the higher 
dissociation channels; then, simultaneous dissociations through several chan- 
nels can occur. This situation can be included in the calculation by adding 
terms in the rate equations of (23.2) describing dissociation through higher 
channels. The corresponding dissociation rate constants can be calculated 
using (23.4) for the different channels. In another case, the molecular fragment 
from MPD, such as SF 5 , may contain so much internal energy that it also 
appears in the quasi-continuum. If most of the molecules dissociate before the 
pulse is over, then the fragments can be further excited by the laser via MPE 
through the quasi-continuum and into the true continuum above the dissocia- 
tion threshold. This secondary MPD process can also be included in the 
calculation by incorporating in (23.2) another set of rate equations describing 
the populations of the fragments in different levels. Section 23.4 shows how the 
calculations sketched here can give a fair description of the experimental 
observations. 


23.4 EXPERIMENTAL RESULTS 

Earlier observations on MPE and MPD described in Section 23.2 were later 
substantiated by experiments more carefully designed to study particular 
features of the processes. In an experiment designed to show the two distinct 
stages of MPE, one over the discrete levels and one through the quasi-con- 
tinuum, two infrared laser pulses at different frequencies were used. 23 One was 
nearly resonant with a fundamental vibrational frequency. It had sufficiently 
high intensity to excite the molecules over the discrete levels but not enough 
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fiuence to dissociate them. The other was far from resonance with any 
fundamental vibrational frequency and also was not intense enough to excite 
the molecules over the discrete states. It had, however, the appropriate frequency 
and enough fluence to be able to excite the molecules through the quasi-con- 
tinuum to dissociation. Thus either pulse alone could not dissociate the 
molecules, whereas the two pulses together could. Tuning of the frequencies of 
the two lasers in the MPD experiment showed a sharp resonant structure with 
respect to the first laser excitation, and a strongly red-shifted, nearly feature- 
less, broad spectrum with respect to the second laser excitation (Fig. 23.1 2). 24 
They are apparently characteristics of MPE over the discrete levels and the 
quasi-continuum, respectively. The observed sharp resonant feature of the first 
laser excitation suggests that it is more advantageous to use the two-laser 
excitation scheme in isotope separation by MPD, especially for heavy isotopes 
in molecules with small isotope shift. 24 

The fraction of molecules excited to the quasi-continuum should depend on 
the exciting laser intensity, which can be measured by spontaneous Raman 
scattering since molecules in the quasi-continuum have a smaller vibrational 
Raman shift than those in the discrete levels. 25 This is shown in Fig. 23.13. It is 
seen in Fig. 23.136 that for the same laser pulseshape, the fraction of molecules 
in the quasi-continuum increases with the laser fluence, and hence with the 



Fig. 23.12 Dependence of the two- frequency multiphoton dissociation yield of 0s0 4 
on the frequency of the second laser. Other parameters of the pulses were fixed: 
q i - 954 5 cm' 1 , ^ = 0.24 J/cm 2 , $ 2 “ 0.22 l/cm 2 . The linear absorption spectrum 
of 0s0 4 is represented by the curve denoted by fy. (After R. V. Ambartzumian, V. S. 
Letokhov, G. N. Makarov, and A. A. Purctskil, Opt. Commun. 25 , 69 (1978).) 
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(b) 

Fig. 23.13 (a) Raman spectrum of (i) unexcited SF 6 molecules, and (ii) SF 6 molecules 
excited by a C0 2 laser pulse of 0.5 J/cm 2 fluence. A A indicates the instrumental 
linewidth. {After V. N. Bagratashvili, Yu. G. Vainer, V. S. Dolzhikov, V. S. Letokhov, 
A A. Makarov, L. P. Malyavkin, E. A. Ryabov, and E. G. Sil’kis, Opt . Lett. 6, 148 
(1981).] ( b ) Dependence of the relative fraction q of the molecules excited into the 
quasi-continuum on the C0 2 laser fluence in SF 6 , 0$0 4 , and CF 3 I. [After V, S. 
Letokhov and A. A Makarov, Uspekhi 24, 366 (1982).) 


laser intensity. At very high intensities, all the molecules can be excited into the 
quasi-continuum. 

The MPE of a molecule can be monitored by the absorption meas- 
urement, 22 ’ 26 which yields the average number of photons absorbed per mole- 
cule, ( n ). Figure 23.14 shows the dependence of <n) on laser fluence $ for a 
number of different molecules. For small molecules such as OCS and D 2 0, the 
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Fig. 23.14 Average number of infrared photons absorbed versus exciting laser fluence 
for a number of polyatomic molecules. [After V. S. Letokhov and A. A. Makarov, 
Vspekhi 24, 366 (1982).] 

absorption is at first linear and then quickly saturates with (n) < 1 at higher 
fluences. This is expected since the quasi-continuum is too high to be easily 
reached by MPE in these molecules. They therefore behave more like a 
two-level system. For the larger polyatomic molecules, MPE is characterized by 
(n) increasing monotonically with 4>. If most molecules have already been 
excited to the quasi-continuum, then the absorption reflecting the stepwise 
one-photon excitations should show (n) increasing linearly with $ until 
dissociation sets in. This happens when the exciting laser pulse is so intense 
that it can excite essentially all the molecules over the discrete levels. 22 With 
dissociation depleting the absorbing molecules, the dependence of (n) on $ 
finally becomes subiinear. 

The average excitation level above the dissociation threshold that a molecule 
can be excited to depends in general on both the laser fluence and the laser 
intensity. It can be determined in a crossed laser and molecular beam experi- 
ment in cases where the dissociation has no exit barrier, as in an atomic 
elimination process. 27 The laser beam dissociates the molecules in the molecu- 
lar beam. The fragments produced can be identified, and their angular and 
velocity distributions can be measured by a rotatable mass spectrometer. From 
the angular and velocity distributions, the translational energy distribution of 
the fragments can be derived and compared with that calculated from the 
RRKM calculation. The fit then allows an estimate of the average excess 
energy. Figure 23.15 shows an example of the fit, from which it was concluded 
that the average excess energy carried by the fragments of SF 6 was - 7 hoi and 
that most of it appeared in the internal degrees of freedom of SF 5 . That the 
experimental data could not be fit by a calculation assuming only a few 
vibrational modes participating in the randomization of the excitation energy 
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(k cal / mole) 


Fig. 23.15 Center-of-mass translational energy distribution of fragments in SF 6 -* SF 5 
+ F. Experimental data points obtained with — 6 J/cm 2 laser pulses are denoted by •. 
Curves are calculated from the RRKM theory assuming a molecular excitation of 

E - E D + with n - 7 ( ), n =~ 9 (— ), and n = 11 (--) where E D is the 

dissociation energy and hu is the C0 2 laser photon energy. 

suggested the validity of the RRKM model; that is, the excitation energy must 
have been randomized in nearly all the modes. It has also been found 
experimentally that the average excess energy indeed increases with the laser 
intensity and fluence, as the theory predicted. 21 

Molecular dissociation may have an exit energy barrier. This is the case of 
bond rupture with molecular elimination. During the dissociation process, 
when the fragments have crossed the critical region and are on their way to 
infinite separation, the barrier energy is partly converted to translational 
energy and partly to internal energy in the fragments. Consequently, a rela- 
tively larger fraction of the excess energy would appear as translational energy. 
This was confirmed by experiment. 28 

The internal energy distribution in the fragments was measured by the 
laser-induced fluorescence technique (Section 19.2) in a few cases. 29 It was 
found that the energy distributions in the rotational and vibrational degrees of 
freedom of the fragments were Boltzmann-like and could be described by 
effective rotational and vibrational temperatures, T R and T v , respectively. Both 
t k T v appeared to be higher than the approximate equivalent temperature 
describing the translational energy distribution, indicating that thermal equi- 
librium had not been established among the different degrees of freedom. 

A complex molecule often has more than one low-lying dissociation level (or 
channel) over which the molecule can be excited through MPE. Then, in MPD, 
simultaneous dissociation over several competing channels can be observed. 
Their relative probabilities depend on the excited population distribution and 



458 


Infrared Multiphoton Excitation and Dissociation of Molecules 


the dissociation rates through the different channels. The latter can be esti- 
mated from the RRKM model. Depending on the densities of states, the 
dissociation rate through the lower channel may increase much more slowly 
with the excess energy than the one through the higher channel. As a result, it 
can happen that above a certain excitation energy, dissociation through the 
higher channel would dominate. Competition of two dissociation channels has 
actually been observed in the crossed laser-molecular beam experiment. 30 At 
low laser fluence, the lower channel dominated, but with increasing fluence, the 
upper channel contributed more and more to the products. 

Secondary dissociation has also been observed in the MPD of some mole- 
cules. 21 ’ 27 In the SF 6 case, for example, when the dissociation was barely 
detectable, only the SF s and F were found in the products. Then, with higher 
laser fluence, SF 4 began to show up, yet no F 2 could be detected. The angular 
distribution of SF 4 was appreciably broader than that of SF 5 . These results 
together with other measurements concluded that SF 4 was the secondary 
dissociation product from SF 5 . 

Many other experiments on MPD of polyatomic molecules, conducted 
either in a gas cell or in a molecular beam, have also contributed to the 
understanding of the problem. They are described in the review articles listed 
in the Bibliography. 


23.5 ENERGY RANDOMIZATION IN A MOLECULE 

Whether the excitation energy can be quickly randomized in a molecule is a 
very important question from both scientific and practical points of view, On 
the scientific side, energy randomization is the basic assumption in the theory 
of unimoiecular dissociation and it would forbid mode-selective chemical 
reaction. On the practical side, energy nonrandomization would make MPE 
significantly different from thermal excitation and could open a new branch in 
chemical synthesis. 

Two different pictures can be used to describe the energy randomization 
process. In the first picture, a molecule is treated as a bunch of modes or 
oscillators coupled by anharmonic forces. The pulsed laser energy is deposited 
into the molecule through selective excitation of a particular mode. Then, 
because of mode-mode coupling, energy is randomized into all modes in a 
certain characteristic time t. Obviously, stronger mode-mode coupling should 
lead to shorter r. In the second picture, the real eigenstates of the molecule are 
considered. Because of anharmonic coupling, the modes are so mixed that 
none of the eigenstates can be regarded as a pure mode state. When a coherent 
laser pulse of frequency a and pulsewidth T p is used to excite the molecule, 
different states in the frequency range between o> - \T p 1 and w + \T p 1 are 
coherently excited to different extents. The coherent beat of the excitations 
causes the populations in these excited states to vary with time. If the number 
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of these states is large, then interference of the beats makes the population in 
each state appear to relax toward an equilibrium value in a characteristic time 
r. Again, if anharmonic coupling is larger, more excited states should par- 
ticipate effectively in the coherent beating and r becomes shorter. 

Experiments on MPE and MPD have so far yielded no firm evidence that 
excitation energy in the upper quasi-continuum or true continuum is not 
randomized during the laser pulse. The crossed laser-molecular beam experi- 
ment described earlier, for example, showed farily good agreement with the 
statistical RRKM model, which is based on the assumption of energy randomi- 
zation, in the predictions of the dominating dissociation channels, and the 
translational energy distribution of the fragments. Other experimental results, 
such as the average number of photons absorbed per dissociating molecule, are 
also consistent with the RRKM model. It is possible that some particular 
modes of the molecule may not participate fully in the energy randomization 
because of their weak coupling to the other modes as a result of large 
frequency mismatch, for example. With this in mind, MPD of some molecules 
via MPE of the C-H bond has been studied. 31 The C-H vibrational frequency 
at ~ 3000 cm -1 was far from the frequencies of the other vibrational modes of 
the molecules, which were all around or below 1000 cm -1 . Yet the results 
obtained were still consistent with the RRKM model. 

To see the effect of energy nonrandomization in MPE during a laser pulse, it 
is clear that we need a very short pulse and excitation of a mode more or lfcss 
isolated from other modes. The characteristic time r of energy randomization 
in the quasi-continuum is believed to be of the order of picoseconds or less. 
Therefore, picosecond- or subpicosecond-laser pulses would be needed to see 
energy nonrandomization. However, to excite the molecules to high energy 
states or into the dissociation continuum, the laser pulse must also have 
enough fluence. This would then make the laser peak intensity so high that 
many dissociation and ionization channels could open at the same time, thus 
confusing the results. Consequently, energy nonrandomization and hence 
selective bond breaking would be difficult to realize. 

It might be possible that in a molecule with weakly connected, spatially 
separated groups, energy randomization during a certain time period is limited 
to the group that has been excited. In this case, MPD would break the weakest 
bond in the group, which is not necessarily the weakest of the whole molecule. 
Then MPD of the molecules could appear significantly different from thermal 
dissociation. 


23.6 AN ANALOG MODEL OF MULTIPHOTON 
DISSOCIATION 

We now discuss an analog that can help visualize many important aspects of 
MPD. 20 Consider a trough with many compartments, as in Fig. 23.16. There 
are small holes in the partition walls, so that as the trough is filled, water 
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Fig. 23.16 An analog model for multi photon excitation and dissociation of poly- 
atomic molecules. 

pouring into one compartment will flow into the other compartments through 
the holes. With the trough acting as a molecule, the compartments as vibra- 
tional modes, the holes as mode- mode coupling, and water as excitation 
energy, this picture can be used to illustrate MPD of a molecule fairly well. 
The flow of water between compartments corresponds to energy flow between 
modes, and the overflow of water through the V-shaped openings in the 
containing wall corresponds to molecular dissociation through various chan- 
nels. The hole size increases with height to indicate the stronger mode-mode 
coupling at higher energy. The V-shape of the openings is designed to make the 
overflow rate increase rapidly as the water level moves up. 

A number of conclusions can be readily drawn from Fig. 23.16: 

1. The equilibration of water in various compartments depends on the 
filling rate of the water and the size of the holes. Larger holes and slower filling 
rate help the equilibration. This is analogous to the energy randomization 
process in the excitation of a molecule. 

2. If the water filling is sufficiently slow and the equilibration sufficiently 
fast, so that at all times water in all compartments is at the same level, then it 
will finally rise above the lowest V-shaped opening and leak through that 
opening. The final water level is determined by the balance between the filling 
and leaking rates. This is analogous to MPE of a molecule through the 
quasi-continuum into the true continuum and its dissociation through the 
lowest channel with an average excess energy. 

3. If the filling rate is sufficiently fast, but still slow enough for equilibra- 
tion to be established among all the compartments, the final water level may 
rise above the second or even third lowest opening. Then water can simulta- 
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ncously leak through more than one opening. This corresponds to MPD of a 
molecule through several competing channels as a consequence of MPE by an 
intense laser pulse. 

4. If the amount of water to be poured into the trough is small, the level 
water can reach may be limited by the amount of water available instead of the 
fillin g rate. This corresponds to the limitation of excitation of a molecule in 
MPE by the laser fluence rather than intensity. 

5. Only if the filling rate is much faster than the rate of equilibration 
between compartments can water leak through the V-shaped opening in the 
same compartment that is being filled. This is equivalent to the possibility of 
bond-selective MPD by a very intense laser pulse with up-excitation much 
faster than energy randomization. 

This model is admittedly very crude and cannot describe all the characteris- 
tic features of MPE and MPD of a molecule. For example, it does not give a 
proper description of MPE over the discrete levels. However, it does provide a 
simple, easily understandable physical picture that one can use to visualize the 
complicated MPE process through the quasi-continuum and the resultant 
MPD process. 


23.7 SUMMARY AND FUTURE WORK 

The present understanding of MPD of a polyatomic molecule can be sum- 
marized as follows: 

1. MPE of a molecule over the discrete levels is a near-resonant, muitipho- 
ton absorption process. 

2. Multiphoton up-excitation of all the molecules in the quasi-continuum 
is possible because of stepwise resonances and the rapidly increasing density of 
states with increase of excitation energy. 

3. At least near and above the dissociation level, the excitation energy is 
expected to be randomized in a large number of modes within a few picosec- 
onds. Then the resulting MPD, governed by statistical mechanics, is not very 
different from dissociation by thermal excitation. 

4. Bond-selective MPD is not likely unless an extremely short but en- 
ergetic laser pulse is used. 

5. The average excitation level from which the molecules dissociate in 
MPD depends in general on both the laser intensity and the laser fluence. For 
a very short laser pulse, essentially none of the molecules dissociates before the 
pulse is over; the final excitation level is then determined only by the laser 
fluence. For a sufficiently long pulse with high enough fluence, the final 
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excitation level is reached at the balance of up-excitation and dissociation and 
is therefore determined by the laser intensity. 

6- MPD through competing dissociation channels and MPD with succes- 
sive secondary dissociation can occur. 

7. A heavier, more complex molecule with more degrees of freedom and 
lower vibrational frequencies has a dissociation rate increasing more slowly 
with the excitation energy. Consequently, the same laser pulse can excite such 
molecules to higher levels. In dissociation, their fragments should carry more 
excess energy, with a large fraction in the internal degrees of freedom. The 
highly excited fragments are also more likely to undergo a secondary MPD. 

This suggests that one can predict fairly well the MPD of a not too 
complicated polyatomic molecule. Qualitatively, a larger, heavier, and more 
complex molecule has a quasi-continuum begin at lower energy and a dissocia- 
tion rate increase more slowly with excess energy. Such a molecule requires a 
less intense laser pulse to excite it over the discrete levels. With sufficient laser 
intensity and fluence, it can be driven to a level high above the dissociation 
threshold. The excess energy carried away by the fragments in the subsequent 
dissociation is therefore large. The fragments having most of the excess energy 
in internal degrees of freedom may appear highly excited in the quasi-con- 
tinuum. They can be further excited by the laser radiation through the 
quasi-continuum into dissociation. This description can apply, for example, to 
the case of MPD of UF 6 . 31 Simultaneous dissociation through several channels 
competing in the statistical sense could also occur. 

Although MPE and MPD of a polyatomic molecule are now fairly well 
understood, a number of relevant basic questions have not been answered. 
First, a quantitative understanding of MPE over the discrete levels is still 
lacking. This is mainly because of lack of spectroscopic information about 
polyatomic molecules. Few data are available on the higher rotation-vibra- 
tional states; even the linear absorption spectra of polyatomic molecules 
generally have not been interpreted. Only if MPE over the discrete levels is 
quantitatively understood can the dependence of the fraction of molecules 
excited into the quasi-continuum on laser intensity be predicted. Second, 
whether the coherent effect of MPE over the discrete levels is important or not 
is not yet resolved, although it is fairly certain that for a one-step MPE into the 
quasi-continuum, the effective dephasing time should be of the order of tens of 
picosecond or less. Third, the dynamics of energy transfer between modes is 
still an open problem. How the various modes come in at different excitation 
levels to participate in the energy randomization process and how fast the 
energy is redistributed among them are most important for the understanding 
of the structure of the quasi-continuum and MPE through the quasi-con- 
tinuum. Other related questions to be answered are: What is the population 
distribution in the quasi -continuum and how does it vary during up-excitation? 
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Does the absorption spectrum of a molecule in the quasi-continuum show fine 
[. resolved structure, 32 and how does it change with the excitation level? Fourth, 

r information about the detailed excess energy distribution in the fragments is 

| scarce, but is crucial for a better understanding of unimolecular dissociation. It 

| tells us not only which state the molecule dissociates from but also the detailed 

\ dynamics of how the fragments separate from each other in their path crossing 

| the critical region of dissociation. Fifth, in special situations, bond-selective 

[ dissociation may still be a possibility. How would the dissociation pattern 

t change if an energetic picosecond laser pulse is used for MPD? Can one find 

E some molecules possessing highly isolated modes, through which the excitation 

[ would yield MPD products very different from thermal dissociation? 

( Applications of infrared MPE and MPD of molecules are many. As already 
j mentioned, it can be used for isotope separation and for the study of 

\ unimolecular dissociation and laser-induced chemical reaction. In other appli- 

cations, it has been suggested as a means to purify a material through MPD of 
; impurities and to generate a large number of desired radicals for spectroscopic 

| study or for chemical synthesis. 

' Multiphoton excitation of a molecule via electronic transitions is also 
\ possible. Two- or three-photon excitation is commonly used to selectively 

j ionize a molecule, but little is known about excitation by more than three or 
! four photons. The much shorter sponanteous emission lifetimes of the elec- 
tronic excited states is probably the main reason for the limitation. However, 

; with the now available intense ultrashort laser pulses it is conceivable that a 

; molecule can be excited to a very high level in the ionization continuum via an 

n-photon absorption process with n much larger than 3 or 4. The theory of 
such an MPE process is expected to be difficult because of our lack of 
[ information about electronic excited states. 
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Laser Isotope Separation 


The advent of tunable lasers opens the prospect of frequency- selective excita- 
tion of matter. This is of fundamental importance in photochemistry, since the 
selective excitation could change the properties of atoms and molecules drasti- 
cally. Of special interest in this respect is the use of tunable lasers for isotope 
separation. Since the existing isotope separation methods have various disad- 
vantages, one hopes to develop new methods that could be cheaper, simpler to 
set up, and less power-consuming. Thus laser isotope separation has become a 
subject of immense research activity. It shows that lasers and quantum 
electronics can even have a major influence on nuclear power technology. In 
this chapter, we discuss briefly the ideas and practices of the various laser 
isotope separation methods. 


24.1 GENERAL DESCRIPTION 

The idea of using selective excitation for isotope separation is simple and 
straightforward. The optical spectra of isotopic atoms or molecules are gener- 
ally the same except for the existence of small shifts in the positions of the 
spectral lines known as isotope shifts. If the isotope shifts of some spectral 
lines can be dearly resolved, then selective excitation of the desired isotopic 
atoms or molecules is possible. The excited atoms or molecules are expected to 
have very different physical and chemical properties from the unexcited ones. 
They can therefore be separated from the other isotopic atoms or molecules 
which have not been excited. 

The difference in the number of neutrons in different isotopes is of course 
responsible for the isotope shifts. The electronic energy levels are shifted via 
the electron-nucleus interaction by the changes in nuclear mass, nuclear 
volume and hence the nuclear charge distribution, and nuclear spin angular 
momentum . 1 For light elements, the mass effect is important, since it changes 
significantly the reduced mass for the electron motion about the nucleus. It 
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leads to an isotope shift A« 0 - (mAM/M 2 )o> 0 , which is of the order of 
1 cra“ l for Li 6 and Li 7 , where m is the electron mass, M is the nuclear mass, 
and AM is the isotopic mass difference. For heavier elements, the isotope shifts 
are dominated by the change in the interaction of the electron angular 
momentum with the nuclear spin (the hyperfine interaction) and the change in 
the nuclear volume (the volume shift). They are of the order of a few tenths of 
a cm" 1 or smaller. Figure 24.1 shows how the atomic isotope shift varies with 
the neutron number. In molecular spectra, the isotope shifts of vibrational and 
rotational levels are superimposed on the electronic energy shifts. 2 They are 
governed mainly by the mass effect: the vibrational level spacing is inversely 
proportionaf to ihe_ square root of the vibrational reduced mass and the 
rotational level spacing is inversely proportional to the moment of inertia. 
Except for some small molecules, however, the complexity of the very closely 
spaced rovibronic levels often forbids the description of isotope shifts of 
individual lines. Instead, one considers the isotope shifts of the rotation-vibra- 
tional bands. In many cases, even for heavier molecules, the isotope shift of a 
narrow band can be comparable to or larger than the half-bandwidth, which is 
of the order of a few cm -1 at room temperature. 

The small isotope shifts necessitate the use of a narrow-band light source for 
selective excitation. Tunable lasers with their high monochromaticity are 
therefore ideal for such an application. In addition, the high intensity of the 
laser radiation greatly facilitates the selection process. Actually, the first 
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Fig. 24.1 Atomic isotope shifts versus the neutron number. [After R. C. Stem and 
B. B. Snavely, Ann . N.Y. Acad . Sci. 267, 71 (1976).] 
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attempt at isotope separation by Hartley et al. 3 using optical selective excita- 
tion was made in 1922, long before the laser was discovered. The first 
successful experiment was the separation of Cl isotopes by Kuhn and Martin 4 
in 1932, using the 2861. 8- A line of an aluminum spark to excite CoCl^. Later, 
photochemical separation of Hg isotopes was also demonstrated. 5 The dis- 
covery of lasers prompted Tiffany et al. 6 to try isotope separation of Br by 
selective laser excitation. Their experiment failed because of isotopic scram- 
bling in the subsequent photochemical reactions, but it revived the interest in 
isotope separation by optical means. 

The basic requirements in laser isotope separation are summarized as 
follows: 

1 The isotopic atoms or molecules should have an absorption spectrum with 
well-resolved isotope shifts. 

2 The laser source should be sufficiently monochromatic and tunable to be 
able to selectively excite single isotopic species. 

3 There should exist a physical or chemical process which can rapidly 
separate the excited and the unexcited atoms or molecules before the 
excited ones decay away or transfer their excitation energy to atoms or 
molecules of the undesired species. 

The following changes in atomic or molecular properties can be induced by 
laser excitation: 7 

1 The chemical reactivity of atoms or molecules may increase. 

2 The energy required to ionize an excited atom or molecules is less. 

3 An excited atom or molecule may have a higher polarizability and a larger 
cross section of interaction with other particles or external fields. 

4 Resonant excitation changes the trajectory of excited atoms or molecules. 

5 The energy required to dissociate an excited molecule is less. 

6 An excited molecule may predissociate or isomerize. 

These changes allow us to devise effective physical or chemical methods to 
separate the excited atoms or molecules from the unexcited ones. Referring to 
the property changes listed above, the various methods are classified as 
photochemical reaction for (1), photoionization for (2), photophysical reaction 
for (3), photodeflection for (4), photodissociation for (5), and photopredissoci- 
ation or photoisomerization for (6). In the two charts below, we summarize the 
more frequently considered schemes of laser isotope separation following, 
respectively, atomic and molecular excitations. We use A, B, C, AB, and so on 
to denote atoms or molecules. 



The relative isotope enrichment factor is defined as 

w//l 'ra7ui' ,24 « 

where [f]/[J] is the concentration ratio of the two isotopic species, and 
[I]o/[J)o is initial value of the concentration ratio. To have a large K 
value, a number of precautions must be taken. First, the selective excitation 
should have excitation energy much larger than kT to be distinguished from 
the nonselective thermal excitation. Next, the separated isotopic species should 
be removed before collisions scramble the isotopes. Finally, other isotope 
scrambling processes such as secondary chemical reactions should be avoided. 

In the following sections we discuss the photophysical and photochemical 
methods of laser isotope separation with some illustrative examples. 
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24.2 PHOTOPHYSICAL METHODS 


Photoionization 

Laser isotope separation by photoionization stems from the fact that an atom 
can be selectively photoionized through multistep selective excitation, as 
already discussed in some detail in Sections 18.3 and 19.3. With the available 
lasers, this is almost a universal method applicable to all elements in the 
periodic table except a very few. The actual ionization process can occur 
through direct excitation into the ionization continuum (<r, - 10 18 cm 2 ), or 
through excitation into an autoionization state ( 0,-10 15 cm 2 ), or through 
excitation into a Rydberg state followed by dc-field- induced ionization (o, ~ 
10 14 cm 2 ). The latter two have a much higher excitation probability because of 
the larger transition probability into a discrete final state, but they require an 
additional narrowband tunable laser. The selectively excited isotope can in 
principle also be ionized by collision with a partner. 

As charged particles, the selectively ionized atoms can be physically sep- 
arated from the neutral atoms by an applied electric field. In colliding with an 
atom, however, an ion usually has a large charge- transfer cross section. It is 
likely to lose its charge to the neutral atom in the collision, and subsequently 
the isotopic selectivity is lost. Such collisions thus should be avoided in the 
separation process. This can be best achieved by processing the materials to be 
iso topically enriched in an atomic beam. Even so, charge-transfer collisions are 
still the limiting factor on the maximum density the atomic beam can have. 

As an example, we consider the case of uranium isotope separation. The 
arrangement of the first experiment is seen in Fig. 24.2. 9 An atomic beam of 
the 235 U- 238 U isotopic mixture with a density of — 5 x 10 10 atoms/cmi 3 was 
generated from an oven healed to 2100 °C. A CW dye laser with a 50-MHz 
bandwidth was used to selectively excite either 235 U or 238 U in the beam with a 
transition at - 5915 A, at which the isotope shift between 235 U and 238 U was 
- 8 GHz. Then the uv radiation from a mercury arc lamp was used to ionize 
the excited atoms. To avoid direct ionization of the ground-state atoms, 
radiation with wavelengths shorter than 2100 A had been filtered out. The 
resulting ionized atoms were transported out of the main beam by the 
deflection plates, sent through a quadrupole ion mass filter, and finally 
collected by a collector biased at - 3100 v. In the initial attempt, the observed 
enrichment factor K was already - 100. In another experiment, 10 in which a 
pulsed dye laser was used for selective excitation and a pulsed N 2 laser for 
ionization, tf( 235 U/ 235 U) was about 140. It is also possible to selectively ionize 
the uranium atoms by successive resonant excitations over discrete states 
before the final ionization step. This requires more than one tunable laser 
system for the resonant excitations but should greatly improve the selectivity. 
With the uranium atoms excited to a high Rydberg state, an external dc 
electric field can then be used to efficiently ionize the atoms. The large-scale 


Photophysical Methods 


471 


UV radiation 
(~ 3000 A) 



Fig. 24.2 Experimental arrangement of uranium isotope separation by the two-step 
photoionization method. 


prototype system for uranium isotope separation using copper-laser-pumped 
dye lasers is presently being developed at Lawrence Livermore Lab. 

Laser isotope separation of other isotopes, such as Na, K, Ca, Rb, rare earth 
atoms, and transuranium elements, using the stepwise photoionization method 
have also been demonstrated. 11 In general, this is a relatively simple and 
economical method for separation of small quantities of isotopes of essentially 
all elements. 


Photodeflection 

As discussed in Section 20.1, laser excitation followed by fluorescence can 
impart a net m — 'entum to an atom or molecule. In absorbing a photon from a 
laser beam, the atom or molecule receives a momentum hk, but, in emission, 
because the fluorescent photon appears in all directions with equal probability, 
the atom or molecule (assuming unpolarized) loses no momentum on the 
average. Thus if 10 3 visible photons are absorbed and emitted during the 
course of interaction of the atom or molecule with the laser held, a net 
momentum of 10 3 ftk is transferred to the atom or molecule. This is often 
sufficient to change appreciably the trajectory of the atom or molecule if the 
atomic or molecular mass is not exceptionally large. 

We consider here the experimental demonstration of photodeflection of a 
138 Ba beam as an example. 12 As shown in Fig. 24.3, the Ba atomic beam from 
an oven heated to 800 K had a mean velocity (t?) - 4 X 10 4 cm/sec and a 
mean transverse velocity { v T ) = 80 cm/sec corresponding to a beam spread 
of 2 mrad. A CW dye laser with a spectral width of 10 MHz was used to 
selectively excite the 6i 2 ( 1 i^ } ) -* 6 j 6/?( 1 P 1 ) transition of 138 Ba in a transverse 
direction. Since hk/M =0.8 cm/sec in this case, it would take the absorption 
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Mass 

spectrometer 



of - 100 photons to deflect the atoms away from the mean beam. The lifetime 
of the 6s 2 -> (6s)(6p) transition is ~ 8 nsec. With a laser intensity (~ 10 
W /cm 2 ) sufficient to saturate the transition and an effective atom-field interac- 
tion length of 1 mm, a total of 300 photons could be absorbed and then 
emitted by each 138 Ba atom crossing the laser beam. Photodefiection of the 
selectively excited 138 Ba away from the main beam should therefore be possible 
and was actually demonstrated. 12 In the Ba case, there is a 4% probability that 
the excited atom would decay into the (bsK^X 1 ^) metastable state. The 
overall probability that a Ba atom may end up in the metastable state after n 
photon collisions is L, (24/25)' - 1 (1/25), which is appreciable for large *. 
Since atoms in the metastable state can no longer absorb photons from the 
exciting laser beam and get deflected, the accumulation of population in die 
metastable state must be avoided. One possible way to quench the population 
in (6s)(5d) is to use another laser to excite it to (6p){5d), from which it can 
decay rapidly to the ground state. 

Another method to avoid metastable trapping is to use a coherent ir pulse to 
excite the selected atoms to the excited state via adiabatic following. 13 During 
the process, a photon momentum hkis transferred to the atom. The laser pulse 
is then reflected back from a mirror and is used to stimulate emission from the 
excited atom. The stimulated photon emission, being directional, also transfers 
a photon momentum -A(-k) * hk to the atom. Thus, with the laser pulse 
going back and forth between mirrors, the resonantly excited and deexcited 
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atoms can be effectively deflected with little loss of photons. The experimental 
demonstration of this method has not yet been reported. 

The main difficulty of the photodeflection method is that to obtain a large 
isotope enrichment factor, a long atom-field interaction length is required. For 
heavier atoms, the requirement is more stringent. 

Other Physical Methods 

Several other physical methods for laser isotope separation have been pro- 
posed, but no successful experiment has yet been reported. 

An excited atom or molecule has a different polarizability than one in the 
ground state. In an electric field gradient, therefore, the forces acting on the 
excited and unexcited atoms or molecules are different, and they can, in 
principle, be used to separate the two species. The sticking coefficients for the 
adsorption of the excited and unexcited atoms or molecules on a substrate can 
also be very different. By flowing the selectively excited isotopic mixture over a 
substrate, one may achieve separation of isotopes through the difference in 
adsorption, if admixing from secondary processes is negligible. 


24.3 PHOTOCHEMICAL METHODS 
| Photochemical Reaction 

| An excited atom or molecule generally has a stronger chemical reactivity than 

[ the ground-state one and can be separated from the latter via an appropriate 

chemical reaction scheme. Although electronic excitation often is more effec- 
! tive in this respect, vibrational excitation, in the case of molecules, can also be 
■ operative. Two examples are given below to illustrate the isotopically selective 
photochemistry. 

In a mixture of ortho-\ 2 and para- 1 2 with 2-hexane (X), ortho- 1 2 was excited 
\ with the 5145 A Ar + laser line. 14 After one hour of irradiation with a 0.2-W 
laser, the density of ortho- 1 2 was found to have reduced to - 5%. This was 
T believed to be due to the fact that the electronically excited ortho-\ 2 could react 
with the 2-hexane, while the unexcited para- \ 2 could not: 

or/Ao-1 2 ortho - + X -* XI 2 . 

In another example, a gas mixture of 1 : 1 : 1 H 3 COH : D 3 COD : Br 2 was 
irradiated by a CW HF laser at - 2.7 jam. 15 The OH vibration in H 3 COH was 
i excited. The vibrationally excited H 3 COH then reacted strongly with Br 2 to 
j form 2HBr and H 2 CO: 

HjCOH* + Br 2 - 2HBr + H 2 CO. 

As a result, after the irradiation of the mixture by a 90-W laser for 60 sec, the 
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H 3 COH : DjCOD ratio reduced to less than 1 : 19. The results have, however, 
been criticized, and need further confirmation. . H 

The chemical reactions in these examples are simple. They yield stable 
primary products which can be easily separated from the parent molecules. 
This is, however, not the case in general. A chain reaction often occurs 
following selective excitation of the atoms or molecules. Isotopic scrambling 
could result from the uncontrolled secondary reactions. 


One-Step Photopredissociation 

Unimolecular dissociation is a special class of chemical reaction that can be 
induced by laser excitation. If the excitation is isotopically selective, the 
process can be used for isotope separation. • 

Some molecules have sharp ro-vibronic states superimposed on an electronic 
excited state, which is degenerate with the dissociation continuum of another 
excited electronic state (Fig. 24.4). These are predissociation states. They are 



Fi« 24 4 Schematic energy level diagram of a molecule having predissociation states 
degenerate with the continuum of a dissociating electronic state. 
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similar in nature as the auloionization states to the ionization continuum. A 
molecule excited to a predissociation state can relax to the continuum and 
predissociate. If the sharp predissociation states have resolvable isotope shifts, 
selective excitation can lead to the predissociation of a selected isotopic 
species. 16 The dissociation products may be stable or unstable. In the latter 
case, a chemical scavenging process must be devised in order to remove the 
specific isotopic species before appreciable isotopic scrambling occurs. Sec- 
ondary reactions that would scramble the isotopes should also be avoided. The 
advantage of the one-step photopredissociation method is its simplicity. Only a 
single, relatively low-power laser is needed for one-photon selective excitation. 

As an example, consider the case of isotope enrichment of deuterium by 
photopredissociation of formaldehyde H ? C0. 16 The same process can be used 
for isotope enrichment of C and O. In the predissociation of H 2 CO, the 
following reaction dominates; 


h 2 co H 2 CO* -> H 2 + CO. 


Both H 2 and CO are stable and can be readily removed. An enrichment factor 
K(D/ H) of 14 has been obtained from irradiation of a natural mixture of 
H 2 CO and HDCO by a CW Ho*Cd laser at 3250.3 A. 


Two-Step Photodissociation and Photopredissociation 

Molecular dissociation can be initiated by exciting a molecule either to a 
predissociation state or to the dissociation continuum. For isotopically selec- 
tive dissociation, a two-step excitation scheme can be used: the first step 
selectively excites the desired isotopic species, and the second step further 
excites the molecules to a dissociation or predissociation state. Because the 
predissociation state may also exhibit an isotope shift, the two-step photopre- 
dissociation case is generally more selective than the one-step case, although 
two tunable lasers of high enough intensities for stepwise excitations will then 
be needed. The selective excitation can be either electronic or vibrational. The 
latter often is used, since for most molecules the isotope shifts are better 
resolved in the vibrational levels. Again, the dissociation products should be 
scavenged out before secondary reactions or other processes scramble the 
isotopic species. 

The first demonstration of this method is used as an example here. 17 A 1 : 1 
mixture of 14 NH 3 and 15 NH 3 at a pressure of 10-20 mm Hg with 250 mm Hg 
of buffer gas (Xe or Ne) was irradiated simultaneously by a pulsed C0 2 laser at 
10.6 pm and a uv spark. The C0 2 laser selectively excited the v 2 vibrational 
mode of 15 NH 3 in the ground state, (X, u = 0) -* (X, v = 1), followed by the 
uv excitation to the predissociation state (A, v' = 0). The ensuing sequence of 
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chemical reactions was believed to be 

l5 NH* -U 5 NH 2 + H 

15 nh 2 + u nh 2 -* 15 N 2 H u 

i 5 N 2 H 4 + H - 15 N 2 H 3 + H 2 
2 15 N 2 H 3 -► 2 15 NH 3 + l5 N 2 . 

It is seen that the secondary reactions here do not involve the unexcited NH 3 
molecules. They are therefore the isotopically selective reactions. The resulting 
product N 2 should be enriched in 15 N. Indeed, the observed enrichment 
coefficient J^N/^N) in N 2 was about 2.5-6. 

In another example, a pulsed C0 2 laser was used to selectively excite the 
vibrational mode of ll BCl 3 in a mixture of l0 BCl 3 and l 1 BCL 3 . 18 The uv 
radiation from a Xe flashlamp then excited ll BCl£ further into the continuum 
of a dissociating electronic state. The dissociation products were removed by 
using 0 2 as the scavenger. A 10% enrichment of 10 B versus 11 B in the 
remaining mixture of BC1 3 was found in the experiment. The two-step photo- 
dissociation method has been considered for large-scale uranium isotope 
separation in the United States. 19 

Infrared Muitiphoton Dissociation 

Infrared multiphoton dissociation of molecules was discussed at great length in 
Chapter 23. Since transitions over the low-lying discrete levels are isotopically 
selective, the process can also be used for isotope separation. It has the 
advantage that only medium-power pulsed infrared lasers are required. 
Uranium isotope separation by infrared multiphoton dissociation of UF 6 was 
demonstrated by Rabinowitz et al. 20 


24.4 CONCLUDING REMARKS 

The propelling force in laser isotope separation research is the energy crisis. 
For consumption in nuclear power plants, large quantities of D and 238 U are 
needed. They must be produced from separation of their natural isotopic 
mixtures. In comparison with existing isotope separation methods, laser schemes 
could yield more isotope enrichment per stage, consume less power, and save 
in capital investment. The requirement on the laser is, however, fairly stringent. 
Since the future development of laser technology is unpredictable, it is difficult 
to know for certain how profitable future large-scale laser isotope separation 
can be. Comparison of different laser isotope separation schemes is also a 
complicated matter, particularly because many details of these laser separation 
schemes are yet to be worked out. For example, in the photoionization method, 
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even though selective photoionization of a certain isotopic species may not be a 
problem, extraction and collection of the resulting ion plasma may eventually 
limit the output. 

In the case where the desired amount of specific isotopes is small, laser 
isotope separation schemes can be of great advantage because of the relatively 
cheap capital investment. In other cases where existing separation methods are 
not very satisfactory because of their limited selectivity, laser schemes can be 
most useful. This applies to the separation of less abundant isotopes and of 
transuranium elements. To a large extent, the general success of laser isotope 
separation depends on advances in laser technology. 


REFERENCES 


t See, for example, 1. I. Sobelman, Introduction to the Theory of Atomic Spectra (Pergamon 
Press, Oxford, 1973). 

2 See, for example, G. Heraberg, Spectra of Diatomic Molecules (Van Nos t rand, New York, 
1950), p. 658. 

3 H, Hartley, A. O. Ponder, E. J. Bowen, and T. R. Merton, Phil. Mag. 43, 430 (1922). 

4 W. Kuhn and H. Martin, Natunviss. 20, 772 (1932); Z. Phys. Chem. Abt. B21, 93 (1933). 

5 K. Zuber, Nature 136, 796 (1935); Helv. Phys. Acta 8, 4$7 (1935); 9, 285 (1936). 

6 W. B. Tiffany, N. W. Moos, and A. L. Schawlow, Science 157, 40 (1967); W. B. Tiffany, J. 
Chem. Phys. 48, 3019 (1968). 

7 V. S Letokhov, Ann. Rev. Phys. Chem. 28, 133 (1977). 

8 R. V. Ambartzumian, V. P. Kalinin, and V. S. Letokhov, JETP Lett 13, 217 (1971). 

9 S. A. Tuccio, J. W. Durbin, 0. G. Peterson, and B. B. Suavely, IEEE J. Quant Electron. 
QE-10, 790 (1974). 

10 G. S. Janes, I. Itzkan, C. T. Pike, R. H, Levy, and L. Levin, IEEEJ. Quant. Electron QE-ll 
101D (1974). 

11 See the references in Ref. 7. 

12 A. F. Burahardt, D. E. Duerre, J. R. Simpson, and L. L. Wood, Appl Phys. Leu 25 617 
(1974). 

13 I. Nebenzahl and A. Sz6ke, Appl. Phys. Lett. 25, 327 (1974). 

14 V. S. Letokhov and V. A. Semishen, Sou. Phys. Doklady 20, 423 (1975); Spectrnsc. Leu. 8, 263 
<1975). 

15 S. W. Mayer, M. A. Kwok, R. W. F. Gross, and D. J. Spencer, Appl. Phys. Lett. 17, 516 
(1970). 

16 £ S. Yeung and C. B. Moore, Appl. Phys. Lett. 21. 109 (1972); /. Chem. Phys. 58, 3988 
(1973). 

17 R. V. Ambartzumian, V. S. Letokhov, G. N. Makarov, and A. A. Puretskii, JETP Lett 17 63 
(1973). 

18 S. Rockwood and S. W. Rabideau, IEEE J. Quant. Electron. QEM0, 789 (1974). 

19 S. D. Rockwood, in A. Mooradian, T. Jaeger, and P. Stokseth, eds., Tunable Lasers and 
Applications (Springer- Yeriag, Berlin, 1976), p. 140. 

20 P. Rabinowitz, A. Kaldor, A. Gnauck, R. L. Woodin, and J. S. Gcthner, Opt. Lett 7, 212 
(1982). 


478 


Laver Isotope Separation 

BIBLIOGRAPHY 


Aldridge, J. P., J. H. Birely, C. D. Cantrell, and D. C. Cartwright, in M. O. Scully and C. T. 
Walker, eds., Laser Photochemistry, Tunable Lasers, and Other Topics (Addison- Wesley, 
Reading, MA, 1976), p. 57. 

Ambartzumian. R. V , and V. S- Letokhov, in C. B. Moore, ed., Chemical and Biochemical 
Applications of Lasers, Vol. 3 (Academic Press, New York, 1977), p. 166. 

Cantrell, C. D., S- M. Freund, and J. L, Lyman, in M. L. Stitch, ed., Layer Handbook, Vol. 3 
(North-Holland Publishing Co., Amsterdam, 1979). 

Letokhov, V. S„ Science 180, 451 (1973). 

Letokhov, V, S„ Ann. Rev. Phys. Chem. 28, 133 (1977). 

Letokhov, V, S„ and C. B. Moore, Sov. J. Quant. Electron. 6, 129, 259 (1976). 

Letokhov, V. S., and C. B. Moore, in C. B. Moore, ed., Chemical and Biochemical Applications of 
Lasers, Vol. 3 (Academic Press, New York, 1977), p. 1 
Moore, C. B., Acc. Chem. Res. 6, 323 (1973). 


25 


Surface Nonlinear Optics 


Research in nonlinear optics has also been extended from the bulk to the 
surface. This is most interesting and exciting since it allows the field of 
nonlinear optics to be in close contact with the growing field of surface science. 
While a full exploration of this new area has not yet been carried out, a few 
initial attempts have proven to be very successful. As in the bulk case, research 
in surface nonlinear optics has proceeded along two lines: first, to obtain a 
better understanding of the nonlinear optical effects occurring at surfaces or 
interfaces, and second, to look into the possibility of applying surface nonlin- 
ear optics to surface and interfacial studies. The latter can lead to the 
development of new surface probes very different from, but complementary to, 
the conventional ones. 


25.1 GENERAL DESCRIPTION 

A question that often arises in the discussion of nonlinear optical effects is how 
the boundary surfaces of the media affect the results. In Section 6.4 we saw 
that a boundary surface not only modifies the transmitted sum-frequency 
generation but also yields a reflected sum-frequency wave. In the derivation 
there, however, we neglected the fact that the surface atomic or molecular 
layers generally have very different optical properties from the bulk. This is a 
good approximation in many cases, yet if we are interested in problems more 
specific to the surface, we must recognize the distinction between the surface 
microscopic layer and the bulk. 

In the usual simplified approach, the surface microscopic layer is assumed 
to have a characteristic thickness with optical constants different from the 
bulk. Two such surface layers normally exist at an interface, as illustrated in 
Fig. 25.1. Because the linear transmission and reflection of light at the 
boundary surface usually are dominated by the bulk properties, the surface 
layers have little effect on the linear wave propagation. As far as nonlinear 
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* 2 X 2 Medium 2 

Fig. 25.1 A model of an interface between two media. 


optical effects are concerned, we can assume that the surface layers have the 
same linear refractive indices as the adjoining bulk media, but their nonlinear 
optical susceptibilities are different from the bulk. Unlike the linear case, the 
surface layers can strongly affect the nonlinear optical output in some cases. It 
is often convenient to characterize the nonlinear optical response of the surface 
layers by a surface nonlinear susceptibility \s L instead of the usual volume 
nonlinear susceptibility Xv L - The two related by 


X? L = /xS l *. (25.1) 


The integration here runs across the surface layers along the surface normal. 
The surface contribution to the overall nonlinear optical signal becomes 
nonnegligible if ix? 1 "! is comparable to |x NL ^frl fr° m t * ie bulk, where / eff is the 
effective length of the nonlinear optical interaction in the bulk. With some 
modification, the discussion here can also apply to the case of a thin- film layer 
at an interface. 

Let N s and N be the surface density (per unit area) and the bulk density (per 
unit volume) of atoms or molecules, respectively. In order to have Ixs 1 *! 
comparable to Ix^errlbun. one must have IXsV^s lar g er than Ix^l/W 311(5 
the surface layer thickness smaller than. Uti by no more than a few orders of 
magnitude. The former is possible if Xs L is resonantly enhanced but x NL 
the bulk is not. It is also possible if, as a result of their different symmetry 
properties, |xs L l is allowed and |x NL [ forbidden for a certain nonlinear optical 
process, or for a certain combination of input and output polarizations, For 
example, second-order processes are forbidden in centrosymmetric media, but 
they are always allowed at the surface layers. The effective interaction length 
/ rfr , on the other hand, can also be limited in a number of ways. For mixing 
processes with a phase mismatch Ak, l cU - n/\ A k\ can be limited by de- 
liberately choosing a maximum |Ak|. In an absorbing medium, is limited by 
the attenuation length. If total reflection of the pump field occurs at the 
boundary, l c{f is limited by the penetration depth of the field. Finally, surface 
electromagnetic waves can be propagated on a boundary surface in some cases, 
and / cff corresponds to the penetration depth of the surface wave into the bulk. 
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Nonlinear optics involving surface waves is an interesting subject in its own 
right. First, since the surface wave is confined to a thin layer of the order of a 
wavelength at the boundary, its propagation characteristic is surface- specific. 
This means that it can be very sensitive to small perturbations on the surface. 
Then, if a large fraction of the incoming laser energy can be coupled into a 
surface wave, the field intensity of the surface wave can be very high. 
Consequently, nonlinear optical effects arising from the surface wave interac- 
tion can be readily observable. With these in mind, one may wonder if 
nonlinear optical effects involving surface waves can even be sensitive enough 
to be used as surface probes. In the following section we dwell on this question 
after a general discussion of the surface wave interaction. We then discuss in a 
subsequent section how a second-order nonlinear process, being surface-specific 
by symmetry, can be an effective tool for surface studies even without the help 
of surface wave interaction. 


25.2 NONLINEAR OPTICS WITH SURFACE 
ELECTROMAGNETIC WAVES 

Surface Electromagnetic Waves 

The term surface electromagnetic waves here refers to em waves propagating 
along an interface between two media with their amplitudes decaying exponen- 
tially away from the interface. Sometimes they are known as surface polari- 
tons. The existence of surface em waves was predicted by Sommerfeld as early 
as 1909. 1 They appear in a variety of circumstances. The ground wave 
propagation on earth is just one example. Here we are concerned with surface 
em waves on condensed matter. 

Let us consider the simple case of a plane interface between two semi- 
infinite cubic or isotropic media (Fig. 25.2). In this case, the surface em wave 



Fig. 25.2 Schematic describing a surface electromagnetic wave propagating on the 
interface between media a and b. The field penetration depths into the two media are 
a ~ 1 and a* respectively. 
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must be transverse magnetic (TM). This is seen as follows. We start by 
assuming that the surface em wave would exist for both TE and TM polariza- 
tions. In the TM case, the surface wave propagating along x, in the coordinate 
system of Fig. 25.2, can be described by 

E = (*/„ + for z > 0 (25 2) 

= (xg bx + z<f bg )e iKx+Q » z - iut for z < 0. 


Note that in order to satisfy the wave equation, K and a must be related by 


K 2 - a] = (u/c) 2 e u in medium a(z > 0) 

K 2 - a 2 b = (« /cfe b in medium b(z < 0). 


To match the boundary conditions at z = 0, we must have 

C = ^ and E / fl : = £ A- 

Since v • E - 0 in both media, (25.4) can be transformed into 


and 


= E b {~iK/a b )# bx . 


(25.3) 


(25.4) 


(25.5) 


For £ ax and S bx to be nonvanishing, the determinant of this set of coupled 
algebraic equations should vanish. This leads to 

e a a b + E b a a = 0, (25.6) 


which, with the help of (25.3), yields the dispersion relation for the surface 
wave 


K 2 


/tt \ 2 £ o £ t 
\c I e a + E b ' 


(25.7) 


For the surface wave to exist, a a and a b must be positive and real (assuming 
for the moment Ime = 0), and hence K 2 > (w/c) z £ a , (w/c) 2 e ft . As seen from 
(25.7), this can be true only if e a < 0 and |ej > e b> or e b < 0 and |e*| > e fl . In 
other words, one of the two media must have a negative dielectric constant. 
There actually exist a number of such media in nature; crystals with either 
phonon or excition restrahlung bands are good examples. The more commonly 
used media for propagation of surface em waves are, however, the metals. 
Below the plasma frequency, the dielectric constant of a metal is always 
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negative. Surface em waves on a metal surface are often known as surface 
plasmon waves. The preceding calculation and discussion can be repeated for 
the TE wave (E along ^), but it is easy to show that in this case no dispersion 
relation for surface em waves can result. This indicates that no TE waves can 
propagate as surface em waves. 

Equation (25.3) shows that the wavevector K of the surface em wave is 
always larger than that of the bulk em wave. This is seen explicitly in Fig. 25,3, 
where the dispersion curves of the bulk and surface waves appear to intersect 
only at the point where e b (u) - oo. Because of the wavevector mismatch, it 
is not possible for a bulk em wave to excite a surface em wave at the interface 
between two semi-infinite media. Conversely, a surface wave is not capable of 
radiating either. One can, however, borrow the various excitation schemes used 
in integrated optics for coupling light in and out of waveguides. We consider 
here the prism coupling method. Either the Otto configuration, 2 shown in Fig. 
25 .4 a, or the Kretschmann configuration, 3 in Fig. 25 .46, can be effective. The 
refractive index of the prism must be large enough so that by adjusting the 
incident angle, the incoming wave through the prism can have a wavevector 
component along the surface equal to the wavevector of the surface wave. 
Then, if the film thickness in Fig. 25.4a, or the air gap in Fig. 25 Ab is properly 
chosen, the excitation of the surface em wave can be efficient. An example is 
given in Fig. 25.5, where it is shown that using the Kietschmann geometry, 
nearly 100% of the incoming light can be coupled into the surface mode. 

Strictly speaking, the prism would modify the dispersion curve of the 
surface wave. In practice, however, the change often is not appreciable. A more 
rigorous description of the surface wave excitation by the prism coupling 
method follows the analysis of a light wave incident on a thin film sandwiched 
between two semi-infinite media. 4 In the Kretschmann geometry of Fig. 25.46, 
for example, the incoming TM wave E 0 = (x - zk x /k 0z )£ 0j pxp(ik x x + ik Qg z 



Fig. 253 Dispersion curve of a surface electromagnetic wave following (25.7). 
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e' 2 < 0, €q > <?', >0 e ; < 0, € ' > e 2 > 0 



e 2 

(a) (b) 


Fig. 25.4 (a) Olio configuration and { b ) Kretschmann configuration for linear excita- 
tion of surface polaritons. 

- iu>t) in the prism yields the following transmitted and reflected waves: 


with 


E T = (je - zk x /k 7 l )&T X exp(ik x x + ik lz z - iut), 
E r = (* + zkJk 0i )S^\^(ik x x - ik 0z z - iut) 

~ [^01 / 12 eX P( , ^tx^)](^2z e o/^Oz £ 2)^OA/-°’ 

*R* = ['in + r i2*xp( i2k iz d )]*<) X /!>> 



Angle of Incidence, 0, (degrees) 


Fig. 25.5 Reflectivity curves from a liquid crystal medium in the Kretschmann 
geometry versus the angle of incidence 0, at T < T c and T > T x where T c is the 
isotropic-mesomorphic transition temperature. The solid curves are theoretical curves 
obtained by nonlinear least square fitting. [After N. M. Chao, K. C. Chu, and Y, R. 
Shen, Moiec. Cryst. Uq. CrysL 67, 261 (1981).! 


and 
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D = 1 + r oi + rrfxp(i2k l2 d) 


where r 01 , r 12 ’ * 01 * t L2 are the Fresnel coefficient 

r ij = ( e j k iz - + e .*,z) 

= 2 fti*j k iA*j k n + «,•*/,) 


(25.10) 


and d is the film thickness. The subindices 0, 1, and 2 refer to the prism, the 
film, and the dielectric medium above the film, respectively. Equation (25,9) 
shows that the solution is in resonance when D = 0. This is possible only if k u 
is imaginary or e x <0 (assuming Imcj = 0), suggesting that the resonance here 
corresponds to a surface mode. In fact, it can be shown that D - 0 can be 
rewritten in the form 


tanhftrf - + Ml „ o, (25.11) 

W + Wl 

which is the dispersion relation for surface waves on the thin film. Here, 
& = ik iz and q, = k l2 /e l = [(w/c) 2 e, - In the limit of p^d » 1, 

(25.1 1) reduces to 


k 


( 40 \ 2 £ o £ i 
v C ) £ 0 + C* 


(*\ 2 £ 1 £ 2 
\ C ) «! + £ 2 


= 0. 


(25.12) 


We then recognize that the two factors in (25.12) give exactly the dispersion 
relations for the two surface em waves at the interfaces between media 0 and 1 
and between 1 and 2, respectively. This is what one expects physically when 
the film with ^ < 0 is so thick that waves on the two sides are unable to 
communicate. 

In the practical case, the dielectric constant of the film is a complex 
quantity, so that the resonant denominator in (25.9) is always finite, and (25.9) 
can be used to find the intensity of the excited surface wave. The example in 
Fig. 25.5 corresponds to a silver film - 500 A thick. This film thickness is near 
optimum for coupling of an incident wave into a surface wave, but it is also 
large enough to have the dispersion relation of (25.11) fairly well approximated 
by (25.12). The field amplitude of the surface wave is then greatly enhanced 
from that of the incoming wave. The enhancement is limited by the loss in the 
film, described by the imaginary part of K x . Among all metals, silver films 
appear to be best for surface wave propagation in the visible because of their 
low loss. 
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The field distribution in the film can also be found from the solution of the 
wave equation. For 0 <; z < d, we have 

£1 = [x[A cos k l2 z + B sin k u z\ + z{ik x /k u )[-A sin k lz z + f?cos/c u z]} 
Xexp(jfc x x - i«t) (25.13) 

with 

A = (l+ %)[l + r u exp{i2k lz d)\ £ 0x /D 
and 

B = 0 - 'bi)f 1 ~ ^v(^k u d)\{i^k u /£ x k Qz )^ Qx /D. 

Surface waves can exist in general in a multilayer system. Their dispersion 
relation can be derived in a way similar to the solution of linear wave 
propagation. 4 

Nonlinear Optical Interaction Involving Surface Electromagnetic Waves 

Nonlinear optics involving surface em waves can be easily understood if we 
realize that surface waves are nothing but propagating waves of a special class 
of modes. 4 The general theory of nonlinear optics developed in earlier chapters 
can be applied here with little modification. We consider only optical mixing in 
this section. 

The wave equation governing the optical mixing process is 

[ V x( V X) -(io,Vc 2 )€{ 2 )]E(w 5 ) = (4fr^ 2 A 2 )P NL (« 3 ) (25.14) 

where e is assumed to be scalar. The output field E(« f ) can be either a surface 
or a bulk wave, and so are the pump fields inducing P NL (w J ), The procedure 
for finding the solution of (25.14) is the same as that outlined in Section 6.4. 
The pump waves are initially specified, and hence the expression for P NL (wJ is 
known. Pump depletion is negligible in the present case. Therefore, the 
homogeneous and particular solutions of (25.14) can be obtained in a straight- 
forward way. Finally, the amplitudes of the homogeneous waves and the 
wave vectors of all waves can be fixed by the boundary conditions. 

As an illustration, we consider the case of nonlinear wave interaction at the 
plane boundary between two semi-infinite media 1 (z < 0) and 2 (z > 0). For 
simplicity, we assume that P NL (w,) = 0 in medium 1 and P NL (uJ = 
xP r NL (oO + zP r NL (a>.) a exp(/k, «r — iwj) in medium 2. The solution of 
(25.14) takes the form 

= forz<0 

- (i - + i(y„pNL + Tm /»NL) 

+ *(y«^ NL + ?«^ NL ) for z > 0 (25.15) 


where 
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Y„ 


M\, 

*2(^27 — ^2) 

v 4g M 2«-- 

e i(*L — *1) ’ 

4,r (*2..7 - *!) 

« 2 (*L - *2 Z ). 


and 


The amplitudes, tf Rx and £ lxy of the homogeneous waves are obtained by 
matching of the fields at z = 0: 


| = r„^ NL + y„^ nl 

i t '(fe)^ + ^fe)^ = ^^ NL + ^) 

Here, ^ NL is the amplitude of P NL . The preceding set of equations yields 
f £ 2(*i ! *2zAJ(Y«x^t + YiM - ^k 2 ,(y„^ h + y„^ NL ) 

, _ £ 2*i 2 (r„^ NL + y^ l ) + ^(k u k 2 ,/kJ(y, x ^ L + y„^ nl ) 

{ ^ ~ ’ 

D‘ - e 2 k u + h k u (25.16) 


I ( £ 2 + - ^2*17) 

; Therefore, the output generated by P NL is completely determined. 

We discuss here the generation of a bulk wave by nonlinear interaction of 
! surface waves or surface and bulk waves, and then the generation of a surface 

I wave by interaction of bulk waves, or surface and bulk waves, or all surface 

waves. In the first case, because the pump fields involve surface waves, only the 
;■ boundary media within the penetration depth of the surface waves contribute 

i effectively to the nonlinear polarization P NL . Therefore, the process should be 

i fairly surface-specific. As an example, we consider here second-harmonic 

I generation by a surface em wave at the boundary between a metal and a 

nonlinear dielectric. We assume that the metal nonlinearity is negligible. The 
nonlinear polarization induced in the dielectric medium (z > 0) by a surface 




C 2 *1 + *2 
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wave E{«) = (x£ x + z£ z )exp(ik x x - fiz) is 

P (2) (2w) - X (2) : (x£ x + z^ z ) 2 exp(i2k x x - 2 fiz - /2«r), (25.17) 

which we assume to have only x and z components. With P NL given, the 
second hannonic wave generated in the dielectric is explicitly given by E 2 («, 
= 2to) in (25.15) with media 1 and 2 referring to the metal and the dielectric, 
respectively. Since k x {2u>) = *«(2w) = 2M W )» the homogeneous part of the 
solution appear s as a well-collimated propagating bulk wave when |& 2 (2w)j - 
K2co/c)/e(2«)| > |2Ar JC (w)|. The same output appears as a surface wave if 
]fc 2 (2«)| < |2M")I* 

Second-harmonic generation by a surface em wave at a metal- dielectric 
interface is easily observable. The Kretschmann geometry can be used to 
launch the surface wave at the metal- dielectric interface. The surface wave 
intensity is much higher than the incoming beam intensity if a sizable fraction 
of the input is coupled into the surface mode and the surface wave attenuation 
is small. Since the second-harmonic output depends quadratically on the 
fundamental input intensity, it becomes easily detectable, even though the 
interaction region is limited to a boundary layer of the order of a wavelength, 
and by the attenuation length of the surface wave ( < 10 ftm in the visible). The 
process was first demonstrated by Simon et al. 5 A ruby laser with 1 MW in 
power, 20 nsec in pulsewidth, and 1 cm 2 in cross section at a quartz- silver 
interface could yield a second-harmonic signal of ~ 10 4 photons/ pulse. 6 In 
fact, even second -harmonic generation by surface waves at an air- silver 
interface was easily observed. 5 In this latter case, the nonlinearity of silver was 
responsible for the nonlinear process. The output from the prism side in all 
these cases was found to be highly collimated with the predicted wave vector 
k(2w) = 2k x (w)x + [( 4 w 2 /c 2 )e( 2 u) - (2 k x ) 2 $z in the prism. When two 
counterpropagating surface em waves of the same frequency were used in 
second-harmonic generation, an output appeared along the surface normal, as 
required by the wavevector relation fr JJt (2u) - k x (u>) - k x (w) - 0. This 
peculiar effect resulting from the surface boundary condition is a special 
feature characteristic of surface or guided wave interaction. 

While surface waves can interact to generate bulk waves, bulk waves can 
also interact at an interface to generate surface waves. 7 The latter is possible if 
the sum of the pump wave vectors has a component along the interface equal to 
the wavevector of the generated surface wave. The solution given in (25.15) and 
(25.16) is still applicable here. With k sx ( u s ) = k x {u s ) > £(«,), the homoge- 
neous part of the solution in (25.15) appears as a surface wave, which, 
according to (25.16), is resonantly excited by the nonlinear wave mixing via 
f >NL («i»k*) when 


Re[*^ - A" 3 ] = 0 (25.18) 

where K 2 - ( K ' + iK") 2 = (w 2 /c 2 )t l e J /(£, + e 2 ) is ihe dispersion relation 
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for the surface em waves. The surface wave generated here with a wavevector 
k x (u s ) = k JX (<ti s ) (not necessarily equal to K') actually corresponds to a 
driven wave. 7 In general, there should also exist at the interface a free surface 
wave with a wavevector K '(<•>,)• Its amplitude is determined by the condition 
of field continuity in the interfacial plane. In the infinite plane wave approxi- 
mation, however, the free wave can be neglected. 

To illustrate the feasibility of nonlinear excitation of surface em waves, we 
use second-harmonic excitation of surface exciton-polaritons at a ZnO-Iiquid 
He interface as an example. 8 The experimental setup is seen in Fig. 25.6. The 
fundamental wavevector component /c x (w) along the interface can be varied 
by varying the incident angle of the input laser beam. The generated surface 
exciton-polariton at the second-harmonic frequency can be detected either by 
the prism coupling method or simply through surface roughness scattering. 
From (25.16) and (25.18), we expect that the output signal should exhibit the 
resonant structure described by 

$ cc [(2^(10) - K'f + K" 2 j _l (25.19) 

as 2 k x (ca) scans over K '(2to). This was actually observed in the experiment, as 
shown in Fig. 25.7 at four different frequencies. From the positions and widths 
of the resonant peaks at different frequencies, K '(2<o) and K"( 2w) could be 
deduced. They were compared with the theoretical dispersion curve in Fig. 25.8 
calculated from a dispersion relation somewhat different from (25.7) because of 
anisotropy of ZnO. In another example, difference- frequency generation of 
surface phonon-polaritons at an air-GaP interface was demonstrated. 9 The 
measured dispersion curve was also in good agreement with the theoretical 
prediction. We note that unlike the linear excitation of surface waves, the 
no nlin ear excitation method has the advantage that it can be used to excite and 



Fig. 25.6 Experimental setup for observing second-harmonic generation of surface 
exciton-polariton on ZnO. The inset shows the wavevector relation. (After Ref. 8.) 






Ak x (om'') 6k x (cm'*) 

Fig. 25.7 Examples of experimental results of 1(2 w, A A*) versus A k x in the ZnO case. 
The solid curves are Lorentzian used to fit the data. (After Ref. 8.) 



1.8 2.0 f 2.2 2.4 

Wovevecfor K x (xl0 5 cm ■) 


Fig. 25.8 Dispersion and damping characteristics of surface exciton-polaritons on 
ZnO. The solid curves are theoretical curves. (After Ref. 8.) 
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study surface poiaritons at the interface of two semi-infinite media, or at an 
interface of a multilayer medium that cannot be reached by linear excitation. 

Surface wave excitation by nonlinear mixing of surface waves is also 
possible. We consider here the problem of surface coherent anti-Stokes Raman 
scattering (CARS) at a metal-dielectric interface. 10 The process is interesting 
for many reasons: 

1 It is an all-surface wave process. 

2 It is phase-matchable in the surface plane. 

3 It can be used to study Raman resonances of the dielectric medium. 

4 The small field penetration depth (of the order of a wavelength) renders the 
process surface-sensitive. 

5 The high surface wave intensity allows such a third-order surface process to 
be easily detectable. 

We can again use the solution given by (25.15) and (25.16) to describe the 
anti- Stokes output. For simplicity, the nonlinear polarization is assumed to be 
dominated by that in the dielectric: 


p <3) ("„) - X CT («. = 26,, - «,) : (25.20) 

where both and E 2 are surface waves with wavevectors k A ^(wj) and 
k 2 j|(o) 2 ), respectively, and the nonlinear susceptibility x (3) can be decomposed 
into a resonant and a nonresonant term 

x <3> = xk 3) + x£k (25.21) 

with 

xi? = A/[ Wl - « 2 — + iT]. 

Then (25.15) and (25.16) show that the anti-Stokes output is a surface wave if 
|kf,||( w <i)l = |2kj >H - k 2 ,|| is larger than {v> a /c)fc. This surface wave is reso- 
nantly excited when k JtJI (w fl ) - K'fuJ. Since the output is proportional 
to \P°\o) a )\ 2 and hence |x (3) | 2 , it is also resonantly enhanced when (<o x — u> 2 ) 
approaches w CT . 

Surface CARS has been demonstrated using the experimental arrangement 
in Fig. 25. 9. 10 The Kretschmann geometry was adopted to launch the pump 
surface waves at a silver-benzene interface. The wavevectors of the pump 
waves could be adjusted to satisfy the surface phase-matching condition 
2k t y - k 2 ,| - k B , n (« tf ) - K '(«*)• The anti-Stokes signal coupled out by the 
prism appeared as a highly collimated beam along k fl (w fl ). The result as a 
function of (o>j - « 2 ) is shown in Fig. 25.10, in comparison with a theoretical 
plot of [x (3) («i ~ « 2 )l 2 for benzene. The resonant peak here corresponds to 
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Fie 25.9 Experimental setup for surface CARS measurements: <«) the pnsm-meta|. 
Uauid assembly (6) wavevectors in the glass prism with their components m the 
xy-plane phas/ matched; (c) block diagram of the experimental arrangement. (Afte 

Ref. 10.) 


the 992-cm" 1 breathing mode of benzene. The signal level was fmrly tagh 
With the two input pulses having 0.5 and 5 tnJ, respectively, in a 30-nsec 
pulsewidth and in a 0.5-cm 2 beam cross section at the interface, the ^output at 
the resonant peak was 2 X 10 s photons/puUe, which was readily detectable. 
This shows that the process can be a valuable spectroscopic tec nique or 
probing thin films, overlayers, and perhaps even adsorbed molecules. The 
highly directional output allows the detection of CARS even in the i present of 
a strong luminescence background. Moreover, the attenuation lengt , / , 

of the surface waves is of the order of 10 pm in the vrsible, mdicaung that he 
surface CARS signal will not be hurt very much by absorption in ^‘electnc 
medium as long as the absorption length is longer than 1/K . Thus surface 
CARS can be useful in spectroscopic studies of absorbing and luminescent 

""^'signal strength of surface CARS depends on the input pump fields as 


s a /f(to i )/ 2 (w 2 ) /i:r 


where 7( Wl ), /(<*> 2 ) are the pump intensities, 
the pulsewidth. It is obvious that to increase 


A the beam cross section, and T 
S we should increase L However, 
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Fig 25 10 Anti-Stokes output in surface CARS versus - a> 2 around the 992 cm 
Raman resonance of benzene. The solid curve is a theoretical curve. 


the maximum laser intensity on the surface often is limited by optical damage. 
It happens that the damage may have a fiuence (energy/umt area) threshold 
rather than an intensity threshold. Then, according to (25.22), shorter pump 
pulses should yield much stronger signals below the damage threshold. As an 
example, if we use 10-psec input pulses with 10 /rJ/pulse instead of the 
nanosecond pulses in the above-mentioned experiment on the silver- benzene 
interface, we can obtain a signal of ~ 10 11 photons/pulse from a focal spot of 
0 15 mm 2 at the interface. Realizing that the signal comes essentially from a 
benzene boundary layer ~ 1000 A thick, the preceding estimate suggests that 
surface CARS with picosecond pulses can have a sensitivity of detecting a 
submonolayer or molecules at the interface. Unfortunately, in such circum- 
stances x (3) from the metal may dominate x {3) fr° m the molecules. Some sort 
of background suppression techniques must be invented before surface CARb 
can be used for spectroscopic studies of monolayer adsorbates. 


253 NONLINEAR OPTICAL EFFECTS AS SURFACE PROBES 

The possibility of applying lasers to surface studies has opened up a new area 
of research in surface science. Laser annealing, for example, has aroused a 
great deal of interest for both scientific and technical reasons. Lasers have also 
been used to probe molecule- surface interaction by detecting and analyzing 
molecules desorbed or scattered from surfaces, 11 and to yield vibrational 
spectra of adsorbed molecules by laser desorption or photoacoustic spec- 
troscopy. 12 In this section we discuss the problem of exploiting nonlinear 
optical effects, particularly second-harmonic generation (SHG), for surface 
studies. 13 Unlike the conventional surface probes, which rely on emission. 
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absorption, or scattering of massive particles, nonlinear optical techniques are 
applicable to interfaces between two dense media and therefore may offer some 
unique and intriguing possibilities. 

We saw in the previous section that surface CARS can have a submonolayer 
sensitivity and may become a useful surface spectroscopic tool. Another 
coherent Raman technique that can be used for monolayer spectroscopy is the 
stimulated Raman gain spectroscopy discussed in Section 10.6. Heritage and 
Allara 14 showed that by using CW mode-locked lasers as the pump and probe, 
the sensitivity of the technique could be greatly improved and a Raman gain 
smaller than 10' 9 could be measured. Since a 100-W pump laser focused to a 
spot of 10 pm on a monolayer of molecules with a Raman cross section of 
10" 29 cm 2 /sterad can yield a Raman gain of ~ 2 X lO" 8 , the technique 
should have a sensitivity high enough for monolayer spectroscopy. Indeed, 
Heritage and Allara were able to obtain a monolayer spectrum of p-nitroben- 
zoic acid adsorbed on sapphire, as shown in Fig. 25.11. The technique, 
however, required two extremely stable dye lasers and a low-noise detection 
system to observe the weak Raman gain. Small residual absorption and 
thermal fluctuations in the substrate could easily mask the spectrum. 



icm' 1 ' 

Fig. 25.11 Raman spectrum of a monolayer of p-nitrobenzoic arid (PNBA) on a thin 
film of aluminum oxide supported by sodium fluoride obtained by stimulated Raman 
gain spectroscopy. Three Raman peaks are marked. (After Ref. 14.) 


495 


Nonlinear Optical Effect!) as Surface Probes 

Among the few nonlinear optical techniques that have been considered for 
surface studies, the second-harmonic and sum-frequency generation processes 
are probably most attractive. They are particularly useful for probing inter- 
faces between media with inversion symmetry for the following reason. These 
processes are forbidden by symmetry in media with an inversion center but are 
allowed on surfaces because of the lack of inversion symmetry of the surface 
layers. They are therefore highly surface-specific and can be used as surface 
probes. In comparison with surface CARS and stimulated Raman gain tech- 
niques, SHG or sum-frequency generation has the advantages of being much 
simpler in the experimental arrangement and much stronger in the signal 
output. 

The theory of SHG or sum-frequency generation from an interface modeled 
after Fig. 25.1 follows closely the theory discussed in Section 6.4, except that 
we now have a multilayer nonlinear medium. The general solution of this 
problem was worked out by Bloembergen and Pershan. 15 Here we consider the 
case of SHG from the interface between two isotropic media shown in Fig. 
25.12. The linear dielectric constant of the surface layer is taken to be the same 
as that of the medium at z > 0 for simplicity. The second-order nonlinearity of 
the surface layer is described by the surface nonlinear susceptibility x5P; those 
of the bulk media vanish in the electric dipole approximation, but become 
finite if the electric quadrupole and magnetic dipole contributions are taken 
into account. The electric quadrupole and magnetic dipole contributions 


w 12) 

f l>7l € 2 /*i e 2> 72 



0 * 

Fig. 25.12 Sketch of second-harmonic generation from an interface between two 
isotropic media The interfacial layer of thickness d is specified by a linear dielectric 
constant e 2 and a second-order surface nonlinear susceptibility xT- 
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originate from the nonlocal response of the media to the field; they are 
proportional to the first spatial derivative of the field. By symmetry, the 
induced second-order polarization in an isotropic medium can be written as 

P {2) (2«) = x (2) : E(«)vE(«) 

= a[E(u) • vjE(u) + /?E(u)[ V -E(io)] (25.23) 

+<(2«/e)y[E(«) X B(«)]. 

The first two terms on the right are of the electric quadrupole character and the 
last term is magnetic dipole. 

With the nonlinear polarizations of both the surface layer and the bulk 
media specified, the solution of the wave equation for SHG from the boundary 
surface is fairly straightforward, although it is rather tedious. Two approaches 
can be taken. One uses the solution in Ref. 15 for a three-layer system; the 
middle layer corresponding to the surface layer has a thickness d approaching 
zero. The other assumes no clear boundary between the surface layer and 
medium 2 (z > 0), but uses a combined P f2) (2(j) to describe the nonlinear 
polarization induced in the surface layer and the substrate: 


P e ?r'(2«) 


a 2 [E* vjE + /?2 E [ V -E] +(/2u/c)y 2 (E X B] 
+ X P«(*):EE 


(25.24) 


where 5(z) is a 5-function at z = 0 + . The solution of the problem is then the 
same as the one described in Section 6.4 for SHG from a single interface, 
except that the presence of the dipole layer, Xs 2) ^(z) : EE at z = 0 + , changes 
the boundary conditions of the fields to 16 



with A E = £{z - 0 + ) - E(z - 0”) and P, = Xs 2) : EE. Both approaches yield 

the same result. In the present case, where a single fundamental beam is 

assumed, the a and j8 terms in (25.24) should vanish, while xP for an isotropic 

surface layer has only the following nonzero elements: 

and 0 “ *y y)< The result is then greatly simplified. For the second- 

harmonic output in the reflected direction, for example, the intensity has the 

expression 16 
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where e^ = ■ e fl , with e a denoting the unit polarization vector at frequency 

£1 in medium 2 (z > 0); L is the Fresnel factor for the field, which has the 
diagonal elements 


_ 2 *l*2r 

+ *l k lz ’ 


- 


2 k u 


k,. + k 2 . 


= 2e i*u 

E 2 k lz + tl k 2 z * 


(25.27) 


and the effective surface nonlinear susceptibility xBo * s defined as 


(X?df ]zii 


xS?„,+ 


«i(2«) 


Ti " Y2» 


[xB 


■xB, 


e 2 (2w)^(tj) 

«t(2w)^(«) Yl Y2 


[xpdr]i*i - XSV 


(25.28) 


The above solution shows that the j-polarized second-harmonic output, 
proportional to |x^, z ,| 2 , is generated entirely from the surface layer, while the 
p-polarized output, having contributions from all the xBr elements, is gener- 
ated from both the surface layer and the bulk. Here, however, only the 
magnetic dipole part appears in the bulk contribution. Generally, with two 
input laser beams, or in crystalline bulk media having inversion symmetry-, the 
electric quadrupole part can also appear as a bulk contribution. To estimate 
the relative importance of the bulk versus the surface in SHG, we note that the 
electric quadrupole and magnetic dipole part of a susceptibility is usually 
about ka times smaller than the allowed electric dipole part, where a is the size 
of atoms or unit cells. Therefore, since x^ 2> for the surface layer is always 
electric dipole allowed, we have |x?Vx2il ~ d/ka, with d being the surface 
layer thickness. For SHG by reflection from a surface, it was mentioned in 
Section 6.4 that the bulk contribution comes essentially from a layer of \/2*r 
thick near the surface. Then the relative contribution of surface to bulk in 
SHG is about |x? > /xS(V 2 «’)| 2 ~ (d/a) 2 , which is larger than or of the 
order of unity. This ratio can be further enhanced through resonances or 
polarization selection if the structure of x^ 2) is sufficiently different from x$£. 
The foregoing discussion indicates that surface SHG may be used for the 
probing of interfaces between two centrosymmetric media. Yet we must still 
show that the signal strength of SHG from a surface monolayer is strong 
enough for detection. Assuming |xi 2, | - 10” 15 esu for the surface monolayer, 
and a pump laser pulse with a pulsewidth of 10 nsec and an energy of 20 
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mj/pulse at 1.06 pm focused to 0.2 cm 2 , we find, from (25.26), a second- 
harmonic output of - 10 4 photons/pulse. Such a signal should be readily 
detectable. 

Surface SHG is clearly a viable method for studying adsorbates at inter- 
faces. In this case, the surface susceptibility can be written as 

X? = X& + Xss (25.29) 

where Xsa denotes the part arising from adsorbed atoms or molecules, and x§ 
from the surface layers of the adjoining media. If |x$| » jx^l* or by some 
means, the contribution of x§ can be suppressed or subtracted, then surface 
SHG can be used to probe the adsorption. This happens, for example, with 
molecular adsorbates having a large second-order nonlinearity so that x <2) 
from the molecules dominates in Xs 2) * We assume here that this is the case and 
consider the various possible applications of surface SHG to studies of surface 
adsorbates. 

The experimental arrangement of surface SHG is fairly simple. As seen in 
Fig. 25.13, it basically involves the direction of a laser beam onto a sample and 
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gated electrometer 
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Fig. 25.13 Experimental schematic for second-harmonic generation by reflection from 
a sample. 
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the collection of second-harmonic output from the interface by an appropriate 
detection system. The polarizer and the analyzer allow the selection of polari- 
zations of the input and output fields. Because pulsed lasers are used, time- 
resolved in situ probing of adsorbates is possible. 

The high sensitivity of the surface SHG to adsorbates is clearly demon- 
strated in Fig. 25.14, in which the variation of SHG from a silver electrode 
during an oxidation-reduction cycle in a 0.1 M KC1 electrolyte is presented. 17 
The signal rises sharply as AgCl begins to form on the electrode and drops 
precipitously when the last layers of AgCl are reduced. From the measured 
amount of charge transfer at the electrode at various times, we can arrive at the 
conclusion that the better part of the abrupt change in the SH signal corre- 
sponds to a deposition or removal of a single adsorbed layer. The bulk layers 



-0.30V -i.iov 


Time (minutes) 


rQ30V 


d "0.5j- 


Fig. 25.14 Current and diffuse SH as a function of time during and after an 
electrolytic cycle. The voltages listed in the lower curve are V Ag with respect to a 
standard electrode in the cell. Pyridine (.05 M) was added to the 0.1 M K Cl solution 
following the completion of the electrolytic cycle. With V Ag adjusted to -1.1 V, a 
sudden rise of the SH signal was observed, corresponding to the adsorption of pyridine 
molecules on the Ag electrode. (After Ref. 17.) 
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of AgCl do not appear to contribute appreciably to the SHG. With 0.05 M 
pyridine in the electrolyte and with a sufficiently negative bias on the Ag 
electrode, a monolayer or submonolayer of pyridine molecules can be adsorbed 
on the electrode. This is also manifested by a dramatic increase of the SHG in 
Fig. 25.14. The curve in the figure was obtained with a (7-switched YAG laser 
of only 0.2 mJ/pulse in 0.2 cm 2 , and the SH signal from the adsorbed pyridine 
was already as high as 8 x 10 5 photons/pulse. This signal strength is several 
orders of magnitude larger than the one estimated from (25.26). It is the result 
of local-field enhancement on the rough surface structure of the Ag electrode. 
Because of the local plasmon resonance at the surface and the pointing rod 
effect, the local fields on the tips of the local Ag structures can be much larger 
than the incoming field and can lead to an enhancement of - 10 4 in the SH 
output. 1 * The signal level given above indicates that even without surface 
enhancement, as in the case of a smooth surface, SHG from a monolayer of 
adsorbates like AgCl and pyridine should be easily detectable using a laser of 
- 10 mJ/pulse. 

If a tunable pump laser is used in the surface SHG, then spectroscopic data 
of adsorbates can be obtained from the resonant feature of the signal when 
either « or 2w hits a transition. This is illustrated in Fig. 25.15, in which the 



Fig. 25.15 (n) Energy level diagrams for rhodamine 110 and rhodamine 6G dissolved 
in ethanol. ( b ) Normalized SH intensity for /^-polarized excitation of half- monolayer 
samples of rhodamine 110 and rhodamine 6G on fused silica as a function of the SH 
wavelength in the region of the ^ -* S 2 transition. (After Ref. 19.) 


Nonlinear Optical Effects as Surface Probes 


501 


SH signal from a half monolayer (- 5 x 10 3 molecules/cm 2 ) of rhodamine 
6G and rhodamine 110 on a smooth fused quartz plate versus 2 to is plotted. 19 
The two peaks correspond to the 2u resonant excitation of the iS 0 -» S 2 
transition in the two dyes. The resonantly enhanced signal was very strong; 
with 10-nsec, 1-mJ pump pulses focused to 10" 3 cm 2 on the sample, ~ 10 4 
photons/pulse were generated. This was several orders of magnitude stronger 
than the SH signal from the quartz substrate. It therefore shows that studies of 
adsorbates at much lower coverage than a monolayer should not pose major 
difficulties. 

The submonolayer sensitivity of SHG allows us to measure the adsorption 
isotherm. 20 An example is given in Fig. 25.16, where the adsorption isotherm 
of p-nitrobenzoic acid (PNBA) on fused quartz immersed in an ethanol : PNBA 
solution is shown. From the adsorption isotherm, a free energy of adsorption 
for PNBA at the ethanol -quartz interface can be deduced. The result here also 
provides an example that surface SHG can be used to probe adsorbates at 
interfaces between two dense media. 

With input and output beam polarizations and geometry properly chosen, 
the various elements of xSP can be selectively measured by the surface SHG. 
The symmetry of x^ 2) in the (x-y) plane is a reflection of the symmetry of the 



Fig, 25.15 (Continued). 



502 


Surface Nonlinear Optics 



Concentrotion ptmM) 

Fig. 25.16 Isotherm for the adsorption of p-nitrobenzoic acid to fused silica from 
ethanolic solution, measured by the surface second-harmonic generation technique. 
(After Ref. 20.) 


average molecular anangement at the interface. Therefore, surface SHG can 
also be used to probe the structural symmetry of the molecular monolayer 
adsorbed at an interface. For example, it was found that the surface SHG 
signal from the adsorbed monolayer of dye or PNBA molecules on a fused 
quartz substrate remained unchanged when the substrate was rotated around 
its surface normal; this indicated that the molecules were randomly or isotropi- 
cally distributed on the substrate . 19 ’ 20 

The surface susceptibility tensor x^ 2) also reflects the average orientation of 
the adsorbates in the following sense . 20 If the local-field correction is neglected, 
then x?* and the second-order molecular polarizability « (2) are related by the 
equation 


x&i* - < 25 - 30 ) 


Here, N s is the surface density of the adsorbates, and T ijk represents the 
coordinate transformation between the molecular (£> 17 , f ) system and the lab 
(x, y, z) system. The average of over the molecular orientations, denoted 
by ( 7 }Jr>, is then a description of the average orientation of the adsorbates. 
To find >, we need to know both xg/y* and *Sr 111 & cneral * While Xs 
can be measured by the surface SHG, ajj, arc u n f orluna t e ty difficult to obtain. 
This makes the determination of average orientation difficult. In some cases, 
however, measurements of only the ratios of various elements of can 
already yield some information about the orientation of the adsorbates. This is 
illustrated by the example of PNBA adsorbed on fused quartz below . 20 
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The nonlinearity of PNBA molecules is dominated by a signal element 
in a (2) , and the molecular distribution on fused quartz is isotropic. These 
molecules can therefore be considered as long rods defined by the f-axis] their 
orientation at the interface is specified by the angle 6 between z and t The 
ratio of two independent elements of x? can then give the weighted average of 
0, for example, 


xg*„, _ Ws<cos 3 *)«$ _ 2(cos 3 fl) 

Jtf s (cos0sin 2 #)a^ (costfsin 2 #) 


(25.31) 


The average orientation of PNBA on fused quartz has been determined in this 
fashion at solid-air and solid-ethanol interfaces. Assuming a sharply peaked 
orientation distribution, 0 was found to be ~ 40 ° in ethanol and - 70 ° in air. 

The surface SHG technique can certainly be extended to sum- and 
difference-frequency generation. With a tunable infrared radiation and a 
visible laser as the pumps, the sum-frequency generation should permit the 
study of vibrational transitions of adsorbates and facilitate the determination 
of molecular orientation. If tunable picosecond lasers are available, then the 
technique can also be used to study the dynamic properties of adsorbates at 
interfaces in the picosecond time regime. 

In comparison with the conventional surface probes, the second -order 
nonlinear optical processes have a number of important advantages: the 
experimental setup is relatively simple, in situ probing of interfaces between 
two dense media is possible, studies of dynamic properties of interfaces with a 
subpicosecond time resolution can become a reality, and information about 
molecular arrangement and molecular orientation at interfaces may be ob- 
tained in a fairly straightforward way. The technique, however, is still in the 
developmental stage. How well it can apply to various substrates and ad- 
sorbates is yet to be tested. In many ways, the limitation of the technique will 
also depend on our theoretical understanding of linear and nonlinear optical 
properties of interfaces. 
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Nonlinear Optics 
in Optical Waveguides 


In the development of fiber and integrated optics for communications and data 
processing, nonlinear optical effects in waveguides have played a unique role. 
On the one hand, such effects impose a limit on the power that can be 
transmitted through an optical fiber or waveguide. On the other hand, they 
have led to the construction of novel optical devices potentially useful not only 
in optical signal processing but also in other applications. The characteristic 
features of nonlinear optics in waveguides are the high field intensities resulting 
from the beam confinement and the long interaction length achievable in 
low-loss fibers or waveguides. Both are important factors in the buildup of 
nonlinear wave interaction, making nonlinear optical effects in waveguides 
easily observable even with CW lasers. This chapter outlines the general theory 
of wave interaction in optical waveguides, and briefly describes the experimen- 
tal observations. Pulse propagation in a long fiber is discussed as a special 
topic of interest. 


26.1 GENERAL THEORY 

We consider first linear wave propagation in a waveguide. 1 A guided wave is 
generally defined as a propagating wave that is confined in the transverse 
dimensions. The surface em wave discussed in Chapter 25 is an example. 
Waves propagating in thin films and fibers are other examples. In all cases, the 
wave in a specific waveguide mode can be described by the field 


E<'> — 


'JW> 


lexp(iAT (i) z - mt) 
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with 


£>"> = fd 2 p F ( "(p)-F (0 (p)- (26.1) 

Here the direction of wave propagation is chosen as i, the superindex i denotes 
the waveguide mode, F (,) {p) is the normalized field distribution of the ith 
mode in the transverse plane, A 0) is the amplitude of the wave, and K U) is the 
wavevector. Both K and F (,) (p) can be determined by solving the wave 
equation with the proper boundary conditions in the transverse directions. The 
function F <0 (p) describes the confinement of the field in the transverse plane. 
For a waveguide with a close boundary in the transverse plane, two indices are 
generally needed to specify a waveguide mode. If the waveguide is open in one 
dimension, one index is sufficient to specify a mode. For the special case of 
surface em waves propagating along an interface between two semi- infinite 
media, no index is needed since for a given to only one surface wave mode can 
exist (Section 25.1). 

The theory of wave interaction in a waveguide is essentially the same as that 
developed in earlier chapters for plane waves in a bulk medium. The difference 
is merely in the fact that guided waves now play the role of plane waves. The 
equation is, of course, the same in all cases: 

VX(VXE)-~E-~P 111 (26.2) 

c 1 c l 

where, for the nth order nonlinear process, 

P NL (“) = P < "'(«) - -«! + «*+ ---+««) (26 3) 

:E 1 (u,)E 2 (uj)...E„(w„). 


For the waveguide case, we notice that E (i) in (26.1) with a constant is a 
homogeneous solution of (26.2). In the presence of P NL , the amplitude A {,) is 
expected to change with the propagation distance z. Then, in the slowly 
varying amplitude approximation (see Section 3.3), (26.2) can be transformed 
into a first-order differential equation for A 0) (z): 





i27TU 2 

K^c 2 


P NL exp + iut ) . 


(26.4) 


Multiplication of both sides by F (/) (p), followed by an integration over p, 
yields 2 
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Equation (26.5) can now be used to describe how the guided wave varies with z 
under the action of the nonlinear polarization P NL . 

For illustration, we consider here three different cases: optical mixing, 
parametric amplification, and stimulated Raman scattering. In the first case, let 
us use four- wave mixing as an example. For simplicity, we assume that the 
pump depletion is negligible. The nonlinear polarization induced by the three 
pump waves, each in a specific waveguide mode, is 

P (3) («) = X <3) ( w = w i + + w 3 ) : E a) (ta 1 )E (2> (to 2 )E {:5) (uj3) 

x ( 3) . ^a)F^(p)^F^(p).d t3 >F (3 Hp) 

[D a) D™D™] l/2 

Xexpl/^M + Jt< 2 > + K°>)z - /«(). 

Equation (26.5) for the output field in the /th waveguide mode can then be 
written as 


(26.6) 


Tz AU) = f^</ 1 ^M (, U <2 U< 3 »exp(i IKz) (26.7) 


where 


= f d 2 pF {i) (f>) • x ($) »F (1 >(p)P (2> (p)F (3) (p) 

U ' J [D if) D a) D {1) D™] l/2 

AK = K a) + K™ + K™ - K«\ 

and x (3) , in general, is a function of p. The preceding equation can be readily 
solved to yield A (f] and hence, an output power in the /th mode at z = l, 

- -^M (/, | 2 

( 8 ) 

- ^ K / 123 )| 2 M ,, MW/)< 3 '| 2 ^^^/ 2 

c« (/) {AKl/iy 

assuming n (f) - K {f) c/u, and A if) - 0 at z = 0. This result is very similar to 
that of the plane wave case (see Section 14.2). In fact, if the pump beam 
intensities, the beam cross sections, the nonlinearity of the medium, and the 
length were assumed to be the same in the two cases, the output powers would 
be comparable. In practice, however, because of the beam confinement, a 
waveguide allows a much longer wave interaction length, hence resulting in 
much stronger nonlinear optical effects. 

The long interaction length also makes the four-wave parametric amplifica- 
tion process possible in a waveguide. We consider here the amplification of the 
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signal and idler waves at and «• by the parametric pumping of 2^ = w, + 
assuming each wave in a definite waveguide mode. Using (26.5), we find the 
following coupled equations for the amplitudes of the coupled waves: 2 

in *"' = -^2< pppp ^ Aip> ^ Ail,) ' 

= ^”“2 {(, SS PP) A< ‘ ) \ /,>P> \ 2 + (sppi)A^We^‘l (26.9) 
fz AW ' " + {iPPsy^A^-A^e-'^] 
where 

' kmn) J [ D (k) D m D {m) D {n)^/2 

and bK - 2K p - K s - K t . In the equation of A {p) , we neglected the pump 
depletion effect, but included the term corresponding to an effective refractive 
index change induced by the pump field. With \A {p) | 2 taken to be a constant, 
the pump amplitude has the form 

A ip) (z) = /4 < ^ ) (0)exp(/M / ,z) (26.10) 

with SK = (27rWp/K {f) c z )( pppp)\A (p ^\ 2 . Then, by the substitution of = 
A {s) txp(-i dK s z) and - i4 (0 exp(-f SK, z), with 6K S - ((2*«J)/ 
K^c 2 )(sspp) x \A (P) \ 2 and 8K i = (2™ 2 /K {i) c 2 ){iipp)\A^\ 2 < the set of 
equations for A {s) and A {i) in (26.9) becomes 

4-* w = ‘“7^<W>{ ^ <,) (0)1 2 J*' ( ' ) V 1 ", 

8z /l (26.11) 

fz^' = 

where y = LK + 28K p - 6K S - $K*. Except for the coupling coefficients, 
(26.11) is the same as the equation obtained in Section 9.1 for parametric 
amplification. The solution has the form 


.*<'>(*) - (C ls e** + C 2 ,*-sV'< T/2) % 
jfW(z) = (C ^ 1 + C 2i e-")e-«y'* 


where 

s ~ [ x” w ‘ )|2l/|l ' l(0)l< _(y/2) 1 


( 26 . 12 ) 
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and the C can be easily obtained in terms of j^ u> ( 0) and j/ O) ( 0)*. Note that if 
|j^( 0( z )|2 = |j/(O(0)f t and j^ (,) ( 0) = 0, the result here should reduce to that 
of four-wave mixing discussed earlier. The parametric gain is a maximum when 
y = 0. For Re(gz) » 1, both j/ (i) (z) and s# {i \z) grow exponentially. 

The foregoing derivation for parametric amplification applies equally well to 
the case of coupled Stokes- anti-Stokes generation in stimulated Raman 
scattering if w p — - <a p is near a Raman resonance. The nonlinear 

susceptibility is then a complex quantity. The Stokes and anti-Stokes 
waves are effectively decoupled if the overall phase mismatch y is large. In that 
case, the Stokes amplitude in the waveguide is simply described by 

Y z aU) - ^^< ss pp)\ a(p) \ 2aU) ‘ ( 26 - 13 ) 

With negligible pump depletion, (26.13) yields 

= M < ’ ) (0)| 2 exp(ff R z) (26.14) 

where the stimulated Raman gain is 

C R - (2615) 

As expected, this result is the same as the one given in (10.13) for the plane 
wave case with Im(.sspp)|.4 < ' ) | 2 replacing Im XrII^iI 2 - 

These examples show that most nonlinear optical processes can be expected 
in a waveguide, with a theoretical description not much different from that of 
the plane wave case. The phase mismatch A K for a particular process depends 
on the dispersion of the waveguide modes. For a single-mode waveguide, it is 
difficult, in general, to have A K approach zero. For a multimode waveguide, 
however, there exists the flexibility in appropriating various waves to various 
modes, and then it is possible to make AX nearly vanishing. In principle, a 
coherent length larger than a few meters would be achievable. In practice, 
because of structural imperfection, A K could vary along a waveguide, thus 
limiting the effective coherent length. 


26.2 EXPERIMENTAL STUDIES 

Nonlinear optical effects have been studied in both thin- film waveguides and 
optical fibers. Thin-film waveguides are the key element in integrated optics. 
By epitaxial growth, it is possible to construct a thin-film waveguide out of a 
crystalline medium with no inversion center. In such a waveguide, second-order 
processes are alkmed and can be easily observed. Secc^-hannonic 
ggaerapoB km aamaih beer demcBStrasad in ‘uxu? cry zhn sru;- 
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Note, however, that although a guided wave is generally confined to the core 
region of a waveguide, the tail portion of its transverse distribution does 
penetrate into the boundary media over a distance of the order of a wave- 
length. Therefore, if the boundary media are nonlinear, they can also contrib- 
ute to the nonlinear optical process. In the theoretical description, as illustrated 
by the examples in the preceding section, this is taken into account by the 
spatial variation of the nonlinear susceptibility in the transverse dimensions. A 
second-order nonlinear optical process, therefore, can still be appreciable if the 
waveguide film is centrosymmetric but the substrate is not. Indeed, second- 
harmonic generation has been observed in such a waveguide structure. 4 

Phase matching often is important for optimizing the efficiency of a nonlin- 
ear optical process. The wavevector of a wave in a waveguide mode generally 
depends on the dimensions of the waveguide and on the refractive indices of 
the waveguide and the surrounding materials. For a thin- film waveguide, it is 
possible to vary the relative magnitudes of K(u) and K( 2oj) by adjusting the 
film thickness or by immersing the film waveguide in a liquid and adjusting the 
refractive index of the liquid. Phase matching, = 2AT(xo), of second- 

harmonic generation can in fact be achieved this way, as has been demon- 
strated experimentally. 3 ’ 4 With phase matching, even CW second- harmonic 
generation in the uv has been observed with an input laser power of only 
-0.5 W 4 . 

There are, however, some difficulties which prevent the thin-film waveguide 
from being a practical second-harmonic generator. First, the film thickness can 
hardly be made uniform. As a result, the phase-matching condition cannot be 
satisfied over the entire length of the waveguide. To have a coherent length 
larger than 1 mm, the variation of the film thickness should be less than a few 
percent. 5 Surface imperfection of the waveguide then can result in strong 
attenuation of the guided waves and limit the propagation distance. 4 Even if 
better waveguides can be designed and fabricated, there still exist the difficul- 
ties of efficiently coupling the waves in and out of the waveguide, and avoiding 
high-power laser damage of the waveguide. 

Note, that the nonlinear output generated by P NL need not always be a 
guided wave, although our discussion thus far has been limited to the guided 
wave case. More generally, the output can also be a bulk wave propagating 
into a medium adjoining the waveguide. The boundary condition requires the 
wavevector components of P NL and the bulk wave along the boundary surface 
be matched; consequently, the propagation direction of the bulk wave is 
specified. This is very similar to the case of bulk wave generation by surface 
wave mixing discussed in Section 25.2. Experimentally, second-harmonic gen- 
eration of bulk waves by guided waves in a thin-film waveguide can be easily 
demonstrated. 5 

While thin-film waveguides are often used for second-harmonic or second - 
order sum- and difference- frequency generation, optical fibers are more suit- 
able for other types of nonlinear optical processes. The latter are usually made 
of glassy materials possessing an inversion symmetry. Therefore, the lowest- 
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order nonlinear processes allowed in such a medium are the third-order 
processes. However, unlike the thin-film waveguides, optical fibers are structur- 
ally more perfect. They can have an attenuation constant as low as 0.2 dB/km 
and a coherent length for phase-matched wave interaction longer than a few 
meters. Because of the very long interaction length, third -order nonlinear 
optical effects can be readily observed in a fiber even with CW lasers. These 
include stimulated Raman scattering, 6, 7 stimulated Brillouin scattering, 8, 9 
four-wave mixing, 10 four-wave parametric amplification, 11 optical Kerr effect, 12 
and self-phase modulation. 13, 14 

Stimulated Raman scattering in optical fibers is a subject that has been 
extensively studied. Both ordinary glass and liquid-core fibers have been used. 
The latter allows selection of an appropriate liquid as the Raman scatterer in 
the fiber 6 with a relatively large peak Raman cross section. The Raman shift 
can be varied by varying the liquid medium. The former has a much lower 
Raman cross section per unit frequency, but it has the advantage of having a 
very broad Raman spectrum, 15 as shown in Fig. 26.1. This allows tuning of 
stimulated Raman output over a broad range of frequencies. With the help of 
an optical cavity (Fig. 26.2), tunable Raman oscillation can be achieved. 16 In 
the case of Fig. 26.2 where a 100-m fused silicate fiber with a 17 dB/km loss 
was pumped by a CW argon laser, the Raman oscillator was found to be 
tunable over 80 A. The tuning range could be larger if pulsed lasers were used. 
Higher-order Stokes radiation may also appear at the output of a fiber Raman 
oscillator. In the example of Fig. 26.2, four orders of Stokes radiation were 
observed. They could be used to extend the output tuning range over 350 A in 
the visible. 

The Stokes conversion efficiency of a fiber Raman oscillator can be higher 
than 20%. 17 Therefore, as a tunable light source, the fiber Raman oscillator is 
an attractive alternative to CW dye lasers. Yet it has the disadvantage of 



Frequency shift (cm -1 ) 

Fig. 26.1 Raman gain curve for a fused silica fiber. (After Ref. 7.) 
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having a relatively large output linewidth (> 10 GHz), which cannot be 
narrowed by the insertion of an etalon in the cavity. 

As mentioned in Section 11.1, the steady-state Brillouin gain in a condensed 
medium is generally larger than the Raman gain. One would expect backward 
stimulated Brillouin scattering to appear before stimulated Raman scattering 
in an optical fiber, at least in the CW case. It would then be difficult to obtain 
Raman oscillation in a fiber without a Brillouin output. However, because the 
Raman gain spectrum of a fiber is much broader than the Brillouin gain 
spectrum, a laser beam with a linewidth larger than the Brillouin spectral width 
can efficiently pump the Raman oscillator but not the Brillouin oscillator. In 
that case, the threshold for Raman oscillation can appear lower than that for 
Brillouin oscillation. With a sufficiently narrow linewidth, however, Brillouin 
oscillation will indeed dominate. Figure 26.3 describes the arrangement of a 
Brillouin ring oscillator. 18 A single-mode CW Ar + laser, with a linewidth less 
than the 150-MHz Brillouin width of silica, was used to pump the ring 
oscillator consisting of a single-mode silica fiber of 2.4 pm in diameter and 9.5 
m in length. The oscillator had a pump threshold of 25.0 mW and an output of 
20 mW at a pump input of 750 mW. A conversion efficiency of - 20% could 
be obtained if the mirror reflectivities of the cavity were optimized. 

More efficient pumping of a Brillouin oscillator has been achieved by a 
two-mirror straight Brillouin cavity in which the input mirror is also the output 
mirror of the Ar + pump laser. 19 At high pump powers, higher-order Stokes 
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Fig. 26.2 Schematic of the experimental configuration used for the multiresonant fiber 
oscillator. L x and L 2 are AR-coated 20X microscope objectives; M is the output mirror 
of the argon ion laser and common mirror of the Raman oscillator; M 0t M 2 and A/ 3 
are used to reflect the pump, first, second, and third Stokes; P , S lt S 2i and are the 
diffracted spots for the pump, first, second, and third Stokes, respectively. (After Ref. 
16 .) 
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Fig. 263 Schematic of Brillouin ring oscillator apparatus. The ring consists of the 
optical fiber together with the beam paths defined by the 4 % and 50% partial reflectors. 
(After Ref. 18.) 


components would show up, as illustrated in Fig. 26,4. Up to 21 orders of 
Stokes lines have actually been observed, with an overall Stokes shift of 714 
GHz in frequency. Anti-Stokes lines can also be generated. Phase locking of 
the many Stokes and anti-Stokes lines can yield an output in the form of 
mode-locked pulses. 20 

The anti-Stokes generation is only a special case of four-wave mixing with 
w a - 2o), - a s . In general, (u, - does not have to be in resonance with a 
transition in the fiber medium. For a small frequency difference between 
and <o s , phase matching is nearly fulfilled if all waves are propagating in the 
same direction. The coherent length can be larger than 2 km in a silica fiber 
with - u, = 1 cm -1 . For larger (u, - «,), however, the color dispersion of 
the medium becomes increasingly significant. Consequently, phase matching of 
four-wave mixing in a fiber can be realized only if the color dispersion can be 
canceled by the modal dispersion of the fiber. This is possible at discrete 
frequencies when a multimode fiber is used. In practice, an optical fiber is 
often not perfect; the effective coherent length for four- wave mixing under the 
optimum phase-matching condition is usually limited by imperfection, such as 
variation of the fiber diameter along the length. By having the pump in the 





Fig. 26.4 Output spectra from the multiple Stokes-Brillouin oscillator. The spectra are 
shown for a range of pump powers from 100 nW (top trace) to 3.0 W (bottom trace). 
The spectral lines are separated by 34 GHz. (After Ref. 19.) 
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same two modes as the Stokes and anti-Stokes, one can show that the 
phase-matching condition becomes less sensitive to the variation of the fiber 
diameter. 11 * 21 The effective coherent length can then be as long as 10 m at 

- a g - 3000 cm -1 . With such a long interaction length, even parametric 
four-wave amplification starting from noise becomes possible. It has been 
observed in a silica fiber using a 5320-A pump pulse with a peak power no 
more than a few hundred watts. 7 

Some third-order nonlinear optical effects originate from the optical-field- 
induced refractive index change An. In a glass medium, An is usually small, 
with n 2 = 2An/|£| 2 of the order of 10" 13 esu. Yet a guided wave propagating 
through a long fiber can still have a large accumulated phase change resulting 
from An. As seen in (26.10), the phase change is given by 

A *(/) = $*,/. (26.16) 

For an order-of-magnitude estimate, we can approximate (26.16) by 

A<f>(/)~ («/c)An/. (26.17) 

If a 100-mW green beam is propagated through a fiber 3.5 jum in diameter and 
100 m in length, one would find A <£(/)- 1 radian. This indicates that the 
optical Kerr effect, that is, birefringence induced by a linearly polarized pump 
beam, should be easily observable in a fiber. The ordinary fiber is, unfor- 
tunately, not perfect: an input beam would have its polarization state change 
continuously along the fiber. This makes the optical Kerr effect difficult to 
observe. The effect is, however, observable in a birefringent fiber, in which an 
input pump beam with a polarization along the birefringent axes can retain its 
polarization in the propagation. The additional birefringence induced by the 
pump field can then be detected by the induced polarization change on a probe 
beam initially polarized away from the birefringent axes. Optical Kerr effect in 
a birefringent fiber has been demonstrated, 12 - 22 and has been suggested as a 
means for optical switching and pulse shaping. 22 

If an intense light pulse is propagated through a fiber, the field-induced 
phase change on the pulse should be time-dependent. This means that the 
transmitted light should now- experience a self-phase modulation described by 
A <f>(r) - &K p (t)! a |i4 {/,) (0| 2 , according to (26.10). The situation here is very 
similar to that of self-phase modulation of light in a trapped filament discussed 
in Section 17.7. An immediate consequence of the phase modulation is a 
spectral broadening on the transmitted light. As shown in Section 17.7, the 
broadened spectrum is expected to have a semiperiodic structure. The number 
of peaks in the broadened spectrum is determined by the integer that is closest 
to, but smaller than, A^ max /2w, and the farthest peaks on the two sides have 
their frequency shifts given by |d<f>/df| max . This has been demonstrated in an 
experiment in which mode- locked Ar + laser pulses of - 150-psec pulsewidth 
were propagated through a silica fiber of a few in diameter and - 100 m in 
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length. 14 The spectral broadenings observed with various input power levels are 
shown in Fig. 26.5. They agree well with the theoretical spectra expected from 
the predicted self-phase modulation. As discussed briefly in Section 17.7, a 
self-phase- modulated pulse can be significantly compressed when it is sent 
through a suitable dispersive delay line, such as a grating pair. The principle 
behind the pulse compression is as follows. In Fig. 26.6, it is seen that the 
frequency modulation on the middle section of the self-phase- modulated light 
pulse can be approximated by a linear shift Aw cc (r - f 0 ); the leading part of 
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Fig. 26.5 Photographs of input pulse shape and the output spectrum from a 3.35-pm 
silica-core fiber. Spectra are labeled by the maximum phase shift, which is proportional 
to peak power (After Ref. 14.) 
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Fig. 26.6 A 6-psec pulse experiencing a self-phase modulation proportional to the 
instantaneous pulse intensity, (a) Pulseshape of the 6-psec pulse. (&) Frequency 
modulation proportional to the derivative of the pulse shape (After Ref. 28.) 


the pulse is at lower frequency. If, in passing through a dispersive delay line, 
the low-frequency part is delayed and the high-frequency part advanced by an 
appropriate amount, then the pulse should appear significantly compressed. 23 
As a self-phase modulator, a single-mode optical fiber has the advantage of 
imposing a uniform phase modulation on a guided wave over its entire 
transverse profile. In addition, the induced A n in glass is of electronic origin 
and should respond instantaneously to even subpicosecond pulses. Therefore, 
together with a dispersive delay line, an optical fiber can be an effective 
compressor for short pulses. 2 * .Actually, for picosecond and subpicosecond 
pulse propagation in a fiber, because of the appreciable spectral width of the 
pulse, color dispersion of the fiber alone can already cause the pulse to deform 
significantly. The interplay between the color dispersion and the nonlinearity 
in the fiber can lead to very interesting results: a short pulse propagating 
through a fiber can be appreciably broadened or compressed depending on the 
pulse intensity and frequency. This is the subject we discuss next. 


26,3 PULSE PROPAGATION IN A FIBER 

Pulse propagation in a fiber is a subject of great importance in many respects. 
From the basic point of view, study of the problem can yield information 
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about pulse propagation in a nonlinear medium over a long distance that 
cannot be obtained otherwise. Theoretically, the problem is interesting because 
it is governed by a nonlinear wave equation that belongs to the same class of 
partial differential equations as the nonlinear Schrodinger equation and the 
Landau-Ginzberg equation. From the practical point of view, pulse broaden- 
ing is an important factor that may limit the data transmission rate through a 
fiber. 

We consider here only the simple case of pulse propagation in a single-mode 
fiber. The modal dispersion (which is important for a multimode fiber) is 
absent in this case, and we only have to consider the effects of color dispersion 
and field-induced refractive index change on the pulse propagation. Color 
dispersion leads to a group velocity dispersion, dv g /dw = -v 2 d 2 K/du 2 , such 
that even in the linear case, a pulse propagating over a distance is expected to 
experience a pulse broadening. This is, of course, a well-known phenomenon. 
With the presence of a field-induced An, the situation is more complicated. 
Depending on the circumstances, a pulse propagating in a fiber can undergo 
broadening, shrinkage, deformation, or even splitting into multiple pulses. 

The formal description of pulse propagation in a single-mode fiber is 
governed by a nonlinear wave equation in which the nonlinear term arises from 
the field-induced An. With the field E (0 given by (26.1) and using the slowly 
varying amplitude approximation (see Section 3.5), the nonlinear wave equa- 
tion can be transformed into the amplitude equation 23 

+ (26.18) 

where K 2 = {2ma*/K (,i c 2 )(iiii) and we assume An = (K 2 c/u)\A (i) \ 2 . The 
first term on the right of (26.18) comes from the group velocity dispersion, 
while the second term comes from the field-induced An. By the following 
change of variables 


and 


s 



a = T 


\\dv l /8u>\ 


1/2 


(26.18) can be reduced to the dimensionless form 25 


Si 



) 


<?w j 


^ + |u|2fl - 


(26.19) 


(26.20) 


Here, in (26.19), Fis a measure of the input pulsewidth. If dv g /du > 0, (26.20) 
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is in the same form as the nonlinear Schrodinger equation. It is also of the 
same type of partial differential equations that govern pulse formation and 
propagation in a wide variety of physics problems. 26 Although the general 
solution of the equation is not available, the particular solution has been found 
and is sketched briefly below. Reference 26 provides more detail. 

We consider first, in physical terms, the combined action of a group velocity 
dispersion dv g /du > 0 and a field-induced A n on the pulse deformation. As 
we described in Section 26.2, the field-induced An imposes a frequency 
modulation on the propagating pulse. The leading part of the pulse appears to 
have a lower frequency than the lagging part. This is sketched in Fig. 26.6. 
If the pulse experiences at the same time a group velocity dispersion dv g /du > 
0, the leading part of the pulse will travel more slowly than the lagging part, 
and the pulse will shrink. This pulse narrowing effect is opposite to the pulse 
broadening effect from the group velocity dispersion alone. The narrowing 
action arising from A n is expected to increase as the pulse intensity increases. 
First, the pulse broadening is reduced from the linear case. Then, if the pulse 
has the right amplitude and the right shape, the narrowing action may just 
balance the broadening action, and the pulse can propagate without any 
change in shape. Such a pulse is often known as a fundamental soliton, which 
appears quite generally in nonlinear pulse propagation in a wide variety of 
physical cases. 26 At even higher pulse amplitudes, the pulse narrowing action 
can overcome the broadening action, and the pulse may shrink. In propagating 
along the fiber, the pulse shape may change continuously, undergoing repeated 
narrowing and expansion before arriving at a stable form. 

This physical picture is supported by the detailed solution of (26.18) with 
dv g /du > 0. 26 In addition, the calculation shows that the fundamental soliton 
solution has a hyperbolic secant pulse shape, a = sech(r), with a definite pulse 
area^ 0 . Here a pulse area is defined by If the input pulse has 

a pulse shape a - /Vsech(f/T), with N being an integer larger than 1 (s/~ 
Nsf 0 ), then the solution of (26.20) is periodic in £ with a period £ 0 = n/2. For 
N = 2, the pulse shrinks to a minimum width at £ = i£ 0 and then expands to 
the original wid(h at £ - £ 0 . For N = 3, it shrinks to a minimum width at £ 
= 4 ^o! 35 it expands, it splits into two pulses of equal strength at £ — ^£ 0 . 
Finally, the two pulses merge back into the original pulse at £ = £ 0 . The soliton 
solutions with N = 1, 2, 3 are illustrated in Fig. 26.7. A more detailed pulse 
evolution of the N — 3 soliton case is shown in Fig. 26.8. For N — 4, the pulse 
undergoes a threefold splitting at £ = j£ 0 . The theoretical calculation also 
shows that an input pulse with the wrong amplitude and shape may evolve, 
over a long distance, into a pulse variation which is the same as that given by 
an input pulse a = Wsech(r/T). For example, if sf 0 /2 <sf< 3j/ 0 /2, the 
input pulse should evolve into an exact fundamental soliton. This recalls 
the picture of self-induced transparency discussed in Section 21 .6. Indeed, the 
pulse developed in self-induced transparency can also be identified as a soliton. 

We can use the theory to estimate the length of the fiber and power of the 
laser pulse needed for observing the soliton effect. From (26.19) and a - 
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Fig. 26.7 Theoretical behavior of solitons as they propagate down a fiber. The 
fundamental soliton (top) propagates without change in shape or amplitude; higher- 
order solitons, N - 2 (middle) and N - 3 (bottom), exhibit more complex behavior, 
undergoing sequences of narrowing and splitting. [After L. F. Mollenauei, R. H. Stolen, 
and J. P. Gordon, Phys. Rev. Lett , 45, 1095 (1980).] 


sech(j), we find, in terms of the lab parameters, the soliton period to be 


TtT 1 

V 

2 

do> 


(26.21) 


and the peak intensity of the fundamental soliton to be 




16 K 2 z 0 - 


(26.22) 


The group velocity dispersion of silica fibers, dv g /diO, usually changes from 
negative to positive at X = 1.3 /im. If we choose X = 1.55 ura at which 
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du:'/d\ = (27rc/\ 2 )dv- l /do = — 16(psec/ nm)/km, and 7= 4 psec corre- 
sponding to an input pulse of 7 psec full width at half maximum, we find 
z 0 — 1260 m. The linear and nonlinear refractive indices for the fiber are 
* 0 = 1.45 and « 2 = 1.1 X 1<T 13 esu (K 2 = Wn^c). Then (26.22) yields 
/ 0 = 1 x 10* W /cm 2 , and for an effective beam cross section of 10 cm in 
the fiber, a critical peak power of 1 W for the fundamental soliton. Such a 
picosecond pulse is readily obtainable from an infrared picosecond laser 
system. 

The experiment has actually been carried out by Mollenauer et al. using a 
picosecond mode-locked color center laser operating at 1.55 ftm. 25 The silica 
fiber used in the first experiment was only 700 m long, but it had a correspond- 
ing £ larger than rr/4, and therefore the pulse narrowing and pulse splitting 
phenomena could still be observed. The autocorrelation traces, /*«/(/)/(/ + 
j)dt versus t, for the transmitted pulses through the fiber were measured for 
various input peak powers. The results are presented in Fig. 26.9. At low input 
power, P = 0.3 W, the output pulse is clearly broader than the input pulse. At 
P = 1.2 W, the output pulse is about the same as the input pulse, suggesting 
that the critical power for the fundamental soliton has just been reached. This 
agrees with the predicted value of F 0 = 1 W. At P = 5 W (~ AT 2 P 0 with 
N = 2) the output pulsewidth reduces to nearly a minimum with a full width 
of - 2 psec. Then, at P = 11.4 W (~ 3 2 P 0 ) and P - 22.5 W (~ 4 2 P 0 ) y the 
autocorrelation traces exhibit three and five peaks, respectively, indicating that 
the pulse has split into two and three in the respective cases. With a longer 



Fig. 26.8 Pulseshape at various points along a fiber for the N - 3 soliton. [After R. H. 
Stolen, L. F. Mollenauer, and W. J. Tomlinson, Opt. Lett. 8, 186 (1983).] 





fa) 



TIME 1PSEC) 




Fig. 26.10 {< 2 ) A 6-psec input pulse; (6) frequency modulation on the pulse resulting 
from self-phase modulation due to the optical Kerr effect; (c) a square pulse resulting 
from the combined action of the group velocity dispersion, dty'dw < 0, and the 
optical Kerr effect; ( d ) frequency modulation on the square pulse. (After Ref. 28.) 
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fiber {£ ~ £ 0 = w/2), the return of the transmitted soliton pulse shape to the 

input form has also been observed. 25 

The study of soliton s is a field in which theoretical calculations abound, but 
quantitative experiments are rare. Optical fibers provide an ideal opportunity 
for soliton studies. Here, in a fiber, both theoretical and experimental details 
for soliton propagation can be worked out. Soliton-soliton interaction and 
soliton reflection and transmission at a boundary can also be investigated. 
They are among the problems that have fascinated many researchers in the 
field. The pulse narrowing effect of soliton propagation can be used in practice 
to compress picosecond pulses. As seen in Fig. 26.7, for the N - 3 soliton, the 
output pulse at * - tt/8 and 3tt/8 can have its pulsewidth reduced by an order 
of magnitude in comparison with the input pulse. Experimentally, usmg this 
method, a 30-fold compression of a picosecond pulse with a high soliton 
number, N > 10, has actually been demonstrated. 27 

The nonlinear pulse propagation in an optical fiber behaves very different!) 
if du /8u> < 0. 28 Figure 26.10a and b reproduces the sketch in Fig. 26.6 for a 
short input pulse and the frequency modulation on it arising from the 
field-induced An. Since the higher frequency part travels more slowly than the 
lower frequency part, the group velocity dispersion in the present case tends to 
stretch the pulse, flatten the central peak, and sharpen the leading and lagging 
edges. At appropriate pulse intensities or fiber lengths, the pulse can be 



Fig. 26.11 Schematic diagram of a two-stage optical pulse compressor. (After Ref. 31.) 
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of the last experiment is shown in Fig. 26.11. The prism-grating pairs act as the 
dispersive delay lines. In the first stage, 2-kW, 5.9-psec pulses from a dye laser 
system were compressed to 20 kW and 200 fsec. In the second stage, the pulses 
were further compressed to 10 kW and 90 fsec. The measured autocorrelation 
traces of the input and compressed pulses are seen in Fig. 26.12. This pulse 
compression scheme has the advantage of being simple and applicable to 
tunable picosecond dye laser systems. It is therefore expected to be an 
extremely useful tool in extending picosecond optical studies to the subpicosec- 
ond regime. 
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Optical Breakdown 


Optical breakdown here refers to the catastrophic evolution of damage inflicted 
in a transparent medium by a strong laser field. It results from avalanche 
ionization initiated by a laser and is different from the laser-induced thermal 
breakdown which arises from direct laser heating. The process is cntical in 
high-power laser technology as it limits the amount of laser power that can be 
transmitted through a medium. Generally speaking, optical breakdown is a 
consequence of the rapid energy deposition into a medium by a laser. The very 
strong optical excitation together with the subsequent highly complex plasma 
formation due to avalanche ionization makes a rigorous solution of the 
problem extremely difficult. This chapter is meant to give only a short 
introduction to the subject. Emphasis is on physical understanding. 


27.1 GENERAL DESCRIPTION 

A laser field as strong as the Coulomb field in an atom can certainly rip the 
valence electrons away from an atom. We already saw in Section 22 5 t a 
multiphoton ionization of nearly all atoms and molecules can readily take 
place in a laser beam with an intensity 10“ fV/cm 2 or higher. This however, is 
a process involving only single atoms or molecules; ionization of one atom 
does not affect that of the others. It happens when the gas pressure is low (e.g., 
< 3 torr) and the laser pulse is short (< 10 8 sec) in comparison with the 

time interval between atomic collisions (> 10" 6 sec). The electron mean free 
path (£ 10 cm) should also be much longer than the dimensions of the focal 
volum^ ( < 10" 2 cm), so that the secondary effect of ionization by electron 
collisions with atoms can be neglected. Under such conditions, multiphoton 
ionization is the only operating mechanism for ionization of a gas medium. 

Optical breakdown, however, refers to an ionization process with a subse ' 
quent plasma formation in a relatively dense gas medium or in condensed 
matter. It commonly occurs when a ^-switched laser pulse of > 0.1-1 J is 
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focused into a medium. This phenomenon was discovered as early as 1962, 
right after the laser was invented. 1 Because of its importance in high-power 
laser applications, it has attracted the attention of many researchers ever since. 
Optical breakdown is generally signified by a visible flash or spark in the 
medium, resulting from the formation of a plasma. In gases, the spark can 
extend over a long distance. A record spark length of 60 m was reported by a 
Soviet group using a 160-J pulsed Nd: glass laser beam weakly focused in air. 2 
In condensed matter, plasma formation usually leads to the appearance of a 
damage spot (or series of spots) in solid, or the appearance of a cavity (or 
cavities) in liquid. 

Plasma formation in optical breakdown is the result of an electron avalanche 
process. It starts with a small number of free electrons (or quasi-free electrons 
in solid) floating in space. These electrons may initially happen to be there, or 
they may be generated by laser-induced (multiphoton) ionization. Electron 
avalanche ionization can develop if the electrons can gain energy from the laser 
field, since they can then attain enough energy to ionize an atom in collision, 
and repetitions of the process can lead to a rapid multiplication of electrons. 
From the requirement of energy and momentum conservation, an electron can 
absorb a photon from a laser field only if it is colliding with an atom or ion. 
This is just the inverse of the so-called bremsstrahlung process and is known as 
inverse bremsstrahlung. 3 Apparently such a process is effective only in a 
relatively dense medium in which electrons can have frequent collisions with 
atoms. From inverse bremsstrahlung, the electrons can absorb photon by 
photon and gain enough energy to allow electron impact ionization to occur. 
Cascade ionization or electron avalanche follows, with the resultant formation 
of a plasma. 3 As soon as the level of ionization becomes appreciable, the 
incoming light can be readily absorbed by electrons via free-free transitions in 
the field of ions. This causes intense heating of the electron plasma and a 
consequent rapid hydrodynamic expansion of the plasma in the form of a 
shock wave. 4 The final result is the appearance of a spark in the gas case and 
visible damage in the condensed matter case. 

In many respects optical breakdown is similar to dc or microwave break- 
down. 5 Both arise from electron aValanche induced by a field although the 
creation of initial electrons and the detailed dynamics of the two processes are 
different. Optical breakdown is, however, categorically different from laser- 
induced thermal breakdown. In the latter case, the medium absorbs energy 
from the laser beam and quickly converts it into heat. The resultant tempera- 
ture rise may then cause impact ionization in the gas case and eventually lead 
to plasma formation. In the solid case, laser heating can effect melting of the 
solid and is the basis of laser annealing, With excess heating, vaporization of 
the matter can result. A dense plasma can be formed at the solid surface, 
leading to a fireball emitting visible, uv, and even x-ray radiation. 6 Laser- 
induced thermal breakdown is an important process in laser science and 
technology but is not a subject of discussion of this chapter. Here we are 
concerned only with optical breakdown. 
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Optical breakdown in gases and in condensed matter have many features in 
common. Theoretically, both result from electron avalanche ionization and 
involve the absorption of more than one (sometimes many) photons per 
electron created. Experimentally, they also run into similar problems. In both 
cases the early experiments encountered a great deal of difficulty in establish- 
ing reproducible breakdown thresholds for various materials. The irreproduci- 
bility is often caused by the following factors. First, being a highly nonlinear 
phenomenon, optical breakdown has a threshold depending critically on laser 
intensity variations. To find reproducible results, single-mode (both longitudi- 
nal and transverse) lasers with well-defined intensity profiles must be used. 
Second, the threshold can be significantly lowered if there are absorbing 
particles, or impurities with low ionization energies, present in the transparent 
medium, because they would then provide the primary electrons in the 
avalanche ionization. Only in a pure material can we expect to observe an 
intrinsic breakdown threshold. Third, self-focusing (see Chapter 17) of the 
laser beam leads to an apparent breakdown threshold which is significantly 
lower than the true breakdown threshold. It is important to avoid self- focusing 
if one intends to measure the intrinsic breakdown threshold. 

Gases and solids are nonetheless veiy different, and should exhibit very 
different breakdown characteristics. In the following sections we discuss optical 
breakdown in gases and in solids separately. There is no discussion of optical 
breakdown in liquids, since little is known about the subject. The material 
presented here was taken from the review articles listed in the bibliography. 
Research on optical breakdown is still going strong, although basic under- 
standing of the process was mostly achieved before 1975. 


27.2 OPTICAL BREAKDOWN IN GASES 

Initiation of optical breakdown in a gas relies on two steps: creation of the 
prime electrons and development of the avalanche ionization process, 3 In the 
absence of free electrons initially, the prime electrons in the laser focal volume 
can be created only by multiphoton ionization of atoms or molecules. This 
requires a very strong laser intensity if the number n in the n-photon ionization 
process is high. If absorbing submicroscopic particles or impurity atoms or 
molecules are present, then the laser intensity required to create the first few 
electrons would be much lower. The prime electrons control the initiation of 
avalanche ionization. However, the development of electron avalanche ioniza- 
tion comes from an interplay between gain and loss of electrons and electron 
energy. First, the ionization rate is directly proportional to the rate of net 
electron energy gain, which is the difference between energy gain by the 
electrons via inverse bremsstrahlung and energy loss by the electrons due to 
collisions. Then there is loss of electrons due to diffusion out of the interaction 
region or binding to atoms and ions. Avalanche ionization can lead to optical 
breakdown only if the net rate of electron multiplication is so fast that it is 
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above a threshold value necessary for plasma formation during the laser pulse. 
Since the rate of electron energy gain is proportional to the laser intensity, 
while the loss is more or less independent of the field, one expects to find for a 
given laser pulsewidth a threshold laser intensity for avalanche ionization. 

Quantification of this qualitative description of optical breakdown is dif- 
ficult, especially if the quantum nature of avalanche ionization is to be 
considered. Here we limit ourselves to a classical description using a very 
simple model. 3 We assume that creation of prime electrons and avalanche 
multiplication of electrons are two successive independent processes. If the 
prime electrons are created by one-step n-photon ionization, then they have a 
density 

Po ^ A r (27.1) 

where / is the laser intensity, and A is proportional to the laser pulsewidth. 
With absorbing particles or easily ionizable impurities present in the gas 
medium, A would be much larger and n smaller. It is also possible to use 
preionization to provide the prime electrons; in that case, we would have a 
prescribed value for p 0 . 

We now assume that the electron multiplication process would start with an 
initial value of electron density p 0 . Let the ionization rate be r} and the electron 
loss rate be g. The resultant electron multiplication rate is 

< 27 - 2 > 

and hence we have 

p(r) = p 0 exp[(T>-g)f]. ( 27 - 3 ) 

For optical breakdown, p must teach a critical value, p cr (- 10 8 /W), signify- 
ing the initial stage of plasma formation during the laser pulse. If the laser 
pulsewidth is r p , the optical breakdown threshold is characterized by a threshold 
ionization rate Note that ij should be proportional to the laser intensity /, 
and g independent of /; consequently, r\ a means that there is a threshold 
intensity / cr for breakdown. From (27.3), we have 

+ (21 A) 

In order to relate t to J^, we use a classical free-electron model. The rate of 
energy gain of an electron is given by 

dS g 2 |g| 2 r 
df m(l + u 2 t 2 ) 


(27.5) 
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where E is the optical field at frequency w, r is the momentum transfer 
collision time, and e and m are the electron charge and mass, respectively. If 
the ionization energy of the atoms or molecules is £ { , then the ionization rate is 


g 2 |E| 2 T 

m£j{\ + « 2 t 2 ) 


(27.6) 


From (27.4) to (27.6), we find 




mc&f (1 + 03 1 t 2 ) 
2 ire 2 ? 


-log. 



(27.7) 


The last equation allows us to see explicitly how the breakdown threshold 
depends on the various physical parameters. 

Before we discuss the implications of (27.7), we should realize that the 
equation provides only a crude description of the process. In a more general 
sense, Yablonovitch suggested the use of a similarity principle to describe 
optical breakdown. 7 It states that r\/p , with p being the gas pressure, satisfies a 
scaling law of the form 

y/p = f(x) (27.8) 

where x *= \E\/p(l + w 2 t 2 ) 1/2 . Since r ot 1/p, we notice that (27.6) actually 
has the form of (27.8), with f(x) a x 2 . The experimental result on helium, 
however, seems to confirm this similarity principle with an/(x) function much 
steeper than x 2 . The preceding theoretical description is actually a simple 
extension of the classical theory of microwave cascade ionization. 5 One may 
question the validity of such a description considering that it requires the 
amount of energy acquired between collisions, t d&/dt, to be much larger than 
the photon energy fiw. In the case of optical breakdown, we usually have 
r dS/di ~ 0.01 eV, while hu is around 0.1-1 eV; therefore, the quantum effect 
is clearly important. An analysis of the problem using the quantum Boltzmann 
transport equation to describe the dynamic electron distribution in the cascade 
process, however, shows that (27.6) or, more correctly, (27.8) roughly holds. 8 

We now use (27.7) to discuss how the threshold intensity for optical 
breakdown varies with different parameters. We consider first the effect of 
prime electrons. To initiate avalanche ionization, we need at least one prime 
electron in the laser focal volume. This means that we must have p 0 > p^ = 
l/V fy where V f is the focal volume. For V f - 10" 7 cm 3 , the corresponding p ^ 
is 10 7 /cnr J . If p 0 « p^, the chance of finding an electron in V f is very small, 
and the avalanche process is not likely to occur. If p 0 ^ Pnun> l^e reverse 
is true. Let I m r be the laser fiuence required to generate p^. We can conclude 
that if I m is larger than 7 cr of (27.7) with p 0 = P™, the threshold of optical 
breakdown is determined by I m . On the other hand, if 7 cr » 7 m , then the 
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breakdown threshold is given by I cr As mentioned earlier* I m can be very large 
if is created by multiphoton ionization. However, I m can be drastically 
lowered if absorbing particles or easily ionizable impurities are present in the 
gas. In experiments designed to eliminate the effect of generation of prime 
electrons, the gas medium can be preionized to give a prescribed p 0 much 
larger than p^. 9 In that case, the subsequent optical breakdown in the gas is 
solely controlled by the development of avalanche ionization. Experiments 
have indeed shown that when a transparent gas with an ionization energy € t 
much larger than hu> is purified, the optical breakdown threshold becomes 
much higher; it also becomes more irreproducible since the initiation of the 
avalanche process is more strongly affected by the statistics of finding the 
prime electrons in the focal volume. 9 The latter is also true when the focal 
volume is reduced. 

We now assume / cr » I m , so that the breakdown is controlled by the 
avalanche process. From (27.7), it is seen that I a should still depend on p 0 . 
This is actually demonstrated by the experimental results shown in Fig. 27.1, 


PREIONIZATION ELECTRON DENSITY, cm ’ 3 



Fig. 27.1 Breakdown threshold in helium versus electron density prescribed by pre- 
ionization. The solid points correspond to no preionization. The data were obtained us- 
ing a C0 2 TEA laser at 10.6 pm with four different focusing parameters. (After Ref. 9.) 
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where p 0 was prescribed by preionization. The breakdown threshold I a appears 
to decrease as p 0 increases. The results in Fig. 27.1 also depend on the focal 
diameter. For a smaller focal diameter, corresponding to a smaller focal 
volume, the electron loss due to diffusion out of the focal volume during the 
laser pulse is expected to be more. Then, according to (27.7), the loss rate g is 
larger, and hence the breakdown threshold should be higher. At high p 0 , the 
electron diffusion loss is less important because the diffusion process becomes 
more ambipolar and less rapid. As a result, the dependence of / cr on the focal 
diameter is no longer so obvious. 

Equation (27.7) also predicts the dependence of l a on the gas pressure p, 
since t a \/p. We have cc 1/p when wV » 1 at low pressures, and 
l a cc p when uV ^ 1 at high pressures. This prediction was qualitatively 
confirmed by the experimental results given in Fig. 27.2a. 10 For comparison, 
Fig. 27.26 shows the microwave breakdown thresholds as a function of 
pressure for the various gases. 5 The curves in the two figures have the same 
qualitative behavior except that the minimum breakdown threshold in the 



Fig. 27.2 (a) Optical breakdown threshold versus pressure in Ar, He, and N 2 . A 
50-nsec ruby laser pulse focused to a diameter of 100 pm was used. {After Ref. 10.) (6) 
Microwave breakdown threshold versus pressure in air, N 2 , and 0 2 . Microwave 
frequency used was 0.994 GHz, and the diffusion length of discharge volume was 1.51 
cm. (After A. D. MacDonald, Microwave Breakdown in Gases (Wiley, New York, 
1966).] 
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(b) 

Fig. 27.2 ( Continued ). 


microwave case is at a much lower pressure. This can be easily understood 
from (27.7) knowing that the minimum of I a versus p should appear at wr ~ 1, 
and r is proportional to p~\ 

After the initial breakdown, the electrons in the plasma can readily absorb 
more energy from the laser field in the presence of ions. The rapidly heated 
plasma soon leads to the formation of an expanding shock wave and the 
simultaneous appearance of a/spark. 3 Then the incoming laser beam is inter- 
cepted and preferentially absorbed by the shock wavefront propagating toward 
the laser. As a result, the laser energy is continuously fed into the shock 
wavefront, and the spark appears to propagate toward the laser. 11 With 
sufficient laser energy in the pulse, the spark can propagate over a very long 
distance. 2 A more quantitative description of how a laser beam heats up a 
plasma and gives rise to a long propagating spark is certainly very difficult. 
This is a problem of great importance in the field of laser interaction with 
plasmas, 12 but it is outside the scope of this book. Readers are referred to the 
bibliography and the references therein. 

Optical breakdown in gases has found applications in a number of areas. 
The rapid formation of plasma and the subsequent blocking of the incoming 
laser light by the plasma (see Fig. 27.3) can act as a fast optical switch. 
Laser-induced plasma via optical breakdown is clearly a means to generate a 
high- temperature, dense plasma. Such a plasma can be used as a light source ol 
very high brightness. The possibility of sustaining a laser-induced plasma by a 
CW laser and the more imaginative applications of the optical discharge have 
been reviewed by Raizer (see bibliography). 
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50 nsec/div 


Fig. 273 Oscilloscope traces of (u) an input C0 2 laser pulse 200 nsec pulsewidth 
(FWHM), and ( b ) the output pulse after optical breakdown in air. [After D. C. Smith, 
Appl. Phys. Lett. 19, 405 (1971).] 

213 OPTICAL BREAKDOWN IN SOLIDS 

Although optical breakdown in gases and in solids were discovered at the same 
time , 1 optical breakdown in solids was not well understood until much later 
because of experimental difficulties intrinsic to solids. Unlike the gas case, 
optical breakdown in a solid leaves permanent damage in the solid. Then the 
measurement is nonrepeatable, unless one can find a large piece of solid with 
extremely high uniformity or many pieces of identical quality. The quality 
control of the solid sample is actually a major problem in the optical break- 
down experiment. Absorbing inclusions in a solid can drastically lower the 
apparent breakdown threshold, since local heating at the inclusions can readily 
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lead to thermal breakdown in the solid. Only if these absorbing inclusions are 
avoided or elimin ated can we expect to find reproducible optical breakdown 
thresholds. It has been found that normal optical breakdown leads to a 
funnel-shaped damage track while inclusion breakdown gives a spherical 
damage spot. Therefore, by examining the damage tracks, one may distinguish 
the two breakdown mechanisms. 13 Another experimental difficulty is the effect 
of self-focusing, which occurs more readily in a transparent solid than in a 
transparent gas. With self-focusing, the observed breakdown threshold would 
be determined by the self-focusing threshold (see Section 17.5). The difficulty, 
however, can be more or less eliminated by using a tightly focused laser beam 
such that the effect of self-focusing becomes negligible. 13 We consider here 
only the case of optical breakdown in a pure transparent solid induced by a 
tightly focused single-mode laser pulse. 

The physical mechanism governing optical breakdown in solids is basically 
the same as in the gas case. 14 The conduction electrons here play the role of 
free electrons, and excitation of valence electrons to the conduction bands is 
equivalent to ionization of atoms in a gas. Again, the laser-induced avalanche 
ionization process in a solid should start from a few prime conduction 
electrons in the laser focal volume. 15 In the present case, the prime electrons 
could be created by thermal excitation of electrons out of the donor levels. 
Except for ultrapure crystals, the electron density in the conduction bands can 
easily be 10 8 / cm3 at room temperature. Then, in a focal volume of 10 7 cm 3 , 
the average number of prime electrons is certainly more than 1, and the 
development of avalanche ionization is clearly possible, The avalanche process 
is again governed by (27.2). Following the same classical model used to derive 
the ionization rate tj in (27.6), we arrive at the expression for the breakdown 
threshold 7 cr in (27.7). Therefore, at least the qualitative behavior of avalanche 
ionization in solids shoqld be similar to that in gases. 

As in the gas case, (27.7) suggests that the optical breakdown threshold is 
directly connected to the dc breakdown threshold by the relationship 


c e(0) 

2 * ^»(«) 


l£dclc r (l 


+ U 2 x 2 ). 


(27.9) 


In solids, the collision lifetime r is estimated to be ~ 10“ 15 sec. 16 Equation 
(27.9) predicts that for u < t" 1 , the threshold is nearly independent of u. 17 
Experimentally, the observed thresholds for alkali halides do seem to remain 
roughly the same from dc to X = 1 pm and show a slight increase at higher 
^ n.17.18 The dependence of the breakdown threshold on the laser pulsewidth r p 
is also specified in (27.7). If the loss rate g is negligible, /„ is inversely 
proportional to x p and the breakdown process should have a fluence 
(energy /cm 2 ) threshold rather than an intensity threshold. If g dominates in 
(27.7), then the breakdown should have an intensity threshold. Experimental 
results on NaCl with a 1.06-pm laser light show that the breakdown threshold 
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field changes from 2 X 10 6 v/cm for r p = 10 _tt sec to 2 X 10 7 v/cm for 
T p - 10" 11 sec. 19 This indicates that it is neither strictly intensity dependent 
nor strictly fluence dependent. 

Optical breakdown in solids is also characterized by the rapid buildup of the 
plasma density. This is experimentally evidenced by the sudden cutoff in the 
transmitted laser intensity, as seen in Fig. 27.4. The oscilloscope traces in Fig. 
27,4 also reveal the statistical nature of the breakdown process. The four traces 
were taken with input laser pulses of the same shape and magnitude. In the top 
three, breakdown occurred at slightly different times, and in the bottom trace, 
no breakdown occurred at all. The statistical fluctuations came in because the 
number of prime electrons in the focal region was, after all, quite small. In 
more careful studies, one should use a probability distribution to characterize 
the breakdown threshold. 20 It is customary to define the breakdown threshold 
as the value at which the breakdown occurs in 50% of the pulses. 

We assumed here that multiphoton excitation of electrons to the conduction 
bands is negligible. This is certainly true at room temperature if the laser 
photon energy hu is much smaller than the energy gap of the solid, because 
even at the breakdown intensity, the number of electrons excited by multipho- 



Fig. 27.4 Oscilloscope traces describing the 
transmitted TEM^ ruby laser pulse through a 
NaCl crystal. The laser pulse with an energy of 
0.3 mj was focused into the crystal by a lens of 
14-nun focal length, (a) Optical breakdown 
occurs at the peak of the pulse. ( b ) Breakdown 
occurs before the peak at the energy <^ brcak “ 
0.896 tfpcak- (c) Breakdown occurs after the 
peak at«f brcak - 0.954^^. (d) Three consecu- 
tive pulses without breakdown. [After D. W. 
Fradin, E. Yablonovitch, and M. Bass, Appi. 
Opt. 12, 700 (1973).) 
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ton excitation is much smaller than the number of prime electrons created by 
thermal excitation. If, however, hu is comparable with the energy gap, then the 
multiphoton excitation process can become so important that it may even 
appear to be the dominant mechanism in determining the breakdown 
threshold. 17 Equation (27.2) should then be modified to take the form 

$-<,-«)p+(|) M (27.10) 

where ( dp/dt ) M denotes the rate of increase of the conduction electron density 
due to multiphoton excitation. One expects that as w increases, ( dp/dt) M 
becomes increasingly important, and can eventually dominate the initial 
buildup of the electron avalanche process. This results in a transition from 
avalanche ionization to multiphoton excitation as the leading mechanism 
controlling the breakdown threshold. 

Optical breakdown can also occur on solid surfaces. The physical process 
should be the same as in the bulk, and one would expect the same breakdown 
threshold for the surface as for the bulk. Experimentally, however, it was found 
that the surface breakdown threshold was usually much lower. In most cases, 
this was due to contamination of the surface by absorbing dust particles. For a 
clean surface, the breakdown threshold could be lower because of the existence 
of scratches and pores on the surface. 21 It is well known that the local field 
around a local surface structure with a sharp curvature can be significantly 
higher than the average field in the bulk. Consequently, optical breakdown is 
more likely to occur at such local structures, leading to an apparently lower 
breakdown threshold for the surface. The surface imperfections can be removed 
by superpolishing. It has been demonstrated that a superpolished surface can 
indeed have a breakdown threshold approaching that of (he bulk. 22 Another 
method of eliminate tlje high field strength at local surface structure is to 
construct a surface layer with a graded refractive index. 23 The breakdown 
threshold for such a surface also approaches that of the bulk. 

The relevance of optical breakdown in solids to high-power lasers and 
applications is obvious. Laser damage limits the maximum laser power one can 
hope to obtain from a high-power laser system. It also limits the laser power 
one can transmit through windows, lenses, and other optical components. The 
subject is of such technical importance that there have been annual conferences 
on it since 1970. The readers should consult the conference proceedings for 
details and advances in this field. 24 
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Nonlinear Optical Effects 
in Plasmas 

Plasma is a highly nonlinear optical medium. With high-power pulsed lasers, 
nonlinear optical effects in plasmas are easily observable. They are in fact 
hardly avoidable in laser heating of plasmas and in laser-induced fusion work. 
A thorough understanding of such effects is therefore necessary for progress in 
these areas. Nonlinear interaction of light in a plasma is also a very interesting 
subject in its own right. As a charged fluid, a plasma is readily perturbed by 
external fields. Its extremely strong and complex response to intense laser fields 
can yield many fascinating nonlinear optical phenomena, but quantitative 
interpretations of these phenomena appear to be difficult. Here we restrict 
ourselves to a basic formulation of the theory and a brief description of some 
experimental observations. 

i 

28.1 THEORETICAL DESCRIPTION 

That a plasma can be a highly nonlinear optical medium was known early in 
the development of nonlinear optics. Various nonlinear optical effects in 
plasmas, such as harmonic generation, parametric amplification, and stimu- 
lated Raman scattering, were predicted in the 1960s. 1 Experimentally, however, 
they were not studied with any concerted effort until the 1970s. The immense 
research activities in this area started only when the importance of laser- 
induced fusion in future technology was recognized. Understanding nonlinear 
optical effects in plasmas is essential since they have direct influence on laser 
heating of plasmas. In most cases, one is concerned with a gas plasma created 
by focusing of a laser pulse on a solid target. While the plasma is being 
created, the same laser pulse also induces the nonlinear optical effects. The 
high complexity of the laser-induced plasma growth process and the strong 
nonlinearity of the expanding plasma make the problem very difficult to 
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analyze. We consider here only the basic theory of nonlinear laser interaction 
with plasmas. For this purpose, we assume a fully ionized stationary plasma 
with a given density profile, under the excitation of quasi-monochromatic 
infinite-plane waves. 

The basic formalism for laser interaction with a plasma was described in 
Section 1.4 in connection with second -harmonic generation from a free-elec- 
tron plasma. Here we simply expand the formalism to include plasma damp- 
ing, and apply it to the case of a two-component (electron-ion) plasma. Let the 
electron and ion densities in the plasma be 

K (r. 0 = + Pe and N i (r. * ) = N i0 + Pi ( 28 - 1 ) 


where p e and p* are the induced changes in the electron and ion densities away 
from their unperturbed values N 6(i and N i0 . The subindices e and i refer to 
electrons and ions, respectively. The dynamic equations governing the plasma 
are: (1) the continuity equations for electrons and ions 


+ v {N,\,) + v,p t - 0, 
^ + V (JV,*,) + »iPi = 0 


(28.2) 


where v is the velocity and v is the effective collision frequency responsible for 
damping, and (2) the equations of motion for electrons and ions 


? + (vV)v,= -^(^)vp 1 + | ; (E + Iv i XB) 


(28.3) 


where p is the pressure, M is the mass, and q is the charge. The quantity dp/ dp 
can be related to the temperature of the plasma at equilibrium by 3p/dp = 
y k B T, with y being the adiabatic exponent and k B the Boltzmann constant. As 
to the fields E and B, they are governed by the Maxwell equations driven by 
the charge density 

Pq m <7,Pr + QiPi ( 28 ' 4 ) 


and the current density 


J = f, - N : qx. 

The foregoing set of coupled equations (28.2)-(28.5), together with the Maxwell 
equations, formally describes all the possible optical effects in the idealized 
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plasma. In practice, for relatively high-frequency optical fields, the (ft/ m .)l E 
+ ¥• X B/c] term can be neglected because of the heavy ion mass. The plasma 
is then driven only by the electric and Lorentz forces on electrons. The 
response of ions to the field is coupled to that of electrons mainly through 
interaction with the field via the Gauss law 

V • E = 4ir(p^ + ptfi). (28.6) 

Optical nonlinearities of a plasma arise from the (v • V )v terms and the 
Lorentz force on electrons in (28.3). 

Second harmonic generation from a plasma has already been discussed in 
Section 1.4. At optical frequencies, the ionic contribution to the nonlinearity is 
negligible. The second-order current density responsible for the second- 
harmonic generation can be derived from (28.2) and (28.3) by iterative expan- 
sion. It takes the form 


J< 2 >(2to) - 


JfM 

my\ 


iN <0 v(E, • E,) + 


(VAU-EJE; 

i - 




(28.7) 


where (o, 0 = (4irtf t0 $?/in,) 1/J , E, is the fundamental field, and has been 
neglected. As pointed out in Section 1.4, for a single incoming laser beam, 
J (2) (2u) cannot radiate in the bulk of a uniform plasma, but it is responsible 
for the second-harmonic generation at the surface of a uniform plasma or in 
the bulk of a nonuniform plasma. Extension of the calculation to sum- and 
difference-frequency generation and higher-order mixing processes is straight- 
forward but tedious. The principle is, however, very much the same: the 
nonlinear optical effects arise from the nonlinear response of individual 
particles to the applied ijields. 

Plasma waves exist in' a plasma. They are collective excitations of electrons 
and ions in a plasma. Nonlinear optical effects can also result from coupling of 
light with plasma waves. The plasma wave equations for a two-component 
uniform plasma can be derived from (28.2) and (28.3) together with (28.6). We 
find, by eliminating dv/dt in the equations, 



and 
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where o>} 0 = AirN^qf/m^ We neglect the V - F, term in the equation for ft 
because of the heavy ion mass and the slow ion velocity. As shown in (28.8), 
the two wave equations for p e and are not independent but are linearly 

couped. The dispersion curve of the plasma waves is obtained from the 
resonant structure of the coupled wave equations. It has an optical branch and 
an acoustic branch. 2 Since w, » the following approximations can be 
used in describing the two branches. 3 For the optical modes, only electrons in 
the plasma can effectively respond to the rapid oscillation. The density 
variation of the ions is negligible. Therefore, the corresponding plasma wave 
equation, from (28.8), is simply 



+ <^o 



Pe 


v * f e . 


The dispersion relation for the optical plasma waves is 


1 1 3 p, 


-*t \ *]*■ 


(28.9) 


(28.10) 


The quantity u pe is usually known as the electron plasma resonance frequency. 
For acoustic modes, the charge neutrality condition p e q e + p i q i = 0 is ap- 
proximately satisfied, because electrons can easily follow the slow motion of 
ions in the plasma. The plasma wave equation is derived by first combining the 
two wave equations in (28.8) with the elimination of the (p € - | J ft) terms, 
and then replacing p e by Neglecting d\/dt 2 in comparison with 

{mjm^pjdi 1 , we find 


and 



(28.11) 


The dispersion relation for the ion- acoustic plasma waves is 

<4. = y.v ( 28 . 12 ) 


where u pa is the ion-acoustic plasma resonance frequency. In all the above 
wave equations, (28.8), (28.9), and (28.11), the optical fields act as the driving 
sources through V • F t ,. Since ft, and \ e in V * F, are both induced by the 
optical fields [via (28.6) and (28.3)], the plasma waves appear to be driven 
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nonlinearly by the fields. The optical waves propagating in the plasma, in turn, 
are influenced by the plasma variation as governed by the wave equation 

(28 - 13) 

with J given by (28.5), which depends on p and v. Coupling of (28.13) with the 
plasma wave equations gives rise to a number of interesting nonlinear optical 
effects in plasmas, including stimulated Raman and Brilloum scattering 
processes and parametric instabilities. They are of practical importance in the 
consideration of laser heating of a plasma. 

Consider first the stimulated Raman scattering process. 1 Here the Raman 
process refers to the scattering of light by the electron plasma resonance. As 
noted in Section 10.3, stimulated Raman scattering can be considered a 
parametric process resulting from coupling of a pump wave at a Stokes 
wave at w s , and a material excitational wave at w, - In the present 

case, the material excitational wave is the optical plasma wave with a resonant 
frequency to„ - <o pe . The theory, therefore, closely follows the one developed 
in Section 10.3. First, we should write down explicitly the wave equations for 
the three waves. From (28.5) and (28.13), we find, for the pump wave, 
E(<o ; ) - #,exp(i‘k, • r - i*>,r), and the Stokes wave, V{u> s ) = ^expO'k, * r - 
in a uniform plasma, the following wave equations 


and 


V 2 + ^j E («/)= 

\ "W / 

V 2 + ^W,)= -«.)**"»)• 

C 2 / \m^ t c 2 ) 


(28.14) 


Then, from (28.9), we can write the optical plasma wave equation as 


- — + <*> 2 0 -(«, - «,) 2 - '(«/- «,K Pc(»/" "*) 

m € dp e 


Kolei'e * B) 


(28.15) 


*«o(fc; ~ K) qj 






assuming, for simplicity, that E(u,) and Efu,) are linearly polarized in the 
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same direction. The solution of such a set of coupled wave equations, (28.14) 
and (28.15), was illustrated many times in Chapters 9 to 11, and is not repeated 
here. We note that in the limit of negligible pump depletion, the Stokes 
intensity should grow exponentially. The maximum exponential gain is 


G 


max 


4 *A lotf (*/ + * a ) 2gl / 2 | £ (^)| 2 

mlc%k s u) ( u e0 v e 


(28.16) 


which occurs when the Stokes scattering is in the backward direction and 
(w ; - Wj) equals the electron plasma resonance frequency u pe . For a weakly 
damp led plasma with oi e0 /y f —100, the above result predicts a strong Stokes 
backscattering from the focal region of a 1-GW laser beam. Generation of 
Stokes and anti-Stokes radiation of many orders should also be possible in a 
plasma, assuming a sufficiently long and uniform interaction length. The 
calculation can be extended to a plasma with a density gradient and special 
boundary conditions. 4 

The electron plasma wave in the above stimulated scattering process can be 
replaced by an ion-acoustic plasma wave. We then have the stimulated 
Brillouin scattering process. The theory of stimulated Brillouin scattering is 
essentially the same as that of stimulated Raman scattering, except that instead 
of (28.9), we now have (28.11), which can be rewritten in the form 


[_p/2 v 2 _( W/ - - /( W/ - 



tf,oO - mV 

\ I 





(28.17) 


In this case, because of the linear dispersion relation of (28.12) for the 
ion- acoustic plasma waves, the situation is very similar to that of an ordinary 
stimulated Brillouin scattering process discussed in Section 11.1 

We have not included the Stokes attenuation in this calculation because we 
neglected the loss terms in the equations of motion in (28.3), so that the linear 
dielectric constant c(w) of the plasma appears as a real quantity. More 
generally, we should have, at optical frequencies, 

E( “ ) = 1 -^fav) (2818) 

where T e is the damping rate of the electron velocity. The dielectric constant is 
now a complex qu antity. Only when the Stokes gain G is larger than the linear 
attenuation (« a /c/e(«,) )Im[e(«,)] can the stimulated scattering process actu- 
ally take place. We should also note that since light waves with « < u e0 cannot 
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propagate in a plasma, the pump wave in stimulated Raman scattering must 
have a frequency w, at least two times larger than a e0 , since otherwise 
u s = u { - would be smaller than w, 0 . There is no such restriction for 
stimulated Brillouin scattering because w fl ^ 

In this discussion, stimulated Raman or Brillouin scattering was treated as a 
three-wave parametric process, in which the signal is an optical wave and the 
idler is a plasma wave. The process can certainly be generalized to the case 
where both the signal and the idler are plasma waves. This case is generally 
known as a plasma parametric decay process or parametric instability. 3 ' It 
usually has a threshold lower than stimulated Raman scattering in a plasma. 
We consider here the parametric process involving an electron plasma wave 
and an ion-acoustic plasma wave with w, = u e + k, = k, + k tf , w, « 
« (k,) » * <v(k a )» and k, - -k a . In the limit of negligible pump 

depletion, it can be described by the coupled equations (28.9) and (28.11). 
With appropriate approximations, they reduce to the form 3 

+ -iv) P«K) 

and 

[-co„ J + - -iv) + pf(u«) 


(28.19) 

= A(k a - E,)-p>,). 


Following the same derivation used in Section 9.1 for parametric amplification, 
we can find from (28.19) that the threshold pump intensity for the parametric 
instability is 





(28.20) 


Above the threshold, the pump wave can effectively feed energy into the 
plasma, and the plasma waves grow exponentially. It is also possible to have a 
parametric process generate two electron plasma waves. In this case, the two 
plasma wavevectors, k el and k t2 » generally satisfy the relations k fl + k <2 = k { 
and | k A \ - \k e2 \ » \k t \, where k, is the pump wavevector. Therefore, the 
frequencies of the two plasma waves should be nearly equal. 

Four- wave mixing and other third-order nonlinear optical processes can 
also occur in a plasma. Some of them result from an op tical- field-induced 
refractive index change in the plasma. A third-order iterative calculation (see 
Section 1.4) using (28.2-28.6) can lead to a formal expression of J (3> («) in the 
form J< 3 >(*) - 0 <3) l£(«)| 2 £(w)- Since o t3) (*) = the refractive 

index «(«) - n 0 + An has a field-induced term An(«) = X (3) ( w )!E(w)| /2n 0 . 
More physically, the plasma considered as a uniform dielectric medium can 
have a refractive index change induced by a field intensity gradient via 
electrostriction (see Section 16.2). To minimize the free energy of the system, 
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the electrons and ions will redistribute themselves so as to increase the 
refractive indices in regions of higher field intensities. Laser heating of the 
plasma can also produce a refractive index change via ( 3n/dT)AT with AT 
depending on the laser intensity. This laser-induced thermal effect reinforces 
the electrostrictive effect in a plasma since it tends to expand the plasma and 
therefore increase the refractive index in the higher-intensity region. (Note that 
at optical frequencies n 2 = 1 - 4irN e0 q}/m e w 2 .) As a result of An(|£| 2 ), 
self- focusing and self-phase modulation can occur in a plasma. 6 Degenerate 
four-wave mixing should also be possible. These processes, however, can be 
very complicated in a real plasma, which is often highly nonuniform, partially 
ionized, and strongly nonstationary. 


28.2 EXPERIMENTAL STUDIES 

The experimental situation of nonlinear optics in plasmas is far more com- 
plicated than the theoretical picture just presented. The main reason is that a 
real plasma is often far from the ideal plasma we assumed. For a thorough 
understanding of nonlinear laser interaction in a real plasma, it is necessary to 
know the detailed initial characteristics of the plasma: the degree of ionization, 
the electron and ion density distributions, the temperature distribution, the 
variation with time, and so on. The laser pulse used should also be well 
characterized in its pulse shape and intensity profile. Then the experimental 
results properly measured may be compared with the numerical solution of the 
appropriate set of coupled equations. Unfortunately, information about a real 
plasma is never so complete. This is particularly true for a laser-induced 
high-density plasma. We must therefore be satisfied with only a very qualita- 
tive description of the experimental observations. 

Harmonic Generation 

Optical second-harmonic generation from a plasma was first attempted using 
metals as the samples. 7,8 It was believed that a highly conductive metal might 
behave like a very dense electron plasma. The plasma is uniform and second- 
harmonic generation can occur only at the surface. The second-harmonic 
reflection from a metal surface could indeed be easily detected. However, 
whether the signal was dominated by free-electron or bound-electron contribu- 
tions could not be determined. 8 The experiments could also be badly affected 
by surface contamination. For reliable and reproducible results, clean metal 
surfaces located in an ultrahigh vacuum chamber are clearly needed. The laser 
frequency should be well below the interband transitions to avoid the 
bound -electron effect. 

Second-harmonic radiation has also been detected in reflection from a 
laser-induced gas plasma. 9 The plasma was created by a laser pulse focused on 
a solid target. Being an expanding plasma, it was highly nonuniform. The 
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second harmonic can then be generated in the bulk of the plasma. Quantitative 
analysis, however, requires a good characterization of the laser-induced 
plasma. 10 

Generation of higher harmonics in a laser-induced plasma has also been 
observed. 1 . 1 The most surprising result occurred when a high-energy C0 2 laser 
pulse was focused on a target (for example, a 100-J, 1-nsec pulse focused to 
~ 8 X 10 14 W /cmi 2 ). Harmonics as high as the forty-sixth could be seen in the 
output, with little difference in their production efficiencies. 12 Some examples 
are shown in Fig. 28.1. Clearly, this cannot be explained by the usual 
perturbation theory. Bezzerides et al. showed theoretically that when resonant 
absorption (w ~ o) e0 ) takes place in a steep plasma density profile, the plasma 
restoring force is strongly anharmonic. 13 It then gives rise to a strongly 
anharmonic oscillator system which radiates the high harmonics. The emission 
apparently originates from the critical surface in the steep density profile. If 
the measurement has enough resolution in space and time, it can be used to 
locate the temporal position of the critical surface in an expanding plasma. 
There is no basic reason why this process cannot occur with a higher-frequency 
laser excitation. This then opens the possibility of producing intense vacuum 
uv to soft x-ray radiation by simply irradiating metal surfaces with intense 
laser light. 

Stimulated Raman and Brillouin Scattering and Parametric Processes 

Both stimulated Raman and stimulated Brillouin scattering have been ob- 
served in laser-induced plasmas with high-energy pulsed laser excitation ( > 10 10 
W/cm 2 ). Since the latter involves a less dispersive plasma wave than the 
former [F fl 2 in (28.11) is much smaller than {dp t /dp e )/m e in (28.9)), it can be 
better phase matched in the backward direction. Consequently, stimulated 
Brillouin scattering usually appears to have a lower threshold and can be more 
readily observed. 14 The backscattered Brillouin radiation is characterized by an 
initial red shift of a few angstrom units, which corresponds to the ion-acoustic 
plasma frequency, a linear polarization in the same direction as the incoming 
laser beam, a ray path retracing the incoming beam path, and an exponential 
rise followed by saturation in the backscattered energy above an input threshold 
energy (see Fig. 28.2). As much as several percent of the input energy can 
appear in the backward Brillouin output. The process is presumably responsi- 
ble for the observed intensity-dependent reflection from a target. From the 
laser-plasma-heating or laser-fusion point of view, this is a detrimental process 
since it decreases the laser energy deposited into the plasma. To prevent this 
from happening, one can use a broadband laser source as the pump beam to 
raise the stimulated Brillouin threshold significantly. 

With higher pump intensities, stimulated Raman scattering can also occur 
in a plasma. 15 It appears later than the Brillouin scattering, 16 and has a 
maximum gain in the backward direction. The output is characterized by a 
frequency shift proportional to the square root of the electron density (Aw - 
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Fig. 28.1 Microdensitometer traces of the raw data taken with a 0.5-m vacuum 
spectrograph. The numbers on the abscissa indicate the harmonic order of the P20 
transition in the 10-jtm band. Three different shots are shown with the intensities on 
target indicated where the center wavelength of the spectra was shifted between shots. 
[After R. L. Carman, C. K. Rhodes, and R. F. Benjamin, Phys. Rev. A 24, 2649 (1981).] 
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(a) 


C b> 


Fig. 28.2 Backscattered Brillotiin energy versus the incident laser energy at 1.06 
(a) 900-psec laser pulses focused on (CD 2 ) W and A) targets by an f/14 lens. {!>) 
900-psec laser pulses focused on (CD 2 ) n and Cu targets by an f/1.9 lens. Saturation 
occurs only in case (a) after an initial exponential growth. [After B. H. Ripin, J. M. 
McMahon, E. A. McLean, W. M. Manheimer, and J. A. Stamper, Phys. Rev. Lett. 33, 
634 (1974).] 


u r0 _ [4 irN^/m^'U and a sharp rise followed by saturation in the output 
energy above an input intensity threshold (see Fig. 28.3). In a magnetically 
confined plasma column with a C0 2 laser excitation, a Raman conversion 
efficiency as high as 0.7% h£s been reported. 16 The efficiency is much lower 

1(T 5 ) in a laser-induced plasma. 15 The saturation comes in mainly because 
of the nonlinear damping effect: 16 hot electrons are created in the plasma by 
heating via the stimulated Raman process. They are effective in increasing the 
Landau damping on the plasma oscillation. The balance between the increase 
of the Raman gain and the increase of the Landau damping with the pump 
intensity leads to the observed saturation. The spectrum of the Raman output 
is usually very broad, reflecting the variation of the electron density in the 
plasma. 

Stimulated Raman scattering generates the electron plasma wave, which is 
then dissipated into heat in the plasma. This suggests that the process can be 
used for heating of a plasma. The efficiency is, however, very poor. One may 
increase the heating efficiency by using optical mixing to produce the electron 
plasma oscillation. 17 In that case, two input laser beams at and w,, with 
W/ — Us = o) pe , are used to resonantly excite the plasma wave. If the generated 
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plasma wave is probed by a third beam* we then have effectively a four-wave 
mixing process, the output of which should reflect the characteristics of the 
electron plasma. The same mixing process can be used to excite the ion- acous- 
tic wave in a plasma if a, - <*> s = w p<J . 18 

Parametric instability, however* offers a more efficient way to heat a plasma, 
since the incoming photons participating in the process are completely con- 
verted into plasmons. This has been carefully studied using microwave pump- 
ing on a low-density cold plasma. 19 With laser pumping, parametric instability 
has also been observed. 9,20 It actually has a lower threshold than stimulated 
Raman scattering. While parametric instability generally involves the paramet- 
ric photon decay into either two electron plasmons of the same frequency, or 
one electron and one ion -acoustic plasmon, the former seems to be more easily 
detectable. The generated electron plasma waves at = <o,/2 can radiate or 
coherently scatter the incoming beam at leading to the appearance of w,/2, 
3w ; /2, and possibly other higher subharmonics in the reflected light. 9 20 
Parametric instability may produce highly energetic electrons in a laser-induced 
plasma. It may then cause preheating of the target core in laser-fusion 
experiments. 



Intensity ( 10 11 W/cm 2 } 

Fig. 283 Raman reflectivity as a function of incident laser intensity. The experiment 
was conducted using a long-pulse C0 2 laser beam focused by an f/15 mirror into a 
magnetically confined, laser- heated, hydrogen plasma column. The circles represent the 
average measured reflectivities from numerous laser shots. Error bars indicate the 
standard deviation. The dashed curves are theoretical curves with two different values 
of a parameter X, taking into account nonlinear damping on the plasma wave. (After 
Ref. 16.) 
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Self-Focusing 

Experiments on self-focusing due to intensity-dependent refractive index change 
in a plasma are usually difficult. The initially existing refractive index variation 
arising from the density distribution in a nonuniform plasma always tends to 
confuse the observed results. This is particularly true in a laser-induced 
plasma. 

The earlier observations on self-focusing plasmas were carried out with 
optical breakdown in air. 21 Time-integrated photographs of the laser focal 
volume showed the appearance of bright filaments at breakdown. These 
filaments were only - 5 /im in diameter, which was 10 times smaller than the 
focal diameter. They were formed by the very bright breakdown spots moving 
in the backward direction. This is characteristically the same as that happens 
with self-focusing in solids (see Section 17.5). Spectroscopic studies showed 
that the scattered radiation from the breakdown region w-as spectrally broad- 
ened, presumably because of self -phase modulation. The difficulty of such 
experiments was that one could not be sure if the optical nonlinearity of the 
plasma was the sole contributor to the refractive index variation. In many 
cases, it was likely that self-focusing was simply due to the plasma density 
gradient created in the dynamic formation of the plasma. 22 

The self-focusing effect can be enhanced by the excitation of electron 
plasma resonance via laser mixing. 23 The large pondermotive force of the 
excited plasma waves then effectively creates a depression of the plasma 
density on the beam axis, and the resultant refractive index change causes the 
laser beam to self-focus. With a COj laser beam of only 5 X 10 9 W/cm 2 in 
intensity and a plasma density of 0.6% of the critical density (N ec = 
m/J/Aitq]), self-focusing was readily observed when the plasma wave was 
resonantly excited by optical mixing. 23 

Nonlinear optical process will undoubtedly occur in laser compression of a 
fusion target. They can predominantly affect the way energy is deposited onto 
the target. They can also play an important role in producing uv and x-ray 
radiation from a laser-induced plasma. The problems are, however, extremely 
complex. In generating and heating a plasma, the laser irradiation creates such 
chaos that all imaginable processes could take place. Difficulties in attaining a 
quantitative understanding of the problems may seem insurmountable. Yet the 
history of science has witnessed many such successes. Through perseverance 
and intelligence, one can always hope to find order in chaos. It is in fact the 
creation of order out of disorder that brings joy and excitement to devoted 
scientists. 
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